RATIONAL VS IRRATIONAL NUMBERS
 (from Fermat’s last Theorem, Simon SINGH)


Euclid devoted much of his life to writing the Elements, the most successful textbook in history. Until this century it was also the second best-selling book in the world after the Bible. The Elements consists of thirteen books, some of which are devoted to Euclid’s own work, and the remainder1 being a compilation of all the mathematical knowledge of the age, including two volumes devoted entirely to the works of the Pythagorean Brotherhood. In the centuries since Pythagoras, mathematicians had invented a variety of logical techniques which could be applied in different circumstances, and Euclid skilfully2 employed them all in the Elements. In particular, Euclid exploited a logical weapon3 known as reductio ad absurdum, or proof by contradiction. The approach revolves around the perverse idea of trying to prove that a theorem is true by first assuming that the theorem is false. The mathematician then explores the logical consequences of the theorem being false. At some point along the chain of logic there is a contradiction (e.g. 2+2 = 5). Mathematics abhors4 a contradiction and therefore the original theorem cannot be false, i.e. it must be true. […]

One of Euclid’s most famous proofs by contradiction established the existence of so-called irrational numbers. It is suspected that irrational numbers were originally discovered by the Pythagorean Brotherhood centuries earlier, but the concept was so abhorrent to Pythagoras that he denied their existence.
When Pythagoras claimed that the universe is governed by numbers he meant whole numbers and ratios of whole numbers (fractions) together known as rational numbers. An irrational number is a number that is neither a whole number nor a fraction, and this is what made it so horrific to Pythagoras. In fact, irrational numbers are so strange that they cannot be written down as decimals, even recurring decimals. A recurring decimal such as  0.111111… is in fact a fairly straightforward5 number, and is equal to the fraction 1/9. The fact that the ‘1’ repeats itself forever means that the decimal has a very simple and regular pattern. This regularity, despite the fact that it continues to infinity, means that the decimal can be rewritten as a fraction. However, if you attempt6 to express an irrational number as a decimal you end up with a number which continues forever with no regular or consistent pattern. […]

The most famous irrational number is 
[image: image1.wmf]p

. In schools it is sometimes approximated by 
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  or 3.14 ; however, the true value of 
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is nearer 3.14159265358979323846, but even this is only an approximation. In fact, 
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 can never be written down exactly because the decimal places go on forever without any pattern.
Tool box : 1. the remainder : le reste – 2. skilfully : habillement – 3.  a weapon : une arme –                 4. to abhor = to hate -  5. straightforward : clair, net – 6. to attempt = to try

Now test yourself !

1. a. What is the principle of a proof by contradiction ? 
b. Let’s quote :“One of Euclid’s most famous proofs by contradiction established the existence of so-called irrational numbers.”

Do you know the proof the author is talking about ? (You do not have to make it, just write which number it is about)

2. What is a rational number ? An irrational number ?

3. In the text, they state that 0.111111… = 1/9. Is it true ? To answer the question, just make the following proof :

a. Let  x = 0.1111111…

 Compute 10x – x.

b. Solve the equation you found on question 3.a. and deduce if it is true or false. 

      4. 
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is a “particular” fraction. What kind of fraction is this ? Then find the equivalent improper fraction.
       5.  Write a few lines about Hippasus and make the link with this quotation from the text : “It is suspected that irrational numbers were originally discovered by the Pythagorean Brotherhood centuries earlier, but the concept was so abhorrent to Pythagoras that he denied their existence.”
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