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INTRODUCTION

The research literature on teacher education in Brazil, identifies a recurrent issue: the ways pre-service teacher education connects with (or disconnects from) teaching practice at school (Diniz-Pereira, 2000). Studies done elsewhere also analyze different means of connecting pre-service teacher education with school practice in different countries (Ball; Comiti, 1996). However, an issue that still awaits deeper development is the ways mathematical knowledge, as it is usually presented in teacher education university courses, fits into the practice of teaching mathematics in schools.

On one hand, mathematics in teacher education is usually considered an epistemological absolute, that is, a content determined by referents that are internal to the discipline. On the other hand, cognitive science development has been continuously contributing to a better understanding of the processes of learning and teaching mathematics (Tall, 1991; Vergnaud, 1990; Brousseau, 1997, among others), with potential implications for the constitution of schoolteachers’ professional ways of “knowing mathematics”. Studies also show that teaching mathematics at school is a highly complex professional practice, influenced by multiple factors and involving non-trivial activities, such as class management and professional knowledge production (Shulman, 1987; Bromme, 1994; Tardif, 2002).

In most frameworks used to analyze teachers’ professional knowledge — which implicitly serve as a basis for the structural organization of pre-service teacher education programs in Brazil — this knowledge is partitioned in such a way that content knowledge, usually identified with academic mathematics, assumes the status of fundamental component. Other components (didactical, pedagogical, curricular, pedagogical content knowledge etc.) though important, are viewed essentially in relation to activities aiming for the “transmission” of the fundamental knowledge. It follows that subject matter preparation for the mathematics schoolteacher has been conceived as an autonomous process, aiming basically to promote an internalization of the values, techniques, methods, conceptions and ways of thinking proper to academic mathematics. Thus, academic mathematics tends to occupy the center of gravity of the teacher education process, subtly pushing the discussion of issues related to teaching practice to the margins of the content courses.

In this paper we undertake a theoretical perspective according to which academic mathematics and school mathematics are essentially different, though related, fields of knowledge (Moreira; David, 2003). We use the term academic mathematics to refer to the scientific body of knowledge produced by the community of professional mathematicians. The expression school mathematics will refer to the set of validated knowledge, specifically associated with the development of school education in mathematics. With this specific conceptualization, school mathematics includes knowledge produced by mathematics teachers in their school practices (validated, for example, by the research literature), as well as knowledge produced by research on teaching and learning of mathematical concepts or processes at school. Thus, we move away from the idea of school mathematics as a discipline taught at school to re-conceptualize it as a body of knowledge specifically associated with mathematics teaching at school. 

In a more detailed work
 we developed an investigation aiming to answer the following research questions:

(A) What kind of mathematical knowledge about the number systems is presented to prospective teachers within the mathematics teacher education program at Universidade Federal de Minas Gerais (UFMG), in Brazil?

(B) What kind of mathematical knowledge about the number systems is fundamentally involved in the mathematics teaching practice at school?
In collecting data, we have used different sources and instruments: school texts and texts addressed to school mathematics teachers; documents from the teacher education program at UFMG; interviews with university lecturers and with prospective teachers; texts used as bibliographic references in the disciplines of the mathematics teacher education program at the undergraduate level at UFMG and, finally, selectively, the research literature on mathematics education. In this report, however, we do not make use of all these sources or instruments.

By pointing out a specific form of disconnection between mathematics teacher education and teaching practice at school, we hope to contribute to a deeper understanding of this problem, recurrently but generically or superficially referred to in the studies on Brazilian teacher education programs. Here we present two instances that exemplify our research findings.
REAL AND RATIONAL NUMBERS

In the mathematics teacher education program at UFMG, the set of real numbers is presented to prospective teachers, by postulating the existence of a complete ordered field. The real number set is then defined as a set with this structure. Having it thus defined, one proves that there exist elements in the set of real numbers that are not expressible as a ratio of integers. Thus, an irrational number is viewed essentially as a real that is not rational. Issues like “what does it mean to measure something?” and the possibility of incommensurability are not discussed.

In schools, on the other hand, the concept of number has a history of successive generalizations. In the course of this history, the student is constantly re-elaborating her (his) cognitive schemata so that she (he) can accommodate, at each stage, a new notion of number, which evolves from an original and nuclear conception — that of a natural number. The idea of real number develops as a solution to the problem of the insufficiency of the rational number system for expressing the measures of all lengths.
In the program we examined, the rational number system itself is viewed as an extremely simple object and a thorough understanding of it (by the prospective teachers) seems to be taken for granted. Nevertheless, research shows that its construction can be considered one of the most complex operations in mathematics teaching at school (Behr et al., 1983; Kieren, 1976).

According to academic mathematics, a rational number is just an equivalent class of ordered pairs of integers under the relation (a,b)~(c,d) (    ad = bc (for details see Landau, 1951). A central aspect that distinguishes this construction of Q from the extension of N developed in school is that the former aims to produce an object that is, essentially, already known. The extensions of the number systems worked out in school are totally different in nature, since the resulting expanded sets present themselves to the student as a completely new numerical universe. This novelty, in turn, constitutes a fundamental element directing the teacher’s pedagogical actions while conducting the process. For example, in introducing fractions, the teacher has to consider that, so far, the child can only recognize the positive integers as numbers; in helping students develop the idea of rational number, a crucial step is extensive work with the various meanings of the fractions, as well as with other forms of interpreting a ratio of integers, the sub-constructs.

As it develops at school, the construction of Q does not aim to demonstrate the possibility of formally exhibiting a set with the (already known) characteristics of the rational number system. To the school pupil, this number system is a genuinely new object, as are the relations between the new numbers, the new forms of representing them, the new order, the new operations and their new properties.

Another important aspect to notice in the formal construction of Q is the variety of identifications made, which, from the school teaching perspective, are not only inappropriate but also inconvenient. The search for the “essential” — a strong value in academic mathematics — leads to taking some differences as irrelevant, thus following the identifications. For example, taking Q as a quotient set identifies, in a single movement, all concrete school interpretations of the rational numbers, “unifying” them in a purely formal construct — an equivalence class of ordered pairs of integers. Nonetheless, researchers emphatically point out the fundamental role these different interpretations play in the school development of the rational number concept (Behr et al, 1983).

DISCUSSION

Our analysis suggests that a presentation of the rational and the real number systems to prospective teachers can emphasize different aspects and lean on distinct values, according to the perspective taken — that of academic mathematics or school mathematics. While the former fuses in one expression all different forms of considering the idea of rational number, the latter goes the other way around. To school teaching, it is important to decompose the idea of ratio of integers in its multiple forms of concrete manifestation and to make explicit the various possibilities of interpreting it, since, according to studies on the matter (Behr et al., 1983, Kieren, 1976, among others), school construction of the rational number concept develops from progressive integration of different sub-constructs.

An image that comes to mind is the following: the scientific theory about the rational number system could be thought of as the result of a strong contractor that condenses — and, in some way, hides — a great variety of mathematical ideas in a few formal sentences. Nevertheless, it is in an uncondensed form that those ideas become operative in teaching practice at school. Intense contraction seems to produce a real metamorphosis, so that the teaching object is actually very different from an “elementary” form of the scientific object. Although the school mathematics form of knowledge about the rational number system is also highly complex, this complexity is mainly related to the complex nature of school teaching work, not so much to the values of academic mathematics.

As to the case of the real number system, the way it is presented to prospective teachers in the examined teacher education program leaves aside a number of fundamental issues directly related to school teaching practice. To create the real number system from nothing, that is, by postulating its existence as “anything” satisfying the complete ordered field axioms, ends up in an inversion, which is ultimately dissonant with the forms of knowledge about real numbers required in school teaching practice. This approach ignores many important pedagogical issues, such as the rationale for extending once again the notion of number so as to include strange “things” like the irrationals. Negotiating meanings for this new type of numbers involves dealing with subtleties and difficulties that seem to demand a much more school-oriented view on the real number system than that obtained from accepting a postulate that readily provides it as a pure abstract structure.

The general conclusion of our study can be put roughly in the following terms: mathematical knowledge is presented to prospective teachers in the mathematics teacher education program at Universidade Federal de Minas Gerais (UFMG), assuming the perspective (and therefore the values) of academic mathematics. In so doing, fundamental issues associated with mathematics teaching practice at school, which do not fit that perspective or those values, are ignored.
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ICMI 15 STUDY

STRAND I

PAPER

MATHEMATICS IN TEACHER EDUCATION VERSUS MATHEMATICS IN TEACHING PRACTICE: A REVEALING CONFRONTATION 

ABSTRACT

In this paper we analyze the mathematical knowledge presented to prospective teachers in the mathematics pre-service teacher education program of the Universidade Federal de Minas Gerais (UFMG), Brazil. We confront this knowledge with issues teachers face in the practice of teaching mathematics in schools. In this report, we restrict our considerations to the rational and real number concepts. As a conclusion, we point out a problematic “distance” between pre-service teacher education mathematical knowledge and the “forms of knowing mathematics” required in teaching practice at school. Our paper thus fits with Strand I of the ICMI Study 15.

Data were collected from different sources and using various instruments: interviews, documents, school texts, bibliographic references used in the pre-service teacher education curriculum and, selectively, the research literature in mathematics education. In this paper, however, we do not make use of all these sources and instruments.
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