JOURNAL OF FORMALIZED MATHEMATICS
Volume2,  Released 1990,  Published 2003
Inst. of Computer Science, Univ. of Bialystok

Basic Properties of Rational Numbers

Andrzej Kondracki
Warsaw University

Summary. A definition of rational numbers and some basic properties of them. Op-
erations of addition, subtraction, multiplication are redefined for rational numbers. Functors
numerator (nunp) and denominator (dep) (p is rational) are defined and some properties of
them are presented. Density of rational numbers is also given.
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The articles([7],[14],110],12],[3], 18], %], [1], [6], and([P] provide the notation and terminology for

this paper.
For simplicity, we adopt the following conventior:denotes a ses, b denote real numberg,

ki, | denote natural numbers, angmy, n denote integers.
Leti be an integer number. Observe thiats natural.
Let us considek. Then|k] is a natural number.
Q can be characterized by the condition:

(Def. 1) xe Qiff there existm, n such that = 7.
Letr be a number. We say thats rational if and only if:

(Def.2) reQ.

Let us note that there exists a real number which is rational.
Let us note that there exists a number which is rational.

A rational number is a rational number.

We now state three propositions:

(1) If xe Q, then there exist, n such than # 0 andx = T
(3E] If xis a rational number, then there existn such than # 0 andx = T
(4) QCR.

One can check that every number which is rational is also real.
One can prove the following propositions:

(GE] If there existm, n such thak = T, thenx is rational.
(7) Every integer is a rational number.

One can check that every number which is integer is also rational.
Next we state two propositions:

1 The proposition (2) has been removed.
2 The proposition (5) has been removed.
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11f zcaq.
(12) NCQ.

In the sequep, q denote rational numbers.
Let us considep, g. One can verify the following observations:

* p-qis rational,
* Pp+qis rational, and
* p—qis rational.
Let us considep, m. One can check the following observations:
x p-+misrational,
x p—misrational, and
% p-mis rational.
Let us considem, p. One can check the following observations:
x M+ pis rational,
x M- pis rational, and
* m-pis rational.
Let us considep, k. One can verify the following observations:
* p+Kis rational,
x p—Kkisrational, and
x p-kisrational.
Let us considek, p. One can verify the following observations:
x k4 pisrational,
x k— pisrational, and
x k- pisrational.

Let us considep. Note that—p is rational andp| is rational.
Next we state the proposition

(16@ For allp, q holds‘a’ is a rational number.

Let p, q be rational numbers. Observe tI%is rational.
The following proposition is true

(21f] ptis a rational number.

Let p be a rational number. One can verify that! is rational.
Next we state three propositions:

(22) If a< b, then there existp such thath < pandp < b.
(24@ There exism, k such thak # 0 andp = {.

3 The propositions (8)—(10) have been removed.
4 The propositions (13)—(15) have been removed.
5 The propositions (17)-(20) have been removed.
6 The proposition (23) has been removed.
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(25) There existn, k such thak # 0 andp = § and for alln, | such that # 0 andp = { holds
k<lI.

Let us considep. The functor dem yields a natural number and is defined as follows:

(Def. 3) derp +# 0 and there exists1such thatp = F”r‘]p and for alln, k such thak # 0 andp =
holds derp < k.

Let us considep. The functor nunp yielding an integer is defined as follows:
(Def. 4) nump=denp-p.
The following propositions are true:
7§ 0< denp.
(29F 1< denp.
(30) 0< (denp)~?.
34y 1> (denp)~t.
(369 nump=o0iff p=0.

(37) p= enp @andp=nump- (denp)* andp = (denp) *-nump.

(38) If p# 0, then derp = 7.

(4OE If pis an integer, then dgm= 1 and nunp = p.
(41) Ifnump= pordenp=1, thenpis an integer.
(42) nump=piffdenp=1

(44 If nump= pordenp=1andif 0< p, thenpis a natural number.
(45) 1< denpiff pis notinteger.

(46) 1> (denp)~liff pis notinteger.

47) nump=denpiff p=1.

(48) nump= —denpiff p=—1

(49) —nump=denpiff p=—1

(50) 1f m# 0, thenp = 2umem

denp-m *

(GOH If k# 0 andp =, then there existssuch tham= nump-| andk = denp- 1.
(61) If p="Tandn# 0, then there existsy such tham= nump-m; andn = denp- m.

(62) Itis not true that there existsuch that 1< | and there exisin, k such that nunp = m-|
and demp=Kk-1.

(63) If p= T andk# 0 and it is not true that there existsuch that 1< | and there existny, kg
such tham=my - | andk =k; |, thenk = denp andm = nump.

" The proposition (26) has been removed.
8 The proposition (28) has been removed.
9 The propositions (31)—(33) have been removed.
10 The proposition (35) has been removed.
11 The proposition (39) has been removed.
12 The proposition (43) has been removed.
13 The propositions (51)—(59) have been removed.
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(64) p< —1iff nump < —denp.

(65) p<—-1liffnump< —denp.

(66) p< —1liffdenp < —nump.

(67) p<-—1liffdenp < —nump.

(72 p < 1iff nump < denp.

(73) p<1iff nump < denp.

(76 p<0iffnump<o.

(77) p<Oiffnump<O0.

(80J9 a< piff a-denp < nump.

(81) a< piff a-denp < nump.

(841 p= qiff denp = deng and nunp = numg.

(8619 p < qiff num p-denq < numg- denp.

(87) der{—p) = denp and nunj—p) = —nump.

(88) O< pandq=

(89) p<Oandg=

(1

2]

(3]

(4

[5]

(6]

[7]

8l

[

iff numq = denp and derg = nump.

1
p
% iff numg= —denp and der = —nump.
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