Portfolio Optimization

1. Background and introduction

Nowadays, investments are paid huge amounts of attention by most people. Investments, are not only judged as an adventurous means to make money, but also a gambling on one’s luck as well as intelligence. Today, we would like to introduce a regulation applied frequently in such a stimulative game which is called portfolio optimization. With the help of some fundamental financial and statistical knowledge, we will demonstrate this theory step by step. Ultimately, we will reach the conclusion that portfolio can help us reduce the risk of investments and assist us to maximize the profits as safely as possible, just as the old saying tells: ” Do not put the eggs in the same basket. ” In the following part, we will use some basic tools such as expectation, variance as well as standard deviation. The following three formulas will be properly used during the process. They are:

Expectation:E(x)=X1P1+X2P2+X3P3+...

Mean:Mean(x)=(1/n)*(X1+X2+X3+...+Xn)

Variance:Var(x)=1/(n+1)*[(X1-X)^2+(X2-X)^2+...+(Xn-X)^2]

(X represents the mean)

Standard deviation(x)=(variance)^(1/2)

(Here, standard deviation will be used to describe risk or volatility)

Also, this one will be applied:

Returns=(close - open）/open *100%

2. The cause of using the portfolio

Portfolio weights will be applied during the whole process to fulfill the target of proving a reduction in the risk of the portfolio, we would like to select all kinds of possible combinations of weights. As an investor, we can put a random number of weights to each basket which is the stocks of a certain company. After determining a series of combinations of weights, we calculate the portfolio risks and compare them with the individual risks. For the individual risk, based on that the risk equals to the standard deviation, we use the formulas to calculate the historical annual returns and then we can obtain the value of the risk. For the portfolio risks, we calculate the expected returns for each individual stocks. Then we make use of the weights and determine the expected returns of the combinations. By applying the formula of covariance, we then come up with the risk of the portfolios. Those are all of the complete procedures for us to perform. The whole process can be demonstrated by the following example. Also, the benefits of the diversification can be showed in this way.

Example:

	
	A
	B
	0.5A+0.5B

	2005
	6
	5
	5.5

	2006
	4
	1
	2.5

	2007
	3
	2
	2.5

	Average annual rerurn
	4.3
	2.7
	3.5

	risk
	1
	2
	0.5


The result proves that the risk of the portfolio optimization is smaller than both the choice A and B.

3. The procedure of applying the portfolio

There are five steps in total during the process:

3.1 Search the historical stock prices

In this procedure, we make use of the data provided by the website, Yahoo. We copy down the daily stock prices of three companies --- eBay, Baidu and Sinopec, including the open price and the close price of each year from 2005 to 2014, and we use them to calculate the historical annual returns. The formula for returns is just mentioned in the beginning of the whole discussion, but here, in order to show the returns of an individual year, we take the open price of the first day of that year and the close price of the last day of that year. Then, we obtain the values of a set of annual returns. After that, average annual returns and risk can be acquired by using the formula of mean and standard deviation offered initially.

	year
	Annual return (%)

	
	eBay
	Sinopec
	Baidu

	2005
	0.779
	1.333
	-4.667

	2006
	6.175
	28.316
	75.39

	2007
	17.856
	22.071
	275.89

	2008
	-41.993
	-57.425
	-66.90

	2009
	53.782
	43.486
	211.54

	2010
	17.548
	30.359
	-76.79

	2011
	1.565
	-36.942
	18.91

	2012
	14.444
	4.761
	-16.42

	2013
	31.815
	-20.524
	72.15

	2014
	17.993
	3.311
	28.44

	Average annual returns
	11.992
	1.845
	51.75

	risk
	24.559
	32.009
	113.92


3.2 Calculate the expected returns

  The expected returns reflect an estimation of investors towards the future returns with the help of the historical annual returns. In order to calculate the expected returns, we need to consider other three terms, which are interval, frequency and density. In order to categorize the annual returns of these three companies, we decide a certain fixed interval for each of them. We record the number of times for all those annual returns to appear in each interval of each company as frequency. Finally, through dividing the frequency for the data to appear in a certain interval in each company by the total frequency of that company, we obtain the density. At last, we will have a possibility distribution, which can be shown by the following forms. Once the formula of expectation is applied, the expected returns of those three companies can also be acquired.

（Suppose the return is a random variable) 

ebay

	interval
	Frequency 
	Density

	-50 ≤ x ≤ -40
	1
	0.1

	......
	0
	0

	0 < x ≤ 10
	3
	0.3

	10 < x ≤ 20
	4
	0.4

	20 < x ≤ 30
	0
	0

	30 < x ≤ 40
	1
	0.1

	......
	0
	0

	50 < x ≤ 60
	1
	0.1


E(x)=12

Sinopec

	interval
	Frequency 
	Density

	-60 ≤ x ≤ -40
	1
	0.1

	-40 < x ≤ -20
	2
	0.2

	......
	0
	0

	0 < x ≤ 20
	3
	0.3

	20 < x ≤ 40
	2
	0.2

	40 < x ≤ 60
	1
	0.1


E(x)=8

Baidu

	interval
	Frequency 
	Density

	-80 < x ≤ -20
	2
	0.2

	-20 < x ≤ 40
	4
	0.4

	40 < x ≤ 100
	3
	0.3

	......
	0
	0

	160 < x ≤ 220
	1
	0.1

	220 < x ≤ 280
	1
	0.1


E(x)=50

	
	Expected returns
	Risk 

	ebay
	12
	24.559

	Sinopec
	8
	32.009

	Baidu
	50
	113.92


  Nonetheless, there is something worth paying attention to in the calculation of expected returns such as the estimation/standard error which always exists. The standard error is the standard deviation of of the estimated value of the mean of the actual distribution around its true value; that is, the standard deviation of the average return. The standard error provides an indication of how far the sample average might deviate from the expected return. If the distribution of a stock’s return is identical each year, and each year’s return is independent of prior years’ returns, then we calculate the standard error of the estimate of the expected return as follows:

             SD(Average of Independent, Identical Risks) 

            = SD (individual Risk) / (number of observations) ^ (1/2) 

And the standard error will lead to the wrongness in the calculation of the expected returns.

  Another term arises from the standard error and applied to the calculation of expected returns is the confidence interval. Because the average return will be within two standard errors of the true expected return approximately 95% of the time. We can use the standard error to determine a reasonable range for the true expected value.

             The 95% confidence interval for the expected return 

            =Historical Average Return +/- (2 * Standard Error)

After dealing with the expected return, 95% confidence interval and the standard error

We make up the following table and record several sets of data

.

	
	Standard error
	95% confidence interval 

	ebay
	7.7662
	[-3.540, 27.524]

	Sinopec
	10.1221
	[-18.399, 22.089]

	Baidu
	36.0247
	[-20.299, 123.799]


3.3 Introduce covariance and correlations into the calculation

      And try to figure out the variance of portfolio (two stocks)

Covariance means the expected products of the two standard deviation of the returns from their means. And it can be calculated in the following way:

               Cov (Ri, Rj) = E [(Ri - E (Ri) (Rj- E (Rj)] 

Correlation describes the relation between two stocks. And it can be calculated in the following way:

          Correlation = corr (Ri - Rj) = Cov (Ri, Rj) / SD (Ri), SD (Rj)

As correlation becomes larger, the volatility or covariance also becomes larger., which means the statistics turn out to be further away from mean. Consequently, the two stocks tend to move together. When the correlation reaches zero, those two stocks are unrelated and there exists no tendency for them to move together.  

And the variance of portfolio can be calculated in such a way that:

          Var (Rr) = X1^2 * Var (R1) + X2^2 * Var (R2) + 2X1X2 * cov (R1, R2)

                 = X1^2 * Var (R1) + X2^2 * Var (R2) + 2X1X2 * corr (R1, R2) * SD (Ri) *                 

                   SD (Rj) 

Here, we suppose the correlation of the stocks of these three companies to be zero.In this way, the formula ought to be:

          Var (Rr) = X1^2 * Var (R1) + X2^2 * Var (R2) + 2X1X2 * 0 * SD (Ri) * SD (Rj) 

                 = X1^2 * Var (R1) + X2^2 * Var (R2) + 0

                 = X1^2 * Var (R1) + X2^2 * Var (R2)

The result is used to see the portfolio risk.

3.4 Markowitz Model

(suppose correlation=0)

Here we choose MATLAB to establish the modal, the rode is: 

EXreturns=[12,8,50];
STDs=[24.559,32.009,113.92];
correlations=[1 0 0;0 1 0;0 0 1];
covariance=corr2cov(STDs,correlations);
portopt(EXreturns,correlations,20);
[PortRisk,PortReturn,Portwts]=frontcon(EXreturns,covariance,20);
[PortRisk,PortReturn,Portwts]

ans =

   19.2058   11.6400    0.6116    0.3600    0.0284

   20.0269   13.6590    0.6211    0.3033    0.0756

   22.3096   15.6779    0.6306    0.2466    0.1227

   25.6669   17.6968    0.6401    0.1900    0.1699

   29.7370   19.7158    0.6497    0.1333    0.2171

   34.2669   21.7347    0.6592    0.0766    0.2642

   39.0970   23.7537    0.6687    0.0199    0.3114

   44.1582   25.7726    0.6376         0    0.3624

   49.4695   27.7916    0.5844         0    0.4156

   54.9653   29.8105    0.5313         0    0.4687

   60.5955   31.8295    0.4782         0    0.5218

   66.3259   33.8484    0.4250         0    0.5750

   72.1325   35.8674    0.3719         0    0.6281

   77.9984   37.8863    0.3188         0    0.6812

   83.9111   39.9053    0.2657         0    0.7343

   89.8613   41.9242    0.2125         0    0.7875

   95.8422   43.9432    0.1594         0    0.8406

  101.8483   45.9621    0.1063         0    0.8937

  107.8753   47.9811    0.0531         0    0.9469

  113.9200   50.0000         0         0    1.0000

And the figure is:
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3.5 Preference

We prefer the combination which the mean is 23.7537 and the risk is 39.0970. With the wight that A=0.6687, B=0.0199, C=0.3114.

The reason for us to choose it is mainly due to the fact that it has the relatively smaller risk and biggest revenue. The closer the portfolio optimization reach the left side, the bigger the gradient will be, which means the ratio of expected returns over the risk is bigger. 

4. Conclusion 

4.1 Advantages

There is no doubt that portfolio optimization has many advantages. By separating your money, we can find that the risk of investments is reduced by referring to the figures collected by us as well as the curve with a turning point on it plotted by MATLAB. At the same time, the portfolio optimization provides us with a variety of combinations to select and try. In search of maximized profit or returns, by choosing and arranging each choice properly, we can gain a possibly satisfying result.

4.2 Improvement

4.2.1

There can be some kinds of improvements added to such a process as well. Here, by introducing a problem met by us, we can see how to apply such a theory properly. In the research, when we are collecting useful statistical evidences, daily figures are utilized by us initially instead of annual ones. Thus, the results turn out to be not ideal enough due to the fact that there are more fluctuations in short-term results. The returns calculated by us are all negative and show a uniqueness. As a result, we choose annual returns instead and acquire multiple returns. This suggests that to show the theory more intuitively, we had better to select those long-term figures which should be more available for reference. 

4.2.2

There is an assumption in our demonstration that every investment are removed from extremely optimistic and pessimistic feelings, which means such a result is not influenced by subjective cognition. So, we had better to mention such an assumption early in the beginning. 

4.2.3

The standard error should also be paid much attention to. There are much more improvements can be made to this aspect because according to the formula (standard error = standard deviation / (number of observation)^(1/2)) of it , by increasing the number of observations, the standard error will be decreased and a more accurate conclusion can be obtained. However, in order to simplify the application of this theory, we just make use of the statistics from 2005 to 2014. To improve it, we can use those before 2005 and may design a software to perform them.  

4.3

We can extend this theory to more fields. Our demonstration here is mainly aimed at stocks. But this one suits other financial products as well. For example, foreign exchange market, the market for security and future. By a proper use of such a theory, we solve some basic financial problems concerned with investments.      

