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Preliminary Problem

A special rubber washer is made with two
holes cut out as pictured. The area of the

smaller of the two holes is ; of the whole

piece of rubber while the area of the larger

hole is i of the whole. If the area of the

original piece of rubber was 1Zin2, what is

the area of the finished washer?

If needed, see Hint before the Chapter Summary.

From Chapter 6 of A Problem Solving Approach to Mathematics, Twelfth Edition. Rick Billstein, Shlomo Libeskind, Johnny W. Lott, and
Barbara Boschmans. Copyright © 2016 by Pearson Education, Inc. All rights reserved.



Rational Numbers and Proportional Reasoning

Integers such as ~5 were invented to solve equations like x + 5 = 0. Similarly, a different type
of number is needed to solve the equation 2x = 1. We need notation for this new number. If mul-
tiplication is to work with this new type of number as with whole numbers, then 20 = x + ¥ = 1.

1
In other words, the number > (one-half) created to solve the equation must have the property that
when added to itself, the result is 1. It is an element of the set of numbers of the form %’ where

. a . .
b # 0and # and b are integers. More generally, numbers of the form 5 are solutions to equations

of the form bx = 4. This set Q of rational numbers is defined as follows:

Q= {Z|ﬂandl¢areintegers and b # 0}

Each member of Q is a fruction. In general, fractions are of the form g, where 4 # 0 butz and b are

1oL a .
not necessarily integers. Each element —- of set Q has # as the numerator and 4 as the denominator.

b

The English words used for denominators of rational numbers are similar to words to tell

3
“order,” for example, the fourth person in a line, and the glass is three-fourths full. In contrast, 7 is

read “out of four parts, (take) three” in Chinese. The Chinese model enforces the idea of partitioning

quantities into equal parts and choosing some number of these parts. The concept of sharing quanti-
ties and comparing sizes of shares provides entry points to introduce students to rational numbers.

As early as grade 3 in the Comzmon Core Standards, we find that students should “develop an under-
standing of fractions, beginning with unit fractions . . . view fractions as being built out of unit fractions
... use fractions along with visual fraction models to represent parts of a whole.” (p. 21) Additionally
by grade 4, students should “understand a fraction as a number on the number line.” (p. 24)

REMARK A unit fraction has a numerator of 1.

1 Objectives

Students will be able to
understand and explain

e Different represen-
tations for rational
numbers.

e Equal fractions,
equivalent fractions,
and the simplest form
of fractions.

e Ordering of rational
numbers.

e Denseness property
of rational numbers.

1 The Set of Rational Numbers

The rational number = may also be represented as /b or 4 + b. The word fraction is derived

from the Latin word fractus, meaning “broken.” The word numerator comes from a Latin word mean-
ing “numberer,” and denominator comes from a Latin word meaning “namer.” Frequently it is only in
the upper grades of middle school that students begin to use integers for the parts of rational numbers,
but prospective teachers should know and recognize that rational numbers are negative as well as posi-
tive and zero. Some uses of rational numbers that will be considered in this chapter are seen in Table 1.

Table 1

Use Example

Division problem or solution to a

. The solution to 2x = 3is i
multiplication problem 2

i 1
Portion, or part, of a whole Joe received 3 of Mary’s salary each month for alimony.

Ratio The ratio of Republicans to Democrats on a Senate
committee is three to five.

Probability

1
When you toss a fair coin, the probability of getting heads is >




(a) Bar model or area model

Pt
0 1

(b) Number-line model

0.0
o0

(c) Set model
Figure 1

Rational Numbers and Proportional Reasoning

Figure 1 illustrates the use of rational numbers as equal-sized parts of a whole in part (a), a
distance on a number line in part (b), and a part of a given set in part (c). The simplest representa-
tion is from part (a) where 1 part of 3 equal-sized parts is shaded. The fractional representation

for this part is 3 where the entire bar represents 1 unit and the shaded part is 3 of the unit whole.

[Later the bar model of part (a) will be extended to an area model where the shape may be dif-
ferent than the rectangular bar. Additionally, the bar model is helpful when we consider propor-
tional reasoning later in the chapter.]

An extension of the thinking in the bar model is seen in the remaining parts of Figure 1.
For example, part (b) could represent two one-thirds of the unit length, or two-thirds of the unit
segment. Part (c) could represent three one-fifths of the whole set, or three-fifths of the whole
set.

Early student exposure to rational numbers as fractions usually takes the form of description
rather than mathematical notation. They hear phrases such as “one-half of a pizza,” “one-third
of a cake,” or “three-fourths of a pie.” They encounter such questions as “If three identical fruit
bars are distributed equally among four friends, how much does each receive?” The answer is that

.3
each receives 3 of a bar.

When rational numbers are introduced as fractions that represent a part of a whole, we must
pay attention to the whole from which a rational number is derived. For example, if we talk about

3
3 of a pizza, then the amount of pizza depends on the size of the pizza, for example, 10" or 12",

and the fractional part, T
"To understand the meaning of any fraction, %, where 2,0 € Wand b # 0, using the parts-to-
whole model, we must consider each of the following:

1. The whole being considered.
2. The number 4 of equal-size parts into which the whole has been divided.
3. The number # of parts of the whole that are selected.

. a . . . .
A fraction —, where 0 = 2 < b, is a proper fraction. A proper fraction is less than 1. For

b

4 7 4 9 7
example, 5 is a proper fraction, but o and 5 are not; n is an improper fraction. In general % is

an improper fraction if # = b > 0. An improper fraction is greater than or equal to 1.

[Historical Note )

<>
100

Egyptian
Symbol for 1/3

The early Egyptian numeration system had symbols for fractions with numerators of 1 (unit

fractions). Most fractions with other numerators were expressed as a sum of unit fractions, for
| ! + !
example, — = — + —
P91 7374
Fractions with denominator 60 or powers of 60 were seen in Babylon about 2000 BcE, where
35 . .

12,35 meant 12 + 50" "This usage was adopted by the Greek astronomer Ptolemy (approximately
125 ce), was used in Islamic and European countries, and is presently used in the measurements of
angles.

The modern notation for fractions—a bar between numerator and denominator—is of
Hindu origin. It came into general use in Europe in sixteenth-century books. ®

Copyright © 2016 by Pearson Education, Inc. All rights reserved.



Rational Numbers and Proportional Reasoning

Other meanings of fractions can be considered using whole-to-part and part-to-part refer-
ences. For example whole-to-part might give us an improper fraction and part-to-part allows us
to write, for example, the ratio of the number of band students in the school to the number of
non-band students in the school.

¢ess ‘The Common Core Standards state that grade 3 students should “express whole numbers as
“7 fractions, and recognize fractions that are equivalent to whole numbers.” (p. 24)

Later students learn that every integer » can be represented as a rational number because

k 0-k 0
n = %, where # is any nonzero integer. In particular,0 = —— = —

k k

Rational Numbers on a Number Line

cess In the grade 3 Common Core Standards, we find the following standard:

1
Represent a fraction % on a number line by marking off a lengths of b from 0. Recognize that the

A . a . . a .
resulting interval has size b and that its endpoint locates the number b on the number line. (p. 24)
Once the integers 0 and 1 are assigned to points on a line, the unit segment is defined and every
. L . . 3
other rational number is assigned to a specific point. For example, to represent zon the number

line, we divide the segment from 0 to 1 into 4 segments of equal length and mark the line accord-
ingly. Then, starting from 0, we count 3 of these segments and stop at the mark corresponding

3
to the right endpoint of the third segment to obtain the point assigned to the rational number T

1
The Common Core Standards for grade 3 talk about # lengths of X where 2 and & are both posi-

i

(1)
(1)
(7]
N

tive (or 2 could be 0), but we also use integers as numerators or denominators of rational numbers,
though negative integers are not used to talk about lengths. We think of the positive fractions
described in the Common Core Standards as marked on a number line on the right side, and
as with integers, we can consider the opposites of those fractions reflected over 0 to the left
side of the number line as seen in Figure 2. We adopt two conventions for negative fractions,

either ?ﬂ or —%.
Figure 2 sh the points that corr nd t _2—5—1_1—3—2011* nd 2
gure 2 shows the points that correspond to "2, =7 = 7571, =7 2Ol
Y _|2 T T _é _i _i T T 6 T T é ]l- é T T |2 Ll
4 4 4 4
Figure 2
S | | .
Describe how to locate the following numbers on the number line of Figure 3: >y and 7
e & ; ! .
Figure 3

Copyright © 2016 by Pearson Education, Inc. All rights reserved.
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1
Solution To decide how to find the point on the number line representing 7 we consider the

unit length 1. We find the point that would be the rightmost endpoint of the segment starting at 0
and ending at the point marking the middle of the unit segment. This is seen in Figure 4.

"To find the point on the number line representing —%, we find the mirror image of % on the
left side of the number line as seen in Figure 4 when it is reflected in 0.

"To find the location of — 7 , we first find the image or % on the right side of 0 by marking
the unit length in four parts, duplicating the four parts to mark points between 1 and 2, and then

counting 7 of those parts starting at 0. Once % is found on the right side of 0, then its reflection

7
image in 0 gives the point where — iy should be marked. This is seen in Figure 4.

Figure 4

Equivalent or Equal Fractions

GGSS The grade 4 Common Core Standards state that students should be able to:

a.
Explain why a fraction b is equivalent to a fraction n— by using visual fraction models with atten-

tion to how the number and the size of the parts differ even though the two fractions themselves
are the same size. Use the principle to recognize and generate equivalent fractions. (p. 30)

Fractions may be introduced in the classroom through a concrete activity such as paperfolding.

1
In Figure 5(a), 1 of 3 congruent parts, or T is shaded. In this case, the whole is the rectangle. In
Figure 5(b), each of the thirds has been folded in half so that now we have 6 sections, and 2 of 6

2 1 2
congruent parts, or —, are shaded. Thus, both 3 and 5 fepresent exactly the same shaded portion.

1 2
Although the symbols 3 and 3 do not look alike, they represent the same rational number and are
equivalent fractions, or equal fractions. Equivalent fractions are numbers that represent the same point

1 2 1 2,
on a number line. Because they represent equal amounts, we write 3I7% and say that “= equals g

o211\ S ISP ———
RIs F2222220]

W

@ (b)
Figure 5

—
)
~
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Rational Numbers and Proportional Reasoning

Figure 5(c) shows the rectangle with each of the original thirds folded into 4 equal parts with

1 4
4 of the 12 parts now shaded. Thus, 3 is equal to h because the same portion of the model is

shaded. Similarly, we could illustrate that —, —, —, —— .. are all equal.

Fraction strips can be used for generating equivalent fractions, as seen on the student page
below. This technique makes use of the Fundamental Law of Fractions, which can be stated as
tollows: The value of a fraction does not change if its numerator and denominator are multiplied by the
same nonzero integer: Under certain assumptions this Law of Fractions can be proved and is stated
as a theorem.

Theorem 1: Fundamental Law of Fractions

a. . a  an
If 5182 fraction and 7z a nonzero number, then =
7

m School Book Page Eequivalent Fractions

e '_'J‘”'. '_" ro

5501

5r5 Equivalent Fractions

Com_mr.m How can you find
<019 equivalent fractions?
‘This tetsan reinfonces. B _
ot s Fractions that have different

for Topée 5. .
numerators and denominators |L_£88

but name the same amount are
called equivalent fractions.

You can multiply both the numerator You can divide the numerator and
and the denominator by the same denominator by the same nonzero number
nonzero number. if they can both be divided evenly.

%@- and -;—g- are equivalent fractions. \ %g and -i- are equivalent fractions.

Source: pp. 132-133; From enVisionMATH Common Core (Grade 6). Copyright © 2012 Pearson
Education, Inc., or its affiliates. Used by permission. All Rights Reserved.
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From the Fundamental Law of Fractions, — T_7 because . U -7 Simi-
" v 1515 RS oI5 1S
larly, % = f. The form 74, where b is a positive number, is usually preferred.
Simplifying Fractions
Theorem 1 implies that if  is a common factor of # and b, then % ﬁ Because 4 is a divi-

sor of both # and b, we know that # + d = m is a nonzero integer. Also b + d = n is a nonzero
integer. Thus, we have the following:

a _a+d _m

b b+d n

Hence, we have two equivalent forms of the same rational number. A numerical example is given
next.

60 60 = 10 6

210 210 =10 21
"This process is referred to as simplifying a fraction. A slightly different look is seen below.
60 6-10 6

210 21-10 21
Also,

[\
(O]
(IS

21

~
(V8

60
We can simplify 210 because the numerator and denominator have a common factor of 10. We
. .. 6 e 2
can simplify I because 6 and 21 have a common factor of 3. However, we cannot simplify 5

60
because 2 and 7 have no positive common factor other than 1. We could also simplify 210 in one
60 2:30 2 2 60
step: 10 = 530~ 7 Notice that 5 is the simplest form of 210 because both 60 and 210 have

been divided by their greatest common divisor, 30.

60 60
Suppose we wanted to simplify the rational number — 210 °F its equivalent 710 The prob-
60
lem could be addressed by simplifying 210 above and then takjng the opposite of the result.

210 ’210 = —= Note that the same result

60 |60 2
could have been found using — 210 W ==

This could be thought of as considering —

Definition of Simplest Form

A rational number 4 is in simplest form or lowest terms if, and only if, GCD(4, b) = 1, thatis, if 2

b

and  have no common factor greater than 1.

Copyright © 2016 by Pearson Education, Inc. All rights reserved.
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Scientific/fraction calculators can simplify fractions. For example, to simplify 1y We enter

6] 2 |and press =] and % appears on the screen. At this point, an indicator tells us

that this is not in simplest form, so we press =] again to obtain 7 At any time, we can view

the factor that was removed by pressing the [x Oy|key.

: - v
Find a value for « such that 2 710
Solution We use the mathematical practice of reasoning to see that because 210 + 42 = 5, we
. 1212560 L x 60
can use the Fundamental Law of Fractions to obtain D25 210 Hence, 510 ~ 210° and
x = 60.
. 12 _2-6 2 2:30_ 60 B
Alternative approach: 2767730 210 . Therefore x = 60.
|

Write each of the following fractions in simplest form if they are not already.

. 28ab’ b (a + 17)2 c X+ x 3+ 47
" 240 " 34+ 3b Txt 1 T3?
3+ 342 fﬂz_bz 2+

R “a—b & i+

Solution

284b? 2(14ab*) 2

Y 0P T 3a(14a)  3a

b (ﬂ+b)2_(ﬂ+b)(ﬂ+b):ﬂ+h

3a+3b  3(a+b) 3
A x2xt1l) xxt+1)  x
“atl x4+l Q@+ 1"
3+ a? L. P ) .
d. Tcannot be simplified because 3 + x° and 3x° have no factors in common except 1.
x
34327 31 +af) 1447
e. = =
347 3 x?

f. The difference of squares formula: 2> — #* = (2 — b)(a + b). Thus,

-V (a—b)a+tb) a+b
= = =a+ b
a—b (a — b)1 1

g. The fraction is already in simplest form because #* + b* does not have (2 + b) as a factor.
Notice that 2> + #* # (a + b)°.

Copyright © 2016 by Pearson Education, Inc. All rights reserved.
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When an algebraic expression is written as a fraction, the denominator may not be 0. Thus,

when the fraction is simplified, this restriction has to be maintained. For example, in part (c) of

x2+x

T~ xifx # 71, and in part (f) the result holds if # — & # 0, thatis,ifa # b.

E 1
xample 3, -

Some students think of the Fundamental Law of Fractions as a cancellation property and

+ & 2:3+a-
3ﬂa by thinking of it as %
bers in the products to obtain 2 + # as the answer. Emphasizing the factor approach that neither

“simplify” an expression like and “canceling” equal num-

3 nor # is a factor of 6 + #*> may help to avoid such mistakes.

Equality of Fractions

10
We use three equivalent methods to show that two fractions, such as ) and 35 are equal.

1. Simplify both fractions to simplest form.

12 23 2 g 0_52_2
2 237 7 M35 75977
Thus,
12 _ 10
42 35

2. Rewrite both fractions with the same least common denominator. Since
LCM(42,35) = 210, then

2 _ 6

42 210

L1060
35 T 210
Thus,
2_10
42 35
3. Rewrite both fractions with a common denominator (not necessarily the least). A common
multiple of 42 and 35 may be found by finding the product 42 -35 = 1470.

12 420 d 10 _ 420
#1470 M 357 1470
Hence,
2 _10
42 35
The third method suggests a general algorithm for determining whether two fractions % and 2
are equal. Rewrite both fractions with common denominator 4d; that is,
4_4d 4Lk
b M 4T b
. ad _ be . ) _ 24 _ 6
Because the denominators are the same, il if, and only if, ad = bc. For example, %9

because 24 -9 = 216 = 36 6. In general, the following theorem holds.

Copyright © 2016 by Pearson Education, Inc. All rights reserved.
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Theorem 2: Equality of Fractions

Two fractions % and 2, with & # 0and d # 0, are equal if, and only if, 2d = bc.

Using a calculator, we determine whether two fractions are equal by using Theorem 2. Since

both 19][6][=]and 10][9]8][=lyield a display of 4392, we see that

21098

4 2196

Ordering Rational Numbers

¢esS The grade 4 Common Core Standards state that a student should compare two fractions with

Example 4 |

()
(1)
(7.)
NN

different numerators and different denominators, e.g., by creating common denominators or
. . 1 . .
numerators, or by comparing to a benchmark fraction such as > Recognize that comparisons are

valid only when two fractions refer to the same whole. (p. 30)

11 1
Jim claims that 3 > 7 because in Figure 6 the shaded portion for 3 is larger than the shaded

1
portion for > How would you help him?

Solution Jim needs to understand as noted in the Common
Core Standards that comparisons of two fractions are valid
only when they refer to the same whole. In Figure 6, the cir-
cle is clearly larger than the square so the two wholes are not
the same.

[
Nl

€) (b)
Figure 6

In order to compare two fractions referring to the same whole, it is easiest to compare

fractions with like denominators. Children know that % > % because if a pizza is divided into 8

3 4
parts of equal size, then 7 parts of the pizza is more than 5 parts. Similarly, - < T Thus, given

two fractions with common positive denominators, the one with the greater numerator is the
greater fraction. To make ordering of rational numbers consistent with the ordering of whole
numbers and integers we have the following definition.

Definition of Greater Than for Rational Numbers with Like Denominators

If 4, b, and ¢ are integers and b > 0, theng > iif, and only if, # > c.

Copyright © 2016 by Pearson Education, Inc. All rights reserved.
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"To compare fractions with unlike denominators, some students may incorrectly reason that

1 6
3 > 7 because 8 is greater than 7. In another case, they might falsely believe that 5 is equal to 3

because in both fractions the difference between the numerator and the denominator is 1.

Comparing positive fractions with unlike denominators may be aided by using fraction strips to

4 11
compare the fractions visually. For example, consider the fractions — and 3 shown in Figure 7.

5

4
5
11
12
Figure 7
From Figure 7, students see that each fraction is one piece less than the same-size whole unit.
11 4 11
However, they see that the missing piece for IR is smaller than the missing piece for $0

4
must be greater than 3

Comparing any fractions with unlike denominators can be accomplished by rewriting the frac-
tions with the same positive common denominator. Using the common denominator bd, we can write
ad be

d _—

. a c
the fractions —and — as — an

b 4 bd bd Because b > 0andd > 0, then bd > 0; and we have the following:

a c. . ad bc ad be . .
> = = =S = > .
Y if, and only if, vl bl and vl b if, and only if, ad > bc

Therefore, we have the following theorem.

Theorem 3

If 4, b, ¢, and d are integers with # > 0 and d > 0, then 25 ¢

1 i > .
by d if, and only if, ad > bc

Next consider two fractions with both numerators and denominators positive and with

3 3
numerators that are the same. For example, consider n and 10 If the whole is the same for both

1 1
fractions, this means that we have three e and three 0 Because 7 is greater than 10 three of

3
the larger parts is greater than three of the smaller parts. Thus, 3 > 10

Copyright © 2016 by Pearson Education, Inc. All rights reserved.
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Denseness of Rational Numbers

The set of rational numbers has a property unlike the set of whole numbers and the set of integers.

. 1 2 ) 1 2 . . )
Consider = and —. To find a rational number between > and 3 we first rewrite the fractions with
) 3 4 )
a common denominator, as 3 and I3 Because there is no whole number between the numerators

1 2
3 and 4, we next find two fractions equal, respectively, to 7 and 3 with greater denominators. For

1 6 2 8 6 8
example, RET) and 3 =1 and % is between the two fractions B and 'ER So % is between

2
3 and 3 "This property is generalized as follows and stated as a theorem.

Theorem 4: Denseness Property for Rational Numbers

o o o a ¢ 9 o
Given any two different rational numbers 7 and 7 there is another rational number between these two

numbers.

Explain why there are infinitely many rational numbers between any two rational numbers.

a. Find two fractions between 1778 and %
1234 n

b. Show that the sequence .., where n € N, is an increasing sequence; that

2345 "n+ 1
is, that each term starting from the second term is greater than the preceding term.

Solution
1-9 9 8 4 7 9
a. Because 7= 79 = 1 Wesee that 13" > is between B and TS To find another fraction
7 9
between the given fractions, we find two fractions equal to 3 and Tt respectively, but with
greater denominators; for example, 7o = 3-and 7o =+
5 16 17 14 18 7 1
We now see that 3636 and Y3 are all between Y3 and % and thus between 3 and 7

+ 1 +1

b. Because the nth term of the sequence is L, the next term is u , or 1 . We
n+ 1 (n+1)+1 n+2

n+ 1 7

n+2 wn+1
The terms of the sequence are positive. The inequality will be true if, and only if,

(n + 1)(n + 1) > n(n + 2). This inequality is equivalent to

need to show that for all positive integers 7,

WA+ 2n+ 1>+ 2
2n+ 1> 2n
1 > 0, which is true.

Therefore we have an increasing sequence.

Copyright © 2016 by Pearson Education, Inc. All rights reserved.
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Another way to find a number between any two rational numbers involves adding numera-

7 1
tors and adding denominators. In Example 5(a), to find a number between 8 and 7 we could

+1 8 78
g —. —_ < -
182 20 Weseethatg < o0

add the numerators and add the denominators to produce

8 1
because 140 < 144. Also, 20 < 3 because 16 < 20.The general property is stated in the follow-

ing theorem and explored in Now Try This 2.

Theorem 5

Let g and 2 be any rational numbers with positive denominators such that g < 3 Then,
Z a+c¢ =&
b b+d

I _NOW TRY THIS 2

a+c a+c
an

<£.
b+d " b+d d

Prove Theorem 5. <Hint: Prove that% <

The proof of Theorem 5 suggested in Now Try This 2 also proves Theorem 4.

Assessment 1A

. . 7. . . .
1. Write a sentence that illustrates the use of gin each of the 4. For each of the following four squares, write a fraction to

following ways.
a. Asa division problem
b. As part of a whole
c. Asaratio
2. For each of the following, write a fraction to approximate the
shaded portion as part of the whole.

a.

3. If the entire rectangle is a whole, what fraction represents the

describe the shaded portion. What property of fractions does
the diagram illustrate?

a. b. c. d.
b. 5. Based on your observations, could the shaded portions in the
| | following figures represent the indicated fractions? If not, tell
| why.
dO OO0 a. b. c.
O
1 3 1
4 4 2

shaded portion of the figure?

—

Copyright © 2016 by Pearson Education, Inc. All rights reserved.
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11.
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In each case, subdivide the whole shown on the right to show
the equivalent fraction.

a. b.

NP
|
0N
Wl
|
©olw

olw

N

Referring to the figure, represent each of the following
quantities as a fraction.

a. The dots in the interior of the circle as a part of all the
dots

b. The dots in the interior of the rectangle as a part of all
the dots

c. The dots in the intersection of the interiors of the
rectangle and the circle as a part of all the dots

d. The dots outside the circular region but inside the
rectangular region as part of all the dots

Use the Venn diagram pictured with A representing the

people in an arts class and B representing the people in

a botany class to express the fraction of elements in the

indicated sets as a part of the universal set.

U
A B
9
a. ANB b. A-B
c U d ANB

For each of the following fractions, write three equal
fractions.

2 "2
a. b. 5
0 a
3 -5
Find the simplest form for each of the following fractions.
156 b 27 65
93 " 45 “ 91

For each of the following fractions, choose the expression in
parentheses that equals or describes best the given fraction.

a. %( 1, undefined, 0)

b. %(undeﬁned, 5,0)

c. g(undeﬁned, 5,0)

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

d.2+d

(2, 3, cannot be simplified)

15 +w <5 +

RRY

Find the simplest form for each of the following fractions.
PR ¥ 140y

™ 34+ 3 " 63ay?

Determine whether the following pairs are equal.

. 3 nd 375 18 23
" 8" 1000
Determine whether the following pairs are equal by changing

both to have the same denominator.

e. , 5, cannot be simpliﬁed)

b. gand @

10 12 21 51
a. %andﬁ b gandﬁ
Draw an area model to show that% = %

3
If a fraction is equal to 7 and the sum of the numerator and

denominator is 84, what is the fraction?
Mr. Gomez filled his car’s 16 gal gas tank. He took a trip and

used % of the gas.

a. Draw an arrow in the following figure to show what his
gas gauge looked like after the trip:

b. How many gallons of gas were used?
Solve for x in each of the following.

2 x 327
3716 "4
For each of the following pairs of fractions, replace the
comma with the correct symbol (<, =, >) to make a true
statement:

75 74
86 85
Arrange each of the following in decreasing order.

11 11 11

b.

163
-1 719 17
b 36730

For each of the following, find two rational numbers between
the given fractions.

a. iand 4

7 7

=n
|

I

=

o
|

6 oz is what part of a pound? A ton?
. A dime is what fraction of a dollar?
. 15 min is what fraction of an hour?
. 8 hr is what fraction of a day?

=P R =i
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Determine whether the following is true: If 4, b, ¢ are integers

and b < 0, then% > iif, and only if, 2 > ¢.

26.

27.

Explain why in the Fundamental Law of Fractions
(Theorem 1), » must be nonzero.
Prove that any integer z can be written as a fraction.

24. Based on your visual observation write a fraction to represent 28. A typical English ruler is marked in sixteenths of an inch.
i 3
the shaded portion. Sketch a ruler marking 3 in.

29. ‘Ten light bulbs were in a chandelier. One-fifth of the
bulbs were not shining. How many light bulbs were not
shining?

30. Ata party, there were 35 guests. Two-fifths of the guests were

. What fraction of th ?
25. Fill in missing numbers for x, y, z, and w to create a fmen atfraction of the guests were women
sequence with each term being greater than the preceding
term.
lxyz p 2376
I RAEL Txly 2w
Assessment 1B
1. Write a sentence that illustrates the use of 7 in each of the 5. Based on your observations, COl.ﬂd .the shaded portions in the
; 10 following figures represent the indicated fractions? Tell why.
following ways:
a. As a division problem a. b. c.
b. As part of a whole
c. Asaratio
2. For each of the following, write a fraction to approximate the
shaded portion of the whole.
- b. 1 1 2
2 0 1 000 2 8 8
6. If each of the following models represents the given fraction,
draw a model that represents the whole. Shade your answer.
4
3 4
3 3
“ 00 —
1 1
S 4
7. Referring to the figure, represent each of the following
. fraction.
3. If the entire rectangle is a whole, what fraction represents the quantities as a fraction
shaded portion of the figure? ° °
° °
° °
° °
a. The dots outside the circular region as a part of all
the dots
3 . i i
4. Complete each of the following figures so that it illustrates . b. The dots outside the rectangular region as a part of

le— o
0 1

c. dO 0000
00000

bOOOOO

e. f. -

all the dots

c. The dots in the union of the rectangular and the circular
regions as a part of all the dots

d. The dots inside the circular region but outside the
rectangular region as a part of all the dots.
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8. Use the Venn diagram pictured with A4 representing the
people in an algebra class and B representing the people
in a biology class to express the fraction of elements in the
indicated sets as a part of the universal set.

U
A B
9
a. AUB b. A - B
c. I d. AUB

9. For each of the following, write three fractions equal to the
given fractions.

1 4

. b. -

“3 5
3 a

. d. -

“7 3

10. Find the simplest form for each of the following fractions.

) 8 L 662

" 68 " op © 703

11. For each of the following, choose the expression in
parentheses that equals or describes best the given fraction.

+a (2+
6+« (J, 3, cannot be simpliﬁed)
x

a. 3x

6 4 95
b. 2 2 ( 1, g, cannot be simplified>

2*+27\ 73
2100 + 298 o S
€ Si00 — % (2“6, 3100 large to simplify
12. Find the simplest form for each of the following fractions.
a + ab a
a+b " 3a+ ab
13. Determine whether the following pairs are equal.
6 3,750 17 25
* 16 ™4 70,000 b 37 mmd s

14. Determine whether the following pairs are equal by changing
both to the same denominator.

3 36 21 51
a. ﬁandm b. mandm
6

15. Draw an area model to show that 3 = —.

9

16. A board is needed that is exactly %in. wide to fit a hole. Can

a board that is 3 in. be shaved down to fit the hole? If so,

how much must be shaved from the board?

17. The following two parking meters are next to each other
with the times left as shown. Which meter has more time left
on it? How much more?

/A

Meter A

(N

Meter B

18. Solve for x in each of the following.
2 x b 3 3x
3718 v X
19. For each of the following pairs of fractions, replace the comma
with the correct symbol (<, =, >) to make a true statement.
11 2 4 00
A TS0 “ T
20. For each of the following, find two rational numbers between
the given fractions.
) 8 b. ?1 and %
21. a. 12 oz is what part of a pound?
b. A nickel is what fraction of a dollar?
c. 25 min is what fraction of an hour?
d. 16 hr is what fraction of a 24-hr day?

22. Read each measurement as shown on the following ruler.

a.|< A >|
b.|< B >|

c.|< C >

d.%D%‘ ‘
|||||||||||||||||||||||||||||||||||||||||||||||||
0 1 2 3
Inches

23. Fill in missing numbers for «, y, 2, and w to create a sequence
with each term being less than the preceding term.

24. Use the Fundamental Law of Fractions (Theorem 1) to show
that 0 could be written in infinitely many ways.

25. Prove that a negative integer # can be written as a fraction
with a positive denominator.

26. A typical metric ruler is marked in millimeters (mm) where
Ilmm = ﬁ m (where m is the designation of meter). How
many millimeters would 5 meters be?

27. 'Ien light bulbs were in a chandelier. Three-fifth of the bulbs
were shining. What fraction of the light bulbs were not shining?

28. At a party, there were 40 guests. One-fifth of the guests were
men. What fraction of the guests were women?

29. Answer each of the following.

a. If the area of the entire square is 1 square unit, find the
area of each tangram piece.

b. If the area of piece # is 1 square unit, find the area of each
tangram piece.
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Mathematical Connections 1

Reasoning

1. Explain why 25 cents is one-fourth of a dollar, yet
15 minutes is one-fourth of an hour. Why should these
one-fourths not be equal?

1
2. In each of two different fourth-grade classes, 3 of the

members are girls. Does each class have the same number of
girls? Explain your answer.

1
3. Consider the set of all fractions equal to > If you take any

10 of those fractions, add their numerators to obtain the
numerator of a new fraction and add their denominators to
obtain the denominator of a new fraction, how does the new

1
fraction relate to 5? Generalize what you found and explain.

4. Draw a Venn diagram showing the relationship among
natural numbers, whole numbers, integers, and rational
numbers. Use subset relations to explain your Venn diagram.

Open-Ended

5. Make three statements about yourself or your environment
and use fractions in each. Explain why your statements are
true. For example, your parents have three children, two of

2
whom live at home; hence 3 of their children live at home.

6. Consider the demographics of your class including gender
and ethnicity. Write fractions to describe the demographics
of the class.

7. Sketch four different windows having different numbers of

3
window panes in each. Shade 7 of the panes in each window.

Cooperative Learning

8. Assume that the shortest person in your group is 1 unit tall
and do the following:
a. Find rational numbers to approximately represent the
heights of other members of the group.
b. Make a number line and plot the rational number for
each person ordered according to height.
9. Assume the tallest person in your group is 1 unit tall and do
the following.
a. Find rational numbers to approximately represent the
heights of other members of the group.
b. Make a number line and plot the rational number for
each person ordered according to height.

Connecting Mathematics to the Classroom

0
10. A student asks if s is in its simplest form. How do you respond?

11. A student writes % < %because 3-15 < 53-1. Another

.15 1
student writes —— = —

= i >
533 Where is the fallacy?

12

13.

14.

15.

16.

17.

18.

and

A student claims that there are no numbers between 1000

1 because they are so close together. What is your response?

A student argued that a pizza cut into 12 pieces was more
than a pizza cut into 6 pieces. How would you respond?

Ann claims that she cannot show % of the following faces

because some are big and some are small. What do you tell her?

How would you respond to each of the following students?

a. Iris claims that if we have two positive rational numbers,
the one with the greater numerator is the greater.

b. Shirley claims that if we have two positive rational
numbers, the one with the greater denominator is the
lesser.

2
Steve claims that the shaded circles below cannot represent 3

2
since there are 10 circles shaded and 3 is less than 1. How do

you respond?

e o o O o O
[ ] ([ ] O
e o o O o O

2
Carl says that% > 3 because 3 > 2 and 8 > 3. How would

you help Carl?

Mr. Jimenez and Ms. Cortez gave the same test.

In Mr. Jimenez’s class, 20 out of 25 students passed, and in
Ms. Cortez’s class, 24 of 30 passed. One of Ms. Cortez’s
students claimed that the classes did equally well. How
could you explain the student’s reasoning?

National Assessments

National Assessment of Educational Progress
(NAEP) Questions

What fraction of the figure is shaded?

NAEP, Grade 4, 2007

In which of the following are the three fractions arranged from
least to greatest?

A

D.

NRRVIIRN

1 125 152
29 Broy © 297
12 521
’E’? E. 6,?,5

NAEP, Grade 8, 2007
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Kim, Les, Mario, and Nina each had a string 10 feet long.

Kim cut hers into fifths.

Les cut his into fourths.

Mario cut his into sixths.

Nina cut hers into thirds.

After the cuts were made, who had the longest pieces of string?

A. Kim
B. Les
C. Mario
D. Nina

NAEP, Grade 4, 2013

2 Objectives

Students will be able to
understand and explain

Addition of rational
numbers with like and
unlike denominators.

Rational numbers as
mixed numbers.

Subtraction of
rational numbers
with like and unlike
denominators.

Properties of addition
and subtraction of
rational numbers.

Addition properties of
equality.

Estimation with
rational numbers.

Rational Numbers and Proportional Reasoning

Which fraction has a value closest to %?
A.
B.
C.

D.

U= N O\ = oW

NAEP, Grade 4, 2011

2 Addition, Subtraction, and Estimation

with Rational Numbers

Addition and subtraction of rational numbers is very much like addition and subtraction of
whole numbers and integers. We first demonstrate the addition of two rational numbers with

2 1
like denominators, — + —, using an area model in Figure 8(a) and a number line model in

5 5
Figure 8(b).
2 . 1 - 3
(@) 5 5 - 5
2,1 _3
\ 57575 ‘
I =
2 1
5 5
[ 1 1 1 1 1
0 1 2 3 4 1
5 5 5 5
(b)
Figure 8

2
Why does the area model in Figure 8(a) make sense? Suppose that someone gives us 3 of a pie
1 2
initially and then gives us another 3 of the pie. In Figure 8(a), 3 is represented by 2 pieces when

1
the pie is cut into 5 equal-size pieces, and 3 is represented by 1 piece of the 5 equal-size pieces. So
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3
youhave 2 + 1 = 3 pieces of the 5 equal-size pieces, or 3 of the total (whole) pie. The number line
model in Figure 8(b) works the same as the number line model for whole numbers.

3 4
Using a bar model, the addition 3 + 3 is depicted in Figure 9.

1 unit 1 unit
A A
I g N
: i
(b)
N A J
' '
1 unit 1 unit
Figure 9

3 4
In Figure 9(a), we have 3 and 3 pictured as parts of two equal-sized wholes where each whole

34
consists of five parts. In Figure 9(b), we have 3 + 3 again pictured as parts of two equal-sized

wholes, where each whole consists of five parts. We see that there is one whole and two parts
of another whole shaded. Additionally, we see that there are seven of the one-fifth parts shaded.
4 7 3 4 2 . . 2
— =S Also>+ =1+ =
573 Also st 1 5 which could be written as 1 5 The

latter representation is a mzixed number, which is discussed later in the section.
The ideas illustrated in Figures 8 and 9 are summarized in the following definition.

Thus, we could say that % +

Definition of Addition of Rational Numbers with Like Denominators

a c . a c a+c
If 7 and 7 are rational numbers, then 7 + - = ;

b b

¢ess In the grade 5 Common Core Standards, we find that students should be able to:

Add and subtract fractions with unlike denominators (including mixed numbers) by replacing given
fractions with equivalent fractions in such a way as to produce an equivalent sum or difference of
fractions with like denominators. (p. 36)

£6SS) We use the four-step process and Comzmon Core Standards practices to develop this concept.

L STV -8 Adding Rational Numbers Problem

2 1
Determine how to add the rational numbers 3 and T

2 1
Understanding the Problem We model 3 and g s parts of the same-sized whole, as seen in

Figure 10, but we need a way to combine the two drawings to find the sum.
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wWIN
TN

Figure 10

Devising a Plan We use the strategy of solving a related problem: adding rational numbers with the
same denominators. We can find the sum using reasoning to write each fraction with a common
denominator and then complete the computation.

6 8
, 5, E, and

NEN

2
Carrying Out the Plan We know that 3 has infinitely many representations, including
1 . ) ) ) .23 8
so on. Also 7 has infinitely many representations, including 116 and so on. We see that B

3
and B have the same denominator. One is 8 parts of 12 equal parts, while the other is 3 parts of 12

1 8 3 11
'ER Figure 11 illustrates the addition.

: sS4+ - =—+
equal parts. Consequently, the sum is 3T T T

8 .3 1

2 1
3TEA TRt R

Figure 11
Looking Back 1o add two rational numbers with unlike denominators, we considered equal ratio-
2 1
nal numbers with like denominators. A common denominator for 3 and 3 is 12.This is also the least
common denominator, or the LCM, of 3 and 4. To add two fractions with unequal denominators
5 7
such as — and —, we could find equal fractions with LCM(12, 18) = 36 as the denominator.

12 18
However, any common denominator will work as well, for example, 72 or even 12 - 18.

B comiderm heaum 24 L2413 8 3 _8+3 11 |
y considering the sum = + 2 = 377+ 2= = 5+ D [ We can general-
ize to find the sum of two rational numbers with unlike denominators, as in the following.

Alternate Definition of Addition of Rational Numbers with Unlike Denominators

a c . a ¢ ad+ be
If 7 and 7 are rational numbers, then — + — =

b d bd
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Example 6 |

Rational Numbers and Proportional Reasoning

The definition of addition of rational numbers with unlike denominators can be applied to
like denominators as seen below.

£+£_ﬂb+cb_(ﬂ+€)b_a+c
b bbb bbb
Find each of the following sums.
15 21 3§ 4 5 6 x oy a’b ab?
Solution
2 4 2.7 4-5 14 20 34
CLCM(15,21) =3+5-7;— 4+ — = — -+ = — 4 =
a. LCM(15,21) = 3-5-7; 15 21 15-7 21-5 105 105 105
b2, @O+ _1wo+3 7 7CH 77
T30S (73)(5) “15 15 T15(C1) 15
3 01 _3-5+4-1 19
C. ot o=
4 5 4-5 T 20
(3 1) 1 19 1 19:6 +20-1 134 67
o | e = = e S
4 5 6 20 6 206 1200 60
3 3y + 4
di+i_l+4ﬁ:u
x oy ox X xy
2 2 2b +
e. LCM(ﬂzb,ﬂbz):ﬂzbz;T-‘r%— 217 4 3612 _ 17223ﬂ
ab  ab (ab)b  a(ab”) ab

Mixed Numbers

In everyday life, we often use mixed numbers, that is, numbers that are made up of an integer

and a proper fraction. Figure 12 shows a nail that is 2 %in. long. The mixed number 2 % means

3 . 3 . 3 . .
2 + —. Students may infer that 2 — means 2 times 7 Since xy means 2y, but this is not correct.

Also, the number _4%means _<4 i) =4 - %, not 4 + %
@ 777 >,
i||||||| ||||||||||||||||||||||||||||||||||||||||||||||||
0 1 2 3
Inches
Figure 12
A mixed number is a rational number because it can always be written in the form % For
example,
3 2 3 2-4+4+1-3 8+3 11
22 =2+7="12= = =—
4 1 4 1-4 4 4
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Change each of the following mixed numbers to the form %’ where # and b are integers:

1 2
a.4§ b. 35
Solution
Jl_, L4, 1 43+l 124113
R 3713 13 3 3
2 2 32 3:5+1:2 17 “17
Bo="3+2)=(+Z)=|—7T)=(+)=—
baie (e 5) = (8- () - (5) =5
m
Example 8 39
Change 5 toa mixed number.
Solution We divide 39 by 5 and use the division algorithm as follows:
£_7-5+4_7-5+i_7+ﬁ_7ﬁ
5 5 5 5 5 5
m

In elementary schools, problems like Example 8 are usually computed using division, as follows:

5
5)29

25
4
4 4 . . L 4 .
Hence, 5" 5+ 7= 5 3 The remainder of 4 in the division actually represents 3 of a unit

when put in context.
Scientific/fraction calculators can change improper fractions to mixed numbers. For exam-

ple, if we enter [9] and press |4b/d, then 5 LI 4/5 appears, which means § ?

We can also use scientific/fraction calculators to add mixed numbers. For example, to add

4

2§+ 3%, we enterIEEL and the display reads

19
5U49/30. We then press to obtain 6 LI 19/30, which means 63*().

Adding Mixed Numbers

0 Because mixed numbers are rational numbers, the method of adding rationals can be used to include

H mixed numbers. The student page shown on the next page shows a method for computing sums
of mixed numbers that uses the commutative and associative properties discussed later in the next
section.
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School Book Page Equivalent Fractions

5y, ™

Adding M Numbers

How do you find the sum of mixed numbers?

The students in Mr. Lopez’s science class measured
the rainfall each day for two weeks. The amounts
for each week are listed in the table.

What was the total amount of rainfall for the two weeks?

Choose an Operation Add to find the
total amount of rainfall for the two weeks.

Find the LCD of the fractions Rename improper
and use it to write equivalent fractions as mixed
fractions. numbers. Simplify.
3B=3+15%
2
5

gl
=4g= 4

The total rainfall

was about 5 inches. The total rainfall

Then add whole numbers and was 42 ifches.
fractions separately. 2

Source: pp. 172-173; From enVisionMATH Common Core (Grade 6). Copyright © 2013 Pearson
Education, Inc., or its affiliates. Used by permission. All Rights Reserved.

Properties of Addition for Rational Numbers
Rational numbers have the following properties for addition: closure, commutative, associative, addi-
tive identity, and additive inverse. To emphasize the additive inverse property of rational numbers,

we state it explicitly, as follows.

Theorem 6: Additive Inverse Property of Rational Numbers

. a . . . a . a
For any rational number —, there exists a unique rational number ——, the additive inverse of » such

b b
that

Copyright © 2016 by Pearson Education, Inc. All rights reserved.



Example 9 |

Rational Numbers and Proportional Reasoning

As mentioned earlier, another form of —% can be found by considering the sum % + ?ﬂ. Because
a a _a+ a 0
P A
it follows that - and 2 are both additive inverses of E, S0 4= ﬁ.
b b b b b
Find the additive inverses for each of the following:
3 5 1
a. g b. ﬁ c. 4 E
Solution
3 73 S5\ (5 s 1 9
a 50r5 b. (11)— 1 - 11 c. 42,or2

Properties of the additive inverse for rational numbers are analogous to those of the additive
inverse for integers, as shown in Table 2.

Integers

Rational Numbers

1. (Ta) =a

N
b d

The set of rational numbers has the addition property of equality, which says that the same num-
ber can be added to both sides of an equation.

Theorem 7: Addition Property of Equality of Rational Numbers

If % and 2 are any rational numbers such that % = s and fg is any rational number, then

+ +

R
SRS
WY
e

Subtraction of Rational Numbers

In elementary school, subtraction of rational numbers is usually introduced by using a take-away
6 2 4
model. If we have 5 of a pizza and 5 of the original pizza is taken away, 7 of the pizza remains;

.6 2 6-2 4 . . Ll .
thatis, - — — = ——— = =. In general, subtraction of rational numbers with like denominators

7 7 7 7

is determined as follows:

a c a — ¢
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As with integers, a number line can be used to model subtraction of nonnegative rational
L . . 1 a c,
numbers. If a line is marked off in units of length 7 and 4 = ¢, then 3 equal to (2 — ¢)

1 a ¢ _a—c
—, which implies that - — — =
X P bbb

When the denominators are not the same, we can perform the subtraction by finding a com-
mon denominator. For example,

32 3.3

4 3 43 3-4 12 12 12 12

units of length

[\S)
N
O
O
I
[o/e)
—

Subtraction of rational numbers, like subtraction of integers, can be defined in terms of
addition as follows.

Definition of Subtraction of Rational Numbers in Terms of Addition
a

If
b

¢ o a C . . . e a c
and - areany rational numbers, then 3 g1 the unique rational number ]; such that 5= 4

i

As with integers, we can see that subtraction of rational numbers can be performed by adding the
additive inverses as stated in the following theorem.

Theorem 8

L
<

R

a ¢ . a ¢
If 7 and - areany rational numbers, then i

Now, using Theorem 8, we obtain the following.

£_8_ ¢

d b d

ad + b("c)
bd

ad + ~(bc)
bd

ad — bc

bd

We proved the following theorem, which is sometimes given as a definition of subtraction.

a
b

Theorem 9

a ¢ . a ¢ ad—b
If 3 and - areany rational numbers, then Y 1T
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Find each difference.

1 3
S5 -2
b53 2

RN

L5
"8

Solution

a. One approach is to find the LCM for the denominators. LCM(8,4) = 8.

1 5 2 3

T4 8 8 3

| W

An alternative approach follows.

5 1 5-4-81 20-8 12 3

8 4 84 32 32 8
b. Two methods of solution are given.
1 4 4 16 1 3 16 11
—_ = —_— = —+ _— = _ —_ — —_= — = —
53 12 + 112 412 53 24 3 4
3 9 9 9 16-4 —3-11
2i=-2==-2= =-2= =—"—
4 12 12 12 3:4
2l _64-33
12 12
31 7
0o

The following examples show the use of fractions in algebra.

Add or subtract, writing your answer in simplest form.

xrx b 2—x 4-2x
273 "6 3x 3x—6
2 2 1 1
. - d ——-—
“u+b a-b v 2x?
Solution
x X 3w 2x
a - +T =+
2 3 32 23
_ 3w+ 2x S
6 6
b. We first write each fraction in simplest form.
2-x  2-x _12-x) 1
6—3x 32-x) 32-x 3
4-2¢ _ 2x-2) 2
3x—6 3x—2) 3
Thus, th '—+2—1
us, the sum is = + 3
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c. We use Theorem 9.

2 2 2(a — b) — 2(a + b)
a+b a—-b  (a+b)(a—0b)
20— 2b — 2a — 2b
T (@ +b)a—b)
~4b ~4b

(a +b)a—b) oV

Ll L2l 1

a2t 2xex 2
_x 1
_2x272x2
 2x—1
242

Estimation with Rational Numbers

Estimation helps us make practical decisions in our everyday lives. For example, suppose we need
3
to double a recipe that calls for 7 of a cup of flour. Will we need more or less than a cup of flour?

Many of the estimation and mental math techniques that we learned to use with whole numbers
also work with rational numbers.

"The grade 5 Common Core Standards calls for students to “use benchmark fraction and num-
ber sense of fractions to estimate mentally and assess the reasonableness of answers.” (p. 36) Esti-
mation plays an important role in judging the reasonableness of computations.

301 4
A student added — + = and obtained 5 How would you use estimation to show that this answer

)

74

could not be correct?

Sometimes to obtain an estimate it is desirable to round fractions to a comvenient or

benchmark fraction, such as R 1. For example, if a student had 59 correct an-

, 59 . o .
swers out of 80 questions, the student answered 20 of the questions correctly, which is approxi-

60 3 60 59 3 59
mately 30 T 7 We know 30 is greater than 30° The estimate 7 for 20 is a high estimate. In a

31, 3 1 31
similar way, we can estimate % by 90’ or 3 In this case, the estimate of 3 is a low estimate of 90"

An example of benchmark estimation is seen on the student page shown on the next page.
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0 School Book Page

\
CUTGTASET T ES How can you use benchmark fractions
1112 3
such as 7325 and sto estimate?
5 3 5 3, 3 1
Estimateg - & So, P T close to g
54 6 6_3 3121
Elsclosetug.and§—4. 3 3-3°3
3 & 4_1 5_3_1
mlsclcseto1ﬁ,andw—4. 50‘8 673
\_ ¥

Source: p. 170; From enVisionMATH Common Core (Grade 6). Copyright © 2013 Pearson
Education, Inc., or its affiliates. Used by permission. All Rights Reserved.

m A sixth-grade class is collecting cans to take to the recycling center. Becky’s group brought the

following amounts (in pounds). About how many pounds does her group have all together?

1 4 7 6
1310 810

Solution We can estimate the amount by using front-end estimation with the adjustment made

1 4 6 7
by using 0 which is close to by which is close to — and —, and 1 which is close to g3 bench-

10 10
1 1
mark fractions. The front-end estimate is 1 + 3 + 5 = 9. The adjustment is 0 + 7 + 1+ >
or 2. An adjusted estimate would be 9 + 2 = 11 Ib.
|

Example 13 ) ) o
Estimate each of the following additions.

2710 9 711 7 1 2 1
L 32+ — 3o+ 1o+ 25+ 55—
21370 b3 028 2 ¢ 3gtlly 2o+
Solution

2 10
a. Because % is slightly more than 2 and o is slightly more than 1, an estimate might be 3. We

know the estimate is low.

b. We first add the whole-number parts to obtain 3 + 2 = 5. Because each of the fractions,
%, %, and %, is close to but less than 1, their sum is close to but less than 3. The approximate
answer is 5 + 3 = 8. The estimate is high.

c. Using grouping to nice numbers, we group <3 é +5 116> and (11 % + 2 i) to obtain approxi-
mately 9 + 14 = 23. The estimate is high. (Why?)
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Assessment 2A

1. Perform the following additions or subtractions.

" 247 y o 2xy x
e > + 2 1
) 8
1 1
f. 4--3—
2 3 6
1 5 1
LT3 -2
PR TIE
. Change each of the following fractions to a mixed number.
56 L 293
I " 100
. Change each of the following mixed numbers to a fraction in

the form %’ where # and b are integers and b # 0.

3
.6 b.
0y

. Approximate each of the following situations with a
benchmark fraction. Tell whether your estimate is high
or low.

a. Giorgio had 15 base hits out of 46 times at bat.

b. Ruth made 7 goals out of 41 shots.

c. Laura answered 62 problems correctly out of 80.

d. Jonathan made 9 baskets out of 19.

. Use the information in the table to answer each of the
following questions.

5
38

Team | Games Played | Games Won
Ducks 22 10
Beavers 19 10
Tigers 28 9
Bears 23 8
Lions 27 7
Wildcats 25 6
Badgers 21 5

. L.
a. Which team won more than 5 of its games and was
N S
closest to winning > of its games?
. L.
b. Which team won less than 7 of its games and was closest
to winning > of its games?
. 1.
c. Which team won more than 3 of its games and was

UV S
closest to winning 3 of its games?

6.

Sort these fraction cards.

HH
ME

7.

10.

11.

12.

Copyright © 2016 by Pearson Education

Sort the following fraction cards into the ovals by estimating
in which oval the fraction belongs.

About 0 About About 1

006

113
Approximate each of the following fractions by 0, L
or 1. Tell whether your estimate is high or low.
1 N
" 39 1197
150 8

. Without actually finding the exact answer, state which of the

numbers given in parentheses is the best approximation for
the given sum.

6 7 11 17 1
a. §+E+E+E (1,2,3,35)

30 1 3 33
b. 41 77000 T 2000 <§’Z’1’2>

. Compute each of the following mentally.
3 3 1 5
1= L3S+ 2o -5
a. 1 4 b. 3 3 2 4 5 3
The following ruler has regions marked M, A, T, H.
M A T H
s N N N R
1 2 3 4 5)
Inch Ruler

Use estimation to determine into which region on the ruler

each of the following measurements falls. For example, Ein.

5

falls into region A.

20 . 36

a. —oin. b. gin.
60 18
c Rm d. 7
Use clustering to estimate the following sum.
1 1 7 7
—+3-+2-+2-
3 3 3 5 2 8 2 9

2 1
A class consists of 3 freshmen, — sophomores, and — 10 juniors;

4
the rest are seniors. What fraction of the class is seniors?

. A clerk sold three pieces of one type of ribbon to different

1 3
customers. One piece was gyd long, another was 2 7 yd long,

and the third was 3 — yd long. What was the total length of
that type of ribbon sold?

, Inc. All rights reserved.



14.

15.

16.

17.

18.

19.

20.

Rational Numbers and Proportional Reasoning

Martine bought 8 %yd of fabric. She wants to make a skirt 21

7 3 2
using 1 gyd, pants using 2 gyd, and a vest using 1 gyd. How

much fabric will be left over?

Give an example illustrating each of the following properties
of rational number addition.

a. Closure b. Commutative c. Associative
Insert five fractions between the numbers 1 and 2 so that
the seven numbers (including 1 and 2) constitute part of an
arithmetic sequence.

a. Check that each of the following statements is true.

111
o=+

34 344
g 11, 1
45 45
i, L=l L
56 56

. 1 .
b. Based on the examples in (a), write — as a sum of two unit
n

fractions; that is, as a sum of fractions with numerator 1.
Solve for x.

1 1
. +2—-=3—
a. x 5 33
2 5
b.x—2-==>

Al runs Bl mi in 10 min. Bill runs % mi in 10 min. If both

8
runners continue to run at the same rate, how much farther
can Bill run than Al in 20 min?

3
One recipe calls for 1 7 cups of milk and a second recipe calls
1
for 1 7 cups of milk. If you only have 3 cups of milk, can you

make both recipes? Why?

23.

24.

. The table below shows census data from the state of
Pennsylvania for 2011.

Population 2011

Total 8-yr. old 150,155
Boys 76,432
Girls 73,723

Total 9-yr. old 149,904
Boys 76,503
Girls 73,401

Total 10-yr. old 154,144
Boys 78,672
Girls 75,472

Data from 2011 Census taken from bttp://
www.census.gov/schools/facts/pennsylvania.btml

a. About what part of the total population is 8- to 10-year-
old boys?

. About what part of the total population is 8- to 10-year-
old girls?

. If the population of the entire state of Pennsylvania in
2011 was 12,742,886, about what part of the population
was boys of ages 8- to 10-year-olds?

According to the US Census Bureau, in October 2012, there

were about 633,000 3- and 4-year-olds enrolled in schools.

Additionally there were about 1,186,000 16- and 17-year-

olds enrolled in schools. In the respective ages there were

about 1,193,000 and 1,259,000 total. Which age group had
the greater fraction in school?

There are 360° in a circle graph. If 40° of the graph represents

rent and 5° of the graph represents savings, what fractional

portion of the whole graph is represented by rent and savings?

The energy sources for the US in 2012 included 37 coal, 3

100 10

19 elear and ——
IOOnucear,a 100

unaccounted for in this list?

natural gas, hydropower. How much is

Perform the following additions or subtractions. 2.
12
et
Y273
5 2 3
ba E - g
5.3
T4x 2y
L3 s
’ 0%y 2t Ay 4.
1
e 23
1 1
f. 4= +3-
2 6
1 5 1
— + R —
A

Assessment 2B

1.

Change each of the following fractions to a mixed number.
14 o4
a. S

. Change each of the following mixed numbers to a fraction in

the form Z, where 2 and b are integers and & # 0.

b

1 _.2

Place the numbers 2, 5, 6, and 8 in the following boxes to
make the equation true.

0,0 23

+ — =
o 0o 24
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5. Use the information in the table to answer each of the
following questions.

Team Games Played Games Won
Ducks 22 10
Beavers 19 10
Tigers 28 9
Bears 23 8
Lions 27 7
Wildcats 25 6
Badgers 21 5

. L.
a. Which team won less than 3 of its games and was closest
VS
to winning of its games?
. L.
b. Which team won more than 7 of its games and was
o L.
closest to winning of 7 of its games?

1
c. Which teams won less than 7 of their games?

6. Sort the following fraction cards into the ovals by estimating
in which oval the fraction belongs.

Sort these fraction cards. About 0 About 1 About 1

2
14111 (1361|191 || 7
16 ||100(| 70 || 36 || 30 ||800

11
7. Approximate each of the following fractions by 0, 77 %,
or 1. Tell whether your estimate is high or low.

113 3
100 b To7s
150 8

8. Without actually finding the exact answer, state which of the
numbers given in parentheses is the best approximation for
the given sum.

2 7 12 33 1
R e s —
3715 T3 7 35 <1’2’3’32)

W30 s 3y

41 1000 2000 \8 4
9. Compute each of the following mentally.
7
a. g

3 1 3
L2544 —+3
b25 410 310

10. The following ruler has regions marked M, A, T, H.
M A T H

1 2 & 4 5
Inch Ruler

Use mental mathematics and estimation to determine
into which region on the ruler each of the following

12
measurements falls. For example, ?in. falls into region A.

18

a. gin. b gin.
50 . 17 .

c. Rm. d. 4 in.

1 1 1
11. A class consists of 7 freshmen, 3 sophomores, and 0 juniors;

the rest are seniors. What fraction of the class is seniors?
12. The Naturals Company sells its products in many countries.

The following two circle graphs show the fractions of

the company’s earnings for 2012 and 2014. Based on this

information, answer the following questions.

a. In 2012, how much greater was the fraction of sales for
Japan than for Canada?

b. In 2014, how much less was the fraction of sales for
England than for the United States?

c. How much greater was the fraction of total sales for the
United States in 2014 than in 2012?

d. Is it true that the amount of sales in dollars in Australia
was less in 2012 than in 2014? Why?

Fraction of Total

. Sales, 2012
United Canada
States
z 1
3 6
Australia
1 1 1
20 5 4
Japan England
Fraction of Total
. Sales, 2014
United s Canada
States
= L
20 5
1
— 1
10 2 2
15
Australia
Japan England
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13.

14.

15.

16.

17.

18.

19.

Rational Numbers and Proportional Reasoning

1 3
A recipe requires 3 5 cups of milk. Ran putin 1--cupsina
bowl. How much more milk does he need?

A 15 % in. board is cut in a single cut from a 38 % in. board.

The saw cut takes % in. How much of the 38 1 in. board is

left after cutting?

Students from Rattlesnake School formed four teams to
collect cans for recycling during the months of April and
May. A record of their efforts follows.

Number of Pounds Collected

Team1l |[Team2 |Team 3 |Team 4

. 3 7 1 3
April 284 32 g 28 5 35 16
1 5 3 1

May 33; ZSE 251 415

a. Which team collected the most for the 2-month period?
How much did they collect?

b. What was the difference between the total pounds
collected in April and the total pounds collected in May?

Insert four fractions between the numbers 1 and 3 so that

the six numbers (including 1 and 3) constitute part of an

arithmetic sequence.

Solve for x in each of the following.

o2

a. X 6_3
7 5
b.x_ﬁzﬁ

3 o . 1
Joe has 2 cup of paint in a container. He uses 3 cupona

1
project and then adds another — cup. How much paint does

he have now?

1
Find — + —.
a 1nd2 4
1 1 1
Find — + — + —.
b 1nd2 2t
1 1 1 1
i -+ -+ =+ —
cFlnd2 st 16

d. If you continue in this pattern with powers of 2 in the
denominator, will the sum ever become greater than 1?

Why?

20. The table below shows census data from the state of

21.

22.

23.

Pennsylvania for 2011.

Population 2011

Total 8-yr. old 150,155
Boys 76,432
Girls 73,723

Total 9-yr. old 149,904
Boys 76,503
Girls 73,401

Total 10-yr. old 154,144
Boys 78,672
Girls 75,472

Data from 2011 Census taken from bttp://
www.census.gov/schools/facts/pennsylvania.btml

a. About what fraction more of girls is there in the 8-year-
olds are there than in the 10-year-olds?

b. About what part of the total population of 8- to 9-year-
olds are girls?

c. If the population of the entire state of Pennsylvania in
2011 was 12,742,886, about what part of the population
was girls of ages 8-10?

According to the US Census Bureau in October 2012, there

were about 633,000 3- and 4-year olds enrolled in schools.

Additionally there were about 1,186,000 16- and 17-year-olds

enrolled in schools. In the respective ages there were about

1,193,000 and 1,259,000 total. Which of these age groups had

the lesser fraction in school?

There are 360° in a circle graph. If 50° of the graph represents

rent and 7° of the graph represents savings, what fractional

portion of the whole graph is not represented by rent and
savings?

The energy sources for the United States in 2012 included

37

3 19
100 coal, 0 natural gas, 100 nuclear, and W70 hydropower.

What fraction more coal than natural gas is used?

Reasoning

1.

Suppose a large pizza is divided into 3 equal-size pieces and
a small pizza is divided into 4 equal-size pieces and you get

1 1
1 piece from each pizza. Does 3 + 7 represent the amount

that you received? Explain why or why not.

Mathematical Connections 2

2. a. When we add two fractions with unlike denominators

and convert them to fractions with the same denominator,
must we use the least common denominator? What are
the advantages of using the least common denominator?

b. When the least common denominator is used in adding

or subtracting fractions, is the result always a fraction in
simplest form?
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3. Explain why we can do the following to convert 5 3 toa Connecting Mathematics to the Classroom

4 1,3 _4
mixed number. 11. Kendra showed that 3 + 7°7 by using the following
5-44+43 23 figure. How would you help her?
4 4
1 1 - -
4. Kara spent 3 of her allowance on Saturday and 3 of what she
1 3 4
o 11 3 * 4 - 7
had left on Sunday. Can this situation be modeled as 5~ ?P
3 11
Explain why or why not. 12. To show 2 i & the teacher drew the following picture.

11 11
Ken said this shows a picture of ot What is Ken

3 1
5. Compute 3 - + 5= in two different ways and leave your
4 3 thinking and how should the teacher respond?

answer as a mixed number. Tell which way you prefer and why.
6. Explain whether each of the following properties holds for
subtraction of rational numbers.

a. Closure b. Commutative . . .. . a4 a a
13. Jill claims that for positive fractions, — + —

because

c. Associative d. Identity b ¢ b+
e. Inverse the fractions have a common numerator. How do you respond?
) 14. Explain the error pattern on Jon’s test.
Open-Ended y 13 1 27 2 16 1
a. = =-, L =2 — ==
7. Write a story problem for — — —. 35005 73 3 64 4
34 4.2 6 2.3 5 7 1 8
8. a. Write two fractions whose sum is 1. If one of the fractions b. 5 + 37¢ 5 + 19 3 + 3711
iS%,WhatiStheOther? c. 81_61223, 51_2%:31’ 2%_11211
) , ) 8 4 4 "8 3 5 7 3 4
b. Write three fractions whose sum is 1.
c. Write two fractions whose difference is very close to 1 but ~ Review Problems
not exactly 1. , 15. Simplify each rational number if possible.
9. a. With the exception of 3 the Egyptians used only unit a % b. %
fractions (fractions that have numerators of 1). Every 52 2 +a
unit fraction can be expressed as the sum of two unit c. 72 d. 1 +a
1 1 1
fractions in more than one way, for example, — = — + — a+ 1 £ il
2 4 4 “at 1 Ta-b
and r_1 n l Find at least two different unit fraction 16. Determine whether the fractions in each of the following
2 3 6 pairs are equal.
representations for each of the following. a* a*b
1 1 a. ——and —-
i i, - b b
; 7 b 377 g 378
1 1 1 :
b. Show that — — = 400 401
n n+1l nn+1) 0 J 0
c. Rewrite the equation in part (b) as a sum and then use the < T0™
sum to answer part (a). +1
1 part (2) d.ﬁandL,wherea#b
d. Write 17 3 asum of two different unit fractions. b b+1 27
17. There are 206 bones in the body. Can the fraction 103

Cooperative Learning

h f i h h f th
10. Interview 10 people and ask them if and when they add and represent the number of bones in both hands as a part of the

total number of bones in the body? Explain your answer.

subtract fractions in their lives. Combine their responses with . o . :
. e " 18. Explain why there are infinitely many fractions equivalent
those of the rest of the class to get a view of how “ordinary 3
people use computation of rational numbers in their daily to 3.
lives.
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19. Mary ate % of the cookies and left the rest for Suzanne. What % Cup % Cup
fraction of the cookies are left for Suzanne? ﬂ <
"1 B! =
20. On a number line, explain why —— 100 is greater than 10 t/;ﬁ‘
National Assessments A recipe requires 1 % cups of sugar. Which of the following ways
National Assessment of Educational Progress describes how the measuring cups shown can be used to measure
(NAEP) Questions 1 % cups of sugar accurately?
PREREARURE) 1
20°20°20°20°20° A. Use the 5 cup three times.

If the pattern shown continues, what is the first fraction in the

1 .
pattern that will be greater than 1? B. Use the 4P three times.

20 21 1 . 1
A 50 B. 20 C. Use the 5 cup twice and the 3 cup once.
22 25 1 1
N Lo D. = i he — .
C 50 D 20 Use the 3 cup twice and the 5 cup once
1 1 1
NAEP, Grade 4, 2013 E. Use the 7 cup once, the 3 cup once, and the 5 cup once.

NAEP, Grade 8, 2011

3 Multiplication, Division, and Estimation

with Rational Numbers

3 Objectives

Students will be able to
understand and explain

Multiplication of Rational Numbers

To motivate the definition of multiplication of rational numbers, we use the interpretation of

* Multiplication and multiplication as repeated addition. Using repeated addition, we interpret 3() as follows:
division of rational 4
numbers. 3 3 3 3 9 1
* Properties of 3():++::2
4 4 4 4 4 4
multiplication and
division of rational The area model in Figure 13 is another way to calculate this product.

numbers.

e Estimation of
multiplication and m m m m m m
division with rational w w w w w w
numbers.

. 3\ - 3 3 3 - 9 _ 1
. Exten5|otn (f . 3(7)— ~ v 7 v 7 = 77 27
exponents to include .
: Figure 13

negative integers.

3
We next consider <4>3. How should this product be interpreted? If the commutative prop-

erty of multiplication of rational numbers is to hold, then (3)3 = 3<i> = %

Copyright © 2016 by Pearson Education, Inc. All rights reserved.
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3

5
(b)

Figure 15

&

Rational Numbers and Proportional Reasoning

Next, we consider another interpretation of multiplication. What is % of 3? In Figure 14(a)
consider the 1-unit bar broken into fourths. Thus, there are four equal parts of the 1 unit, each of
length iunit. In Figure 14(b) suppose the length of the bar was 3 units. We want the same type
of action to occur so it is divided into three-fourths using the same strategy. But analogously, each

3
part would be 3 times the length of the bars in Figure 13(a). If this strategy is used then 3 of 3 is

3 9 9.3
seen as the shaded portion and 7 3= 7 of 1 or simply 7 is 7 of 3.

1 unit
o 1r 2 3 4
4 4 4 4 4
(@)
1 unit 1 unit 1 unit
A A A
Is Y Y N
0 1 .. 2 .3 5 .6 9
T roflgofl Srofl \Totlxotl 2 Zofl 3
L 4 1 3
7 of 3 Z0“:1 20f3 4of3
%0f3
(b)
Figure 14

3 1
If forests once covered about 3 of Earth’s land and only about 3 of these forests remain, what

. . . 1 .3
fraction of Earth is covered with forests today? We need to find 5 of —, and can use an area model

5

to find the answer.

3
Figure 15(a) shows a rectangle representing the whole separated into fifths, with — shaded.

1 .3
To find 3 of 5 we divide the shaded portion of the rectangle in Figure 15(a) into two congruent
parts and take one of those parts. The result would be the green portion of Figure 15(b). However,
3
the green portion represents 3 parts out of 10, or 0 of the whole. Thus,

1
2

3013
ff— « — =
s 5

1 30 1-3
2

10 2-5

An area model like the one in Figure 14 is used on the student page shown on the next page.
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Rational Numbers and Proportional Reasoning

Multiplying Fractions

How do you find products of fractions?

Paige is planting % of her garden with flowers, and% of the

flowers she plants will be morning-glories. What fraction of the
garden will be planted with morning-glories? owees )
Choose an Operation Multiply to

find what fraction of the garden will
be planted with morning-glories.

Use a calculator.
Press:

This model shows the To find the product:

meaning of multiplying Multiply the =
% X3 numerators. 3-4. (X ]

EB:E @
@ (&5
@ Ao |

Display: g»§ &

Multiply the
denominators,

Simplify if possible.

3,2
317%3

3x2
*3

‘ v ’ Six of the 12 squares have
overlapping colors.

Paige will plant % of her
garden in morning-glories.

Source: pp. 190-191; From enVisionMATH Common Core (Grade 6). Copyright © 2013 Pearson
Education, Inc., or its affiliates. Used by permission. All Rights Reserved.

"This discussion leads to the following definition of multiplication for rational numbers.

Definition of Multiplication of Rational Numbers
a L‘ ac

b'd b

If and — are any rational numbers, then —

Example 14

If% of the population of a certain city are college graduates and % of the city’s college graduates
are female, what fraction of the population of that city is female college graduates?

. . 7 5 7 S 7-5 35
Solution The fraction should be 11 6 11 'S T 16 66

The fraction of the population who are female college graduates is 62

Copyright © 2016 by Pearson Education, Inc. All rights reserved.
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Properties of Multiplication
of Rational Numbers

Multiplication of rational numbers has properties analogous to the properties of multiplication
of integers. These include the following properties for multiplication: closure, commutative,
associative, and multiplicative identity. When we expand from the set of integers to the set of
rationals, we pick up an additional property; that is, the multiplicative inverse property. For
emphasis, we list the last two properties.

Theorem 10: Identity and Inverse Properties of Multiplication of Rational Numbers
Multiplicative Identity Property of Rational Numbers
The rational number 1 is the unique number such that for every rational number %,

1- oll,

| X

a2
b
Multiplicative Inverse Property of Rational Numbers

For any nonzero rational number » the multiplicative inverse (reciprocal) is the unique rational

number z such that

X
Il
=
Il
[

> X
SN

Find the multiplicative inverse, if possible, for each of the following rational numbers.

2 2 1
a. g b ? c. 4 d 0 c. 65
Solution
3
a. )
5 )
b. 7*2, or 7

4 1
c. Because 4 = T the multiplicative inverse of 4 is T
d. Even though 0 = 7o is undefined; there is no multiplicative inverse of 0.

1 13 1
e. Because 6 = > the multiplicative inverse of 6 > is 'ER

Multiplication and addition are connected through the distributive property of multiplica-
tion over addition. Also, there are multiplication properties of equality and inequality for rational
numbers and a multiplication property of zero similar to those for whole numbers and integers.
These properties can be proved using the definition of operations on rational numbers and prop-
erties of integers. They are stated in the following theorem.

Copyright © 2016 by Pearson Education, Inc. All rights reserved.



Example 16 |

Rational Numbers and Proportional Reasoning

Theorem 11: Properties of Rational Number Operations

Distributive Properties of Multiplication Over Addition and Subtraction for Rational Numbers

a c e .
Let —,—, and — be any rational numbers. Then

b d f
z<£+£>_z.£ ndﬂ(z_f)_ﬁ.z_i.f
Nd f) b d bf’a ) vd b F
Multiplication Property of Equality for Rational Numbers
a e
Let b 7 £ and S 7 be any rational numbers such that & 5= ; then 3 ]; =

Multiplication Properties of Inequality for Rational Numbers

u e
TN

a c e .
Let —, —, and — be any rational numbers. Then

bd f
a a e _ce
a.b>dandf>0thebf d.f'
a ae ¢ e
b.b>dandf<0thenbf df
Multiplication Property of Zero for Rational Numbers
Let % be any rational number; then %- 0=0=0- %.

3
A bicycle is on sale at 3 of its original price. If the sale price is $330, what was the original price?

3 3
Solution Let x be the original price. Then 7 of the original price is 2 Because the sale price

3
is $330, we have 5= 330. Solving for x gives

43 4
g;x’ = §'330
1-x = 440
x = 440.

Thus, the original price was $440.
An alternative approach follows. Suppose the bar in Figure 16 represents the original price.

3 1
We know that 7 of the original price is the sale price $330 as shown. We have 3 of the — parts of
1
the original price is $330, and one part, 7 of the original price, must be $110. Thus, the original

price is $330 + $110 = $440.

1 unit

$110 $330  original price

0o 1 2 3
4 4 4 4

Figure 16
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Multiplication with Mixed Numbers

In Figure 17, Johnny just figured out how to multiply mixed numbers while his colleagues seem
to be struggling. How might we help them?

I JUST FIGURED OUT HOW TO MULTIPLY 2 1/2 X 2 1/2/
. il 7~
o) N /g"' o
<

Figure 17

1 .1
In Figure 17, Johnny may have decided one way to multiply 2 3" 2 > is to change the mixed
numbers to improper fractions and use the definition of multiplication as shown.

1 .1 55 25
7T T

2 1
We could then change ZS to the mixed number 6 T

Another way to multiply mixed numbers uses the distributive property of multiplication over
addition, as seen below.
1 .1 1 1
222 =(2+=)(2+=
3= (2+3)(+3)

1 1\1
=2+ 2+(2+=)F
(e (242);

1 1 11
=224 2422+ 0
2 2 22
SR
4
1
=6+
4
1
:6—
4

Multiplication of fractions enables us to obtain equivalent fractions, to perform addition and
subtraction of fractions, as well as to solve equations in a different way, as shown in the following
example.
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Example 17 . o . . N .
Use the definition of multiplication of fractions and its properties to justify the following.
, a _an.
a. The Fundamental Law of Fractions: 2 ifb # 0,n # 0.
n
b. Addition of fractions using a common denominator.
Solution
a_a _amn_am bl f_84d ¢b
YT b b d b d
a | b
bd  bd
_ad + be
bd

Division of Rational Numbers

¢ess In the grade 6 Common Core Standards, we find the following concerning division of rational
. numbers:

Apply and extend previous understandings of multiplication and division to divide fractions by
fractions.

1. Interpret and compute quotients of fractions and solve word problems involving division of
fractions by fractions, e.g., by using visual fraction models and equations to represent the
problem. (p. 42)

We apply and extend division of whole numbers by recalling that 6 + 3 means “How many 3s
are there in 6?” We found that 6 + 3 = 2 because 3+2 = 6 and, in general, when 4, b, c € W,

1
a + b = ¢ if, and only if, ¢ is the unique whole number such that bc = 4. Consider 3 + (2),

which is equivalent to finding how many halves there are in 3. We see from the area model in

1
Figure 18 that there are 6 half pieces in the 3 whole pieces. We record this as 3 + <2> = 6. This

1
is true because (2)6 = 3.

1 + 1 + 1 =3
Figure 18

1
Another way to show that 3 + (2) = 6 is on a ruler. In Figure 19 we see that there are six

—sin 3.

2
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Figure 20

Rational Numbers and Proportional Reasoning

1; 1; 1; 1; 1; 1;
Filn. } in. } in. } in. } in. } E|n.{
|||||||||||||||||||||||||||||||||||||||||||||||||
0 1 2 3
Inches

Figure 19

With whole numbers, one way to think about division is in terms of repeated subtraction. We
found that 6 = 2 = 3 because 2 could be subtracted from 6 three times; thatis, 6 — 32 = 0.

1
Similarly, with 3 + 2> We want to know how many halves can be subtracted from 3. Because

3 - 6(;) = 0, we know that 3 +%=6.

301 1 3
Next, consider — + 3 "This means “How many g Sarein Z?” Figure 20 shows that there are

4
1 : . 3 3.1 .
six gs in the shaded portion, which represents 7 of the whole. Therefore, 178" 6. This is

1 3
b =6 =—
true because ( 8) 2

The measurement, or number-line, model may be used to understand division of fractions.

3
For example, consider g T First we draw a number line divided into eighths, as shown in
. 3 .7 3.
Figure 21. Next we want to know how many 75 there are in e The bar of length 71 made up of
o 1 : 3.7
6 equal-size pieces of length 3 We see that there is at least one length of zing If we put another
3
bar of length zon the number line, we see there is 1 more of the 6 equal-length segments needed
7

7
to make 3 Therefore, the answer is 1 P

¢

|

|
slw
o|o

o 4 —
Q= =
Bl 4=
oolw -
N =
w0 -
EN[GE Sl
=
o4

37 21 .
76 2" g% the answer is correct.

In the previous examples, we saw a relationship between division and multiplication of
rational numbers. We can define division for rational numbers formally in terms of multiplication

in the same way that we defined division for whole numbers.

Additionally we know that

Definition of Division of Rational Numbers
Let %’ £, and £ be rational numbers such that £ # 0. Then 2.2_°¢ if, and only if,

2 F d b d f

(4

f

is the unique

a

=

rational number such that

e
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Rational Numbers and Proportional Reasoning

In the above definition of division, 2 # 0 because division by 0 is not defined.

I _NOw TRY THIS 4

Students often confuse finding half of a number with dividing by one-half. Notice that

1 1 1 1
a~+2= g =34 buta + 7= xif, and onlyif,gx = 4 which implies 2<2x> = 2aand x = 2a.

Write a real-life story that will help students see the difference between finding half of a number

and division by %

The partial student page below illustrates a method for dividing called “invert and multiply.”

Algorithm for Division of Rational Numbers

Does the invert-and-multiply method make sense based on what we know about rational numbers?
Consider what such a division might mean. For example, using the definition of division of ratio-
nal numbers,

2 s g 22
377w if, and only if, 3 "

To solve for x, we multiply both sides of the equation by %, the reciprocal of ; Thus,

7.2=7(5)=<7.5) — ey =
573 5\7°% 577 )F e

2 2
Therefore, 37 ; =3 % This illustrates the “invert-and-multiply” method, or the “use the
reciprocal and multiply” method.

To divide by a fraction, multiply by the reciprocal of the fraction.
You can remember this by thinking “invert and multiply.”

KEY CONCEPTS | Dividing Fractions

Arithmetic Algebra
3.1_3.3 a_.c_a d
5737571 b d b ¢

where b, ¢, and d are not 0.

Source: p. 137; From MATHEMATICS Common Core (Course 1). Copyright © 2013 Pearson
Education, Inc., or its affiliates. Used by permission. All Rights Reserved.
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Rational Numbers and Proportional Reasoning

A traditional justification of this rule follows. The algorithm for division of fractions is usu-

ally justified in the middle grades by using the Fundamental Law of Fractions, 2- ﬂ, where 4, b,

be
and ¢ are fractions, or equivalently, the identity property of multiplication. For example,
2.5 33, _i5_55_27
’ 5 s 507 - :
507 3 3 24 1 35

Theorem 12: Algorithm for Division of Fractions

If % and 2 are any rational numbers with £ 0, then

d

SOTEN
SIS
SUTEN
S

Alternative Algorithm for Division of Rational Numbers

An alternative algorithm for division of fractions can be found by first dividing fractions that
9 3 9 10 9 15 5 15 23 15
— e = —="9gnd — + — = — ¢ — = —,

10 10 10 3 3 23 23 23 5 5

These examples suggest that when two fractions with the same denominator are divided, the
result can be obtained by dividing the numerator of the first fraction by the numerator of the sec-
ond; that is, 2.2 % To divide fractions with different denominators, we rename the fractions

b b

so that the denominators are equal. Thus,

have equal denominators. For example,

ad  bc _ad bd _ ad

bd "~ bd  bd bc b

a . ¢
b d

a ¢ a+c
Show that 373 and 5 g e equal.

The next three examples illustrate the use of division of rational numbers.
Example 18 . . . . .
A radio station provides 36 min for public service announcements for every 24 hr of broadcasting.
a. What part of the 24-hr broadcasting day is allotted to public service announcements?
3
b. How many Z—min public service announcements can be broadcast in the 36 min?
Solution
a. There are 60 min in an hour and 60 * 24 min in the broadcasting day. Thus, 36 + (60 -24), or
1
30 of the day is allotted for the announcements.

b. 36 + <i> = 36(2) = 48 announcements are broadcast.
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Example 19

Rational Numbers and Proportional Reasoning

1 3
We have 35 3 yd of material available to make towels. Each towel requires 3 yd of material.

a. How many towels can be made?
b. How much material will remain?

Solution
1 3
a. We need to find the integer part of the answer to 35 37 3
1 3 71 8 284 2
T T I T A

Thus, we can make 94 towels.

3 2
b. Because the division in part (a) was by Y the amount of material remaining is 3 of g °r
2 3 1
35 v

Example 20

A bookstore has a shelf that is 37 % in. long. Each book that is to be placed on the shelf is 1 % in.
thick. How many books can be placed on the shelf?

1 1
Solution We need to find how many 1 75 there are in 37 7

1
T B
12 4
1 —
4
_ 54
25
300
10
=30
75 4 : o .75 4
Note that we could compute 73 by first eliminating common factors; that is, 25"
15-2 30
T1- 1" 30.
Therefore, 30 books can be placed on the shelf.
i

Mental Math and Estimation
with Rational Numbers

Mental math strategies developed with whole numbers can also be used with rational numbers.
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Use rational number properties to mentally compute the following products.

1 1 4
Solution Each computation shown is a possible approach.
1 1
L (12-25)-=2512-— | =25-3 =
a. ( 5)4 5( 4) 5-3=75

1 1 1
. — = + — =35 + = = + 2 =
b (56)12 (5 6)12 5012+ 212 =60 + 2 = 62
c. ?(20) = 4<§-zo> =4-4=16

Similarly, estimation strategies developed with whole number can be used with rational numbers.

Estimate each of the following.

1 .8 5 1
37— 240+ 4-
a. 3 4 7 9 b. 24 7 4 g
Solution
a. Using rounding, the product will be close to 3 -8 = 24. If we use the range strategy, we can
say the product must be between 3-7 = 21 and 4-8 = 32.
b. We can use compatible numbers and think of the estimate as 24 + 4 = 6or 25 + 5 = 5.

Extending the Notion of Exponents

Recall that 4 was defined for any whole number # and any natural number 7 as the product of 7
a’s. We define 4" for any rational number # in a similar way as follows.

Definition of a to the mth Pow er

a”" =a-a-a- ... a, where 4 is any rational number and 7z is any natural number.
—— 0
m factors
rom the definition, 4’ +2° = (a-a-a)(a-a) = a°"° = 2. In a similar way, it follows tha
From the definition, ° - 4° 32 =1 1 y, it follows that

Statement 1: If # is a rational number and 7 and # are any natural numbers, #” - 4" = a4”*".

If Statement 1 is to be true for all whole numbers 7z and 7, then because ' - 2° = 2! = 4!

must have 2° = 1. Hence, it is useful to give meaning to 2’ when # # 0 as follows.

, we

Statement 2: For any nonzero rational number 4, 2° = 1.
If 4” 4" = a”"" is extended to all integer powers of 4, then how should # * be defined? If
Statement 1 is to be true for all integers 7 and #, then 3o = 43" = 4% = 1. Therefore,

- 1 . . .
a? = —.This is true in general and we have the following.
a
Statement 3: Definition: For any nonzero rational number # and any natural number 7,4 " = —.

a
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In elementary grades the definition of # ” is typically motivated by looking at patterns.
Notice that as the following exponents decrease by 1, the numbers on the right are divided by 10.
"Thus, the pattern might be continued, as shown.

10° =10-10-10

10° = 10-10

10" = 10

10°=1

. 1 1

10'=—=—
10 10!

. 1 1 1

102= —.— = —
10 10  10?

. 1

103 = —.— = —
102 10 10°

If the pattern is extended in this way, then we would predict that 10 ” = Notice that this is

e

inductive reasoning and hence is not a mathematical justification.

Consider whether the property #” 4" = 4" can be extended to include all powers of 4,
where the exponents are integers. For example, is it true that 2*-2 % = 2** 3 = 2!? The defini-
tions of 2 * and the properties of nonnegative exponents ensure this is true, as shown next.

12t 2t

4,93 — 94, - =
2'2° =12 P I

21

Similarly, 2 *-2 % = 2% 3 = 2 7 is true because

- 1 1 1-1 1 1 -
4,93 _ 1 _ _ _ 57
272 _24 23_24,23_24+3_27_2'

In general, with integer exponents, the following theorem holds.

Theorem 13

For any nonzero rational number # and any integers 7z and n, a” - " = a”*".

If 2 = 0 and either 7 or 7 is negative, then 4” - 4” is undefined.
Other properties of exponents can be developed by using the properties of rational numbers.
For example,
LY » r 1 —3 _ 5-8
27: 23 =2=72 and ?:25.232?:2 = 27"

With integer exponents, the following theorem holds.

Theorem 14

77

. . a _
For any nonzero rational number # and any integers 7z and n, —- = 4”™".
a
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At times, we may encounter an expression like (2)’. This expression can be written as a
single power of 2 as follows:

(24)3 — 24,24_24— — 24+4+4 — 23'4 — 212

In general, if # is any rational number and 72 and 7 are positive integers, then

7 terms
—_—
— — +m+ ...+ — —
(ﬂm)n—ﬂm‘ﬂm',,,'ﬂm—ﬂm m g am—
-
n factors

Does this theorem hold for negative-integer exponents? For example, does (2°) * =
L _ 1 _ 55 sy (L) _
(23)4—2?—2 .Also, (2°)" = 5) =

20)(H = 212> The answer is yes because (2°) * =

1 1 1 1 1t 1 .
—— et —— ¢ —— ¢ — — :72:2 .

23 23 23 23 (23)4 21

Theorem 15

For any nonzero rational number # and any integers 7 and n,

(ﬂm)n — ﬂmn.

Using the definitions and theorems developed, we derive additional properties. For example:

(B)-2222 2222 2
3

"This property is generalized as follows.

Theorem 16

5 a 5
For any nonzero rational number —- and any integer 7z,

b

From the definition of negative exponents, the preceding theorem, and division of fractions,

we have
(ﬂ)’”_ ! _L_b’”_(b)’”
b <a>m a’ 4" a
b hm
Theorem 17
. a . a\"” b\"
For any nonzero rational number P and any integer 7z, <Z> = (;) 5
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A property similar to the one in Theorem 16 holds for multiplication. For example,

Theorem 18 considers the distributive property of exponentiation over multiplication.

Theorem 18

For any nonzero rational numbers # and 4 and any integer 7z,

(a-b)" = da"-b".

Theorem 18 is also true when zors = 0 and 7 > 0.
The properties of exponents are summarized below.

Theorem 19: Properties of Exponents

For any nonzero rational numbers # and & and integers 7z and #, the following are true.

a. 2" =1 e. (a")" =da™
o L oW 2
b. a7 = pT i (17) W
c. d"eg" = ﬂm+n (Z)—m _ (é)m
d e & \» a
o h. (ab)” = a"b”

Notice that property (h) is for multiplication. Analogous properties do not hold for addition and
subtraction. For example, in general, (z + b) ' # a ' + b . To see why, a numerical example is
sufficient, but it is instructive to write each side with positive exponents:

- 1
+b) =

(a +9) a+b

- - 1 1

(I N R

a b P
. . 1 11 4 I
We know from addition of fractions, P 7 P + X Therefore, (a +b) " # a " +b".

a

In each of the following statements, show each equality or inequality is true in general for non-
zero rational numbers x, , and b.

(x)? # x?

() =

ab' # (ab) 'unlessa = 1ora = "1
. (ﬂ’Z b’Z)’l — ﬂZbZ

(a?+bH) ' #= >+ 1

e ep s
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Solution

a (2)?=—5=—

- _ 171 ﬂ2+b2 "1 ﬂZbZ
2 2\ 1 — — — 2 2
e @+ b7 _<2+> _<a2b2> R i

Observe that all the properties of exponents refer to powers with either the same base or the
same exponent. To evaluate expressions using exponents where different bases and powers are

used, perform all the computations or rewrite the expressions in either the same base or the same
L 274 AR C M
exponent, if possible. For example, — can be rewritten — = ~——= = — =
81 81 (37 3

Example 24 . , ) .
Perform the following computations and express your answers without negative exponents.

a. 16-8°

b. 20> = 2*

c. (10" +5-10%+3-10°)10°
d. (x3y 2) 4

Solution

- - - - - 1
a 162_83 — (24—)2,(23)3:28.29:28+9:21:E

200 (25 2§
by ="y =5
c. (10'+5-102+3-10°)10° =10'-10° + 5-10%-10° + 3-10°-10°

=103 +5-1027 +3.10°%"3

=10 + 5-10' + 3-10°

=153

o D B (e 1 »
d. (x3y 2) 4 _ (xS) 4,0/2) 4 — x3(4).y( (4 = X 12_);8 = <x12>y8 = xj’ 1fx,y # 0

= 52 or25
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Assessment 3A

1. In the following figures, a unit rectangle is used to illustrate

the product of two fractions. Name the fractions and their ¢ 9510
products. 1
a. b. d. 8-2 n

. Use a rectangular region to illustrate each of the following

. Choose from among the numbers in parentheses the number

that best approximates each of the following.

1 _3
a. 355100 (8,20,15,16)

b. 2270 (16,14,4,3)
. 10 8 b b b

1 1 11
products. - (0.1.= ,)
13 “ 101 103(’ 24
a3y 10. Without actually doing the computations, choose the phrase
21 in parentheses that correctly describes each.
b. - 13 17
35 T (greater than 1, less than 1)
. Find each of the following products. Write your answers in 5 1
simplest form. b. 3- + 5— (greater than 1, less than 1)
L 49,26 R L. 2 79
2.2 22 A 1
65 98 b 2 z 2ty c. 4; +2 ISE (greater than 2, less than 2)

. Use the distributive property of multiplication over addition

division of rational numbers.

a. Commutative

b. Associative

. Compute the following mentally. Find the exact answers.
1

a. 3 4 8
1

b. 71-4

1
to ﬁnil eaclh product. 11. A sewing project requires 6 3 yd of material that sells for
a 4—-2- .
i i $4 per yard and 3 3 yd of material that sells for $3 per yard.
b. 3 3’ 2 bl Choose the best estimate for the cost of the project:
. Find the multiplicative inverse of each of the following. a. Between $30 and $40
-1 1 b. Between $20 and $34
a. b. 3 3 c. Between $36 and $40
d. Between $33 and $40
c. f’ ifx # 0 d. 7 12. Five-eighths of the students at Salem State College
y live in dormitories. If 6000 students at the college live
- Solve for x. in dormitories, how many students are there in the
a %x — % college?
5
3 1 13. Alberto owns 9 of the stock in the N.W. Tofu Company. His
b. - +x=—
472 sister Renatta owns half as much stock as Alberto. What part
5 N 2 3 of the stock is owned by neither Alberto nor Renatta?
& T3 Ty 14. A suit is on sale for $180.00. What was the original price
1
d. 23735 — % = % + % of the suit if the discount was 7 of the original price?
. Show that the following properties do not hold for the 15. John took all his money out of his savings account. He spent

$50.00 on a radio and % of what remained on presents. Half

of what was left he put in his checking account, and the
remaining $35.00 he donated to charity. How much money
did John originally have in his savings account?
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16.

17.

18.

19.

20.

21.

22.

23.

Rational Numbers and Proportional Reasoning

1 1
Al gives > of his marbles to Bev. Bev gives > of these to Carl.

1
Carl gives > of these to Dani. If Dani was given four marbles,

how many did Al have originally?
Write each of the following in simplest form using positive
exponents in the final answer.

a. 37-30 b. 37-3°
c. 5P+ 5t d. ¥ =54
2
AN a
€ ( 5)2 f ﬁ

Write each of the following in simplest form using positive
exponents in the final answer.

1y /1y
+(3)()
1 9 . 1 6
b (3) < (3)
2 5 4 2
«(3)-65)
3\ 3V
e (3) - ()
If 2 and b are rational numbers, with z # 0 and b # 0, and

if m and n are integers, which of the following statements are
always true? Justify your answers.

a. a"- 0" = (ab)"*" b. 2" V" = (ab)™

c. a” 1" = (ab)™ d. (ab)’ =1

e. (a+b)"=a"+10b" w1 1
f. (a +0) _ﬂm+17m

Solve for the integer 7 in each of the following.

a. 2" =32 b. »* = 36

c. 27 =2 d. 227 =38

Solve each of the following inequalities for x, where x is an

integer.

a. 3¥=9 b. 25° < 125

c. 3% >27 d #>1

Determine which fraction in each of the following pairs is
greater.

() =(z)
a. ) or P

3 10 (3)8
b. (4> or{z

e

C. 3 or 3

3 10 4)10
d. <Z> or (g
e. 320 or 4100

f. (27)Por(3)7
Show that the arithmetic mean of two rational numbers

. . a4 <
is between the two numbers; that is, prove if — < —, then

b d
£<£<z+£><£
b 2\b d d

24. In the Corcoran School of Design in 2014, % of the students

were male.
a. What fraction were female?
b. Does this imply 17 students are male?

25. The reported tax revenue in dollars for Washington DC in
2011 is shown below.

Corporate Income $36,802,396
Personal Income 32,020,924
Social Security & Other Taxes 620,501
Hotel Tax 212,565,755
Property Taxes 183,005,144
Excise & Fees 21,723,515
Sales Tax 187,656,061
Restaurant 119,487,765
Retail 58,122,531
Airport 7,155,614
Car Rental 2,890,151
Total 674,394,296
a. Approximately what is the fractional part of the total tax
is the difference in restaurant sales tax and retail sales
tax?
b. If the sales tax were abolished, approximately what
fraction of the total tax package would be lost?

26. According to the Washington DC City Government, the
following lists the number of homicides in the city since
2004.

2013 | 2012|2011 | 2010 | 2009 | 2008 | 2007 | 2006 | 2005 | 2004

104 88 108 132 144 | 186 181 169 | 196 | 198

27.

28.

a. What year showed the greatest fractional increase from
the previous year?
b. What year showed the greatest fractional decrease from
the previous year?
1 . . e 2
If 3 of all deer in the United States are in Mississippi and 5
of the deer are in Montana, what total fractional part of the
deer population is in those two states?

1
If 7 of an estate is to be distributed equally to 8 cousins,

what fractional part of the entire estate does each cousin
receive?
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Assessment 3B

. In the following figure a unit rectangle is used to illustrate
the product of two fractions. Name the fractions and their
products.

a. b.

. Use a rectangular region to illustrate each of the following

products.
2 1 2 2
i b. =.%2
573 373

. Find each of the following products of rational numbers.
Write your answers in simplest form.

1 .3 22
.23 b. —-4-
037 7 3
51 31
a2 r 2y
e —r— 2202
Ay z  aly
. Use the distributive property to find each product of rational
numbers.
a 2042 b. (5 + 1)(Z - 1)
3.5 y x
2 1
. 248—-100 <
c. 24 5 3
. Find the multiplicative inverse of each of the following.
6 1 1
.z b. 8 L4 NS
a. - c. 4 5 d. 1 5
. Solve for «.
2 11 3 1
- 3= b-grr=g3
5 2 3 2 1 x 1
- x = d —+-=---
"6 3 4 3 4 6 2

. Find a fraction such that if you add the denominator to the
numerator and place the sum over the original denominator,
the new fraction has triple the value of the original

fraction.

. Compute the following mentally; find the exact answers.

1
a.S’E- b.7%~4
c. 9%-6 d.8-2%
e.3+% f.3%+%
g.3+§ h. 4%+2

. Choose from among the numbers in parentheses the number
that best approximates each of the following.

27 1
a. 205+ 9 (2,180,2,10)

10.

11.

12.

13.

14.

1 77
b. 3* 7@ (21 24, 20 32)

1 1
© 0 7 1001 (Tm’l 1001, 0)

Without actually doing the computations, choose the phrase
in parentheses that correctly describes each.

4; =2 m (greater than 2, less than 2)

b. 16 ~ 4 E (greater than 4, less than 4)

8
c. 16 +3 9 (greater than 4, less than 4)
When you multiply a certain number by 3 and then subtract

1g> You get the same result as when you multiply the number

by 2 and add What is the number?

1
Di Paloma Umversrty had a faculty reduction and lost 3
of its faculty. If 320 faculty members were left after the
reduction, how many members were there originally?

1
A person has 29 > yd of material available to make doll

3
outfits. Each outfit requires 7 yd of material.

a. How many outfits can be made?
b. How much material will be left over?
Every employee’s salary at the Sunrise Software Company

1 .
increases each year by 10 of that person’s salary the previous

year.

a. If Martha’s present annual salary is $100,000, what will
her salary be in 2 yr?

b. If Aaron’s present salary is $99,000, what was his salary
1 yr ago?

c. If Juanita’s present salary is $363,000, what was her salary
2 yr ago?

15. Jasmine is reading a book. She has finished % of the book

16.

and has 82 pages left to read. How many pages has she
read?
Peter, Paul, and Mary start at the same time walking around a

. . . 1
circular track in the same direction. Peter takes > hr to walk

around the track. Paul takes ’ hr and Mary takes = hr

a. How many minutes does it take each person to Walk
around the track?

b. How many times will each person go around the track
before all three meet again at the starting line?
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17.

18.

19.

20.

21.

22.

23.

Rational Numbers and Proportional Reasoning

Write each of the following rational numbers in simplest
form using positive exponents in the final answer.

1 1 ﬂ’3 (ﬂ’4)3
a. (g) b. 7 C. ;[4
73
a a
d. — €. —
a 1 a 2

Write each of the following in simplest form using positive
exponents in the final answer.

MO

If 2 and b are rational numbers, with # # 0 and » # 0, and
if m and n are integers, which of the following statements are
always true? Justify your answers.

ﬁ B (Z>an
a. I b

( 2 )’1_1 1
“\itr! 24+ b
- - 2ab
1 N1
d 2(z'+b" "

17 n

e. a" =da"-u

a) ! b
£ <z> =

Solve, if possible, for » where 7 is an integer in each
of the following.

1
2P =32 b. ' = —

a Y

c. 272 = 1024 d. 27-2 = 64

e. 2+n)? =2+ f. 3 =27

Solve each of the following inequalities for x, where x

is an integer.

a. 3 = 81 b. =8

c. ¥ =27 d. <1

Determine which fraction in each of the following pairs is
greater.

4 10 4 8
a. (;) or (g)
3 10 (4)10
b. <Z> or g
4 10 5 10
C. <§> or (Z)
3 100 3 9 100
In the following, determine which number is greater.

a. 32100 or 4200
b. (127) Por (73)°

24.

25.

26.

27.

Brandy bought a horse for $270 and immediately started
paying for his keep. She sold the horse for $540. Considering
the cost of his keep she found that she had lost an amount
equal to half of what she paid for the horse plus one-fourth
of the cost of his keep. How much did Brandy lose on the
horse?

In 2014 in the Corcoran School of Design, % of the

students were female. What fraction was male?

The reported tax revenue in dollars for Washington DC in
2011 is shown below.
Corporate Income $36,802,396
Personal Income 32,020,924
Social Security & Other Taxes 620,501
Hotel Tax 212,565,755
Property Taxes 183,005,144
Excise & Fees 21,723,515
Sales Tax 187,656,061
Restaurant 119,487,765
Retail 58,122,531
Airport 7,155,614
Car Rental 2,890,151
Total 674,394,296

a. Approximately what is the fractional part of the total tax
is the difference in hotel tax and property tax?

1
b. If the sales tax was increased T approximately what

fraction of the total tax package would be gained?
According to the Washington DC City Government, the
following lists the number of homicides in the city since 2004.

2013

2012 | 2011 | 2010 | 2009 | 2008 | 2007 | 2006 | 2005 | 2004

104 88 108 | 132 144 | 186 | 181 169 | 196 | 198

28.

29.

a. What is the fractional decrease in homicides from
2005 to 2012?

b. What is the fractional increase in homicides from
2012 to 2013?

1 2
If 3 of all deer in the United States are in Mississippi, and 5

of the deer are in Montana, what fractional part of the
deer population is not in those two states?
1
If —
4
of the estate is each of the stocks and bonds?

2 3
of an estate consists of 3 stocks and 3 bonds, what part
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Mathematical Connections 3

Reasoning

1. Suppose you divide a natural number 7z by a positive rational
number less than 1. Will the answer always be less than #,
sometimes less than #, or never less than z? Why?

2. If the fractions represented by points C and D on the
following number line are multiplied, what point best
represents the product? Explain why.

< 1 | 1 1 1 | 1
T T T T T

1 -
T T T Ll
A 0O B DC E 1 F
3. If the product of two numbers is 1 and one of the numbers is
greater than 1, what do you know about the other number?
Explain your answer.

Open-Ended

1
4. Write a story or model for 1 % Y

5. Complete a survey of your class asking questions such as
their favorite color, favorite type of shoe, and favorite math
concept. Use fractions to summarize your information and
find any differences in male and female preference.

6. Consider the demographics of students in each
undergraduate class (freshman, sophomore, junior, and
senior) at your university. Describe the fractional differences
in males and females in each class.

Cooperative Learning

7. Choose a brick building on your campus. Measure the height
of one brick and the thickness of mortar between bricks.
Estimate the height of the building and then calculate the
height of the building. Were rational numbers used in your
computations?

8. Have each student in your group choose a state or city
and find the demographics on taxes as in Exercise 26 in
Assessment 3B. Compare fractions representing sales taxes
for each chosen location. Which has the highest? Lowest?

9. In each group of a class, describe your group using fractions
in the explanation. Use at least three sets of fractions in your
description. Pass the descriptions to the teacher who will
then distribute the descriptions to a different group. The
goal is to describe your group well enough that others can
identify the groups.

Connecting Mathematics to the Classroom

1 3
10. Bente says to do the problem 12 7 +3 3 you just find

1

1 3 1
12 +3=4and1+*=*toget43

.H
173 ow do you

respond?
1
11. Amy says that dividing a number by > is the same as taking

half of a number. How do you respond?

32
12. Dani says that if we have 7 v could just multiply
32 31 3
e == ? 1
37577 10 Is she correct? Explain why.

13. Noah says that dividing a number by 2 is the same as
1
multiplying it by > He wants to know if he is right, and if so,

why. How do you respond?

14. Jim is not sure when to use multiplication by a fraction and
when to use division. He has the following list of problems.
How would you help him solve these problems in a way that
would enable him to solve similar problems on his own?

3 1
a o of a package of sugar fills 7 How many cups of sugar
are in a full package of sugar?

b. How many packages of sugar are needed to fill 2 ¢?

c. If % ¢ sugar is required to make two loaves of challah,
how many cups of sugar are needed for three loaves?

d. If % ¢ sugar is required for 1 gal of punch, how many
gallons can be made with 2 c of sugar?

e. If you have 22 % in. of ribbon, and need 1 %in. to decorate

one doll, how many dolls can be decorated, and how
much ribbon will be left over?
15. A student claims that division always makes things smaller so

5=+ (%) cannot be 10 because 10 is greater than the number 5
she started with. How do you respond?

to ﬂ. How would

+
16. A student simplified the fraction mz

you help this student?
17. Jillian says she learned that 17 divided by 5 can be
written as 17 + 5 = 3 R2, but she thinks that writing

17 =5 = % =3 % is much better. How do you respond?

Review Problems

18. Perform each of the following computations. Leave your
answers in simplest form or as mixed numbers.

16 4 ) 9 3
-5 -5 4 5

. - 3o+ 4

c23-32 P d35 46
1 5 _ 1 5

19. Each student at Sussex Elementary School takes one foreign

1
language. Two-thirds of the students take Spanish, 9 take

1
French, 1 take German, and the rest take some other

foreign language. If there are 720 students in the school, how
many do not take Spanish, French, or German?
20. Find each sum or difference; simplify if possible.

3 b
N b L L
xwoox xym o R
c a’ _a—b
A -V a+tb
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21. Determine which of the following is always correct.

Rational Numbers and Proportional Reasoning

3
Jim has — of a yard of string which he wishes to divide into pieces

ab + ¢ 4
a. T =a+c 1
it h b each ~ of a yard long. How many pieces will he have?
a4t - ¢ A3
cﬂb-i-dc_b-i-c B. 4
T c C.6
D.8
National Assessments NAEP, Grade 8, 2003
. . Nick h hole pizza.
National Assessment of Educational Progress e s whote pizza
(NAEP) Questions
Both figures below show the same scale. The marks on the scale .
have no labels except the zero point.
1 % P e;//
The weight of the cheese is 7 pound. What is the total weight of \\-, ;.//

the two apples?

NAEP, Grade 8, 2007

4 Objectives

Students will be able to
understand and explain

Ratios and their  gpgg
relation to rational ==
numbers.

Proportions and their
properties.

Constant of
proportionality.

Scaling.

1
Nick says he will eat 5 of the pizza.

3 3
He says he will give 3 of the pizza to Sam and 3 of the pizza to

Joe.
Can Nick do what he says?
O Yes ONo

NAEP, Grade 4, 2013

4 Proportional Reasoning

Proportional reasoning is an extremely important concept taught in grades K-8. Proportionality
has connections to most, if not all, of the other foundational middle-school topics and can provide
a context to study these topics.

For grade 7, the Common Core Standards state that students should “analyze proportional
relationships and use them to solve real-world and mathematical problems.” Additionally we find
that students should “decide whether two quantities are in a proportional relationship,” “iden-
tify the constant of proportionality (unit rate) in tables, graphs, equations, diagrams and verbal
descriptions,” represent proportional relationships in equations,” and “use proportional relation-
ships to solve multistep ratio and percent problems.” (p. 48)

Ratios are encountered in everyday life. For example, there may be a 2-to-3 ratio of Demo-
crats to Republicans on a certain legislative committee, a friend may be given a speeding ticket
for driving 69 miles per hour, or eggs may cost $2.40 a dozen. Each of these illustrates a ratio.

Definition of Ratio

. a . . . ..
A ratio, denoted as Ak /b, or a:b, where 4 and b are rational numbers, is a comparison of two quantities.
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1
A ratio of 1:3 for boys to girls in a class means that the number of boys is 3 that of girls; that

is, there is 1 boy for every 3 girls. We could also say that the ratio of girls to boys is 3:1, or that
there are 3 times as many girls as boys. Ratios can represent part-to-whole or whole-to-part
comparisons. For example, if the ratio of boys to girls in a class is 1:3, then the ratio of boys

1
(part) to children (whole) is 1:4. If there are & boys and g girls, then 2 =3 and g = 3b. Also, the

b b b1
b+g b+3b 4 4
of all children (whole) to boys (part) is 4:1. Some ratios give part-to-part comparisons, such as
the ratio of the number of boys to girls or the number of students to one teacher. For example, a
school might say that the average ratio of students to teachers cannot exceed 24:1.

"The ratio of 1:3 for boys to girls in a class does not tell us how many boys and how many
girls there are in the class. It only tells us the relative size of the groups. There could be 2 boys
and 6 girls, or 3 boys and 9 girls, or 4 boys and 12 girls, or some other numbers that give a ratio

ratio of boys to the entire class is . We could also say that the ratio

lto —.
equal to 3

There were 7 males and 12 females in the Dew Drop Inn on Monday evening. In the game room
next door were 14 males and 24 females.

a. Express the number of males to females at the inn as a ratio (part-to-part).

b. Express the number of males to females at the game room as a ratio (part-to-part).

c. Express the number of males in the game room to the number of people in the game room
as a ratio (part-to-whole).

Solution
a. The ratio is %
14 7
b. The ratio is %
14 7
c. The ratio is 38 19

Proportions

In a study, children were shown a picture of a carton of orange juice and were told that the or-
ange juice was made from orange concentrate and water. Then they were shown two glasses—
a large glass and a small glass—and they were told that both glasses were filled with orange
juice from the carton. They were then asked if the orange juice from each of the two glasses
would taste equally “orangey” or if one would taste more “orangey.” About half of the stu-
dents said they were not equally orangey. Of those about half the students said the larger
glass would be more “orangey” and about half said the smaller glass would be more “orangey.”
These students may have been thinking of only one quantity—the water alone or the orange
concentrate alone.

Suppose Recipe A for an orange drink calls for 2 cans of orange concentrate for every 3
cans of water. We could say that the ratio of cans of orange concentrate to cans of water is 2:3.
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We represent this pictorially in Figure 22(a), where O represents a can of orange concentrate and
W represents a can of water. In Figure 22(b) and (c), we continue the process of adding 2 cans of
orange concentrate for every 3 cans of water.

Recipe A
(ONNO) O O O O O O O O O O
W WwWWwW WWW WWW WWW WWW WWW
(a) (b) (©

Figure 22

From Figure 22 we could develop and continue the ratio table, as shown in Table 3.

Cans of Orange Concentrate 2 4 6 8 10 12
Cans of Water 3 6 9 ? ? ?

2 4 2
In Table 3, the ratios gand 5 e equal. The equation I3 is a proportion. In general, we have

the following definition.

Definition of a Proportion

A proportion is a statement that two given ratios are equal.

If Recipe B calls for 4 cans of orange concentrate for every 8 cans of water, then the

ratio of cans of orange concentrate to cans of water for this recipe is 4:8. We picture this in
Figure 23(a).

Recipe B
0O 00O O 0:0 O
W W W W W WiW W
WWWwWwW W Wiw W
(@) (b)

Figure 23

Which of the two recipes produces a drink that tastes more “orangey”? In Figure 22(a),
we see that in Recipe A there are 2 cans of orange concentrate for every 3 cans of water. In
Figure 23(a), we see that in Recipe B there are 4 cans of orange concentrate for every 8 cans
of water.

To compare the two recipes, we need either the same number of cans of orange concentrate
or the same number of cans of water. Either is possible. Figure 22(b) shows that for Recipe A
there are 4 cans of orange concentrate for every 6 cans of water. In Recipe B, for 4 cans of
orange concentrate there are 8 cans of water. Recipe B calls for more water per 4 cans of orange
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concentrate, so it is less “orangey.” An alternative is to observe that in Figure 23(b), Recipe B
shows that there are 2 cans of orange concentrate for every 4 cans of water. We compare this
with Figure 22(a), showing 2 cans of orange concentrate for every 3 cans of water, and reach the
same conclusion.

2 2
From our work in Section 1, we know that 3= %becauseZ -6 = 3-4. Hence 3= % is a

2 4
proportion. Also 3 # gbecause 2-8 # 3-4; this is not a proportion. In general, we have the

following theorem that follows from Theorem 2 developed in Section 1.

Theorem 20
If 4, b, ¢, and d are rational numbers and 4 # Oandd # 0, then

2 éis a proportion if, and only if, zd = bc.

b

. a4 < . :
"The proportion 5= g may be read as “zisto b ascis to d.”

Students in the lower grades typically experience problems that are additive. Consider the
problem below.

Allie and Bente type at the same speed. Allie started typing first. When Allie bad typed 8 pages,
Bente bad typed 4 pages. When Bente has typed 10 pages, how many has Allie typed?

This is an example of an additive relationship. Students should reason that since the two people
type at the same speed, when Bente has typed an additional 6 pages, Allie should have also typed
an additional 6 pages, so she should have typed 8 + 6, or 14, pages.

Next consider the following problem:

Carl can type 8 pages for every 4 pages that Dan can type. If Dan has typed 12 pages, how many
pages bas Carl typed?

If students try an additive approach, they will conclude that since Dan has typed 8 more pages
than in the original relationship, then Carl should have typed an additional 8 pages for a total of
16 pages. However, the correct reasoning is that since Carl types twice as fast as Dan he will type
twice as many pages as Dan. Therefore, when Dan has typed 12 pages, Carl has typed 24 pages.
The relationship between the ratios is multiplicative. Another way to solve this problem is to set

8
up the proportion — = —, where x is the number of pages that Carl will type, and solve for .

4 12
8 83 24
B —= = =2 .
ecause 3 = = = -, thenx = 24 pages
In the problem above, one term in the proportion is missing:
8_x
4 12

One way to solve the equation is to multiply both sides by 12, as follows:

8 X

—12=—"-12
4 12
83 =«

24 =«
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Another method of solution uses Theorem 20. This is often called the cross-multiplication

8
method. The equation — = Lisa proportion if, and only if,

4 12
8:12 = 4«
96 = 4«
24 = x.

If there are 3 cars for every 8 students at a high school, how many cars are there for 1200 students?

Solution 'We use the strategy of setting up a table, as shown in Table 4.

Number of cars 3 X
Number of students 8 1200

The ratio of cars to students is always the same:

Cars —3
Students — 8 1200
3-1200 = 8
3600 = 8x
450 = «x

Thus, there are 450 cars.

Next consider two car rental companies where the rates for 1-4 days are given in Table 5.

(a) (b)
Ace Car Rental Better Car Rental
Days Cost Days Cost
1 $20 1 $20
2 $40 2 $35
3 $60 3 $48
4 $80 4 $52

The first two days for Ace Car Rental rates can be used to write a proportion because
Lday 2 days
$20  $40°
this case, the numbers of days are in the numerators and the costs are in the denominators.
1 day . 2 days
$20 $35

In a proportion, the units of measure must be in the same relative positions. In

For the Better Car Rental we see that , S0 a proportion is not formed.
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Consider Table 6, which is a ratio table built from the values for Ace Car Rental.

Days (d) 1 2 3 4
Cost (¢) 20 40 60 80

. d L2 3 4 . . .
The ratios L are all equal, that s, 020 " 80 30 "Thus, each pair of ratios forms a proportion.
d
In this case, P for all values of ¢ and d. This is expressed by saying that d is proportional to ¢

1
or d varies proportionally to ¢ or d varies directly with c. In this case, d = 20° for every ¢ and d. The

1. N . .
number 20 the constant of proportionality. We can say that gas used by a car is proportional to

the miles traveled or lottery profits vary directly with the number of tickets sold.

Definition of Constant of Proportionality

If the variables x and y are related by the equality y = kx (or k= z), then y is proportional to x and
i

k is the constant of proportionality between y and x.

A central idea in proportional reasoning is that a relationship between two quantities is such
that the ratio of one quantity to the other remains unchanged as the numerical values of both
quantities change.

Itis important to remember that in the ratio #:b or % , @ and b do not have to be whole numbers.
7 3
For example, if in Eugene, Oregon, 10 of the population exercise regularly, then 10 of the population

. . .7 3 S
do not exercise regularly, and the ratio of those who do to those who do not is 10°10° This ratio
can be written 7:3.

It is important to pay special attention to units of measure when working with proportions.
For example, if a turtle travels 5 in. every 10 sec, how many feet does it travel in 50 sec? If units of

measure are ignored, we might set up the following proportion:
5  «x
10 50
In this proportion the units of measure are not listed. A more informative proportion that often
prevents errors is the following:
Sin. _ win.
10sec  50sec

25
This implies that x = 25. Consequently, since 12in. = 1ft, the turtle travels Eft, or

1
ZE&’ or2 ft1in. in 50 sec.
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Another approach for solving proportions uses the scaling strategy. Suppose we are asked
whether it is better to buy 12 tickets for $15.00 or 20 tickets for $23.00. One way to approach the
problem is to find the cost of a common number of tickets from each scenario.

Because LCM(12,20) = 60, we could choose to find the cost of 60 tickets under each plan.

In the first plan, since 12 tickets cost $15.00, then 60 tickets cost $75.00.

In the second plan, since 20 tickets cost $23.00, then 60 tickets cost $69.00.
Therefore, the second plan is a better buy.

The unit-rate strategy for solving this problem involves finding the cost of one ticket under
each plan and then comparing unit costs.

In the first plan, since 12 tickets cost $15.00, then 1 ticket costs $1.25.

In the second plan, since 20 tickets cost $23.00, then 1 ticket costs $1.15.

¢6SS The grade 6 Common Core Standards state the following:

Solve unit rate problems including those involving unit pricing and constant speed. For example,
if it took 7 hours to mow 4 lawns, then at that rate how many lawns could be mowed in 35 hours?
(p. 42)

Work the problem posed in the grade 6 Common Core Standards.

Kai, Paulus, and Judy made $2520 for painting a house. Kai worked 30 hr, Paulus worked 50 hr,
and Judy worked 60 hr. They divided the money in proportion to the number of hours worked. If
they all earn the same rate of pay, how much did each earn?

Solution Let «x be the unit rate or the rate of pay per hour. Then 30x denotes the amount of
money that Kai received; Paulus received 50x and Judy received 60x. Because the total amount of
money received is 30x + 50x + 60x, we have

30x + 50x + 60x = 2520
140x = 2520
18 (dollars per hour).

x
Hence,
Kaireceived 30x = 30- 18, or $540.
Paulus received 50x = 50 - 18, or $900.
Judy received 60x = 60+ 18, or $1080.

Dividing each of the amounts by 18 shows that the proportion is as required.
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15 3
Consider the proportion 0" 6 Because the ratios in the proportion are equal and

. . . 30 6 ,
because equal nonzero fractions have equal reciprocals, it follows that 53 Also notice that

3
the proportions are true because each results in 15-6 = 30- 3. In general, we have the following

theorem.
Theorem 21
. a ¢ a_ c. b d
For any rational numbers P and d,w1tha # 0andc¢ # 0, by~ 4 if, and only if, PR

15 3 15 30
Consider — = 3 again. Notice that 3T 6 that is, the ratio of the numerators is equal to

the ratio of the corresponding denominators. In general, we have the following theorem.

Theorem 22

if, and only if, 2= b
c

For any rational numbers 2 and 2, with ¢ # 0, £-° 7

b b d

Scale Drawings

Ratios and proportions are used in scale drawings. For example, if the scale is 1:300, then the
length of 1 cm in such a drawing represents 300 cm, or 3 m in true size. The scale is the ratio
of the size of the drawing to the size of the object. The following example shows the use of scale
drawings.

The floor plan of the main floor of a house in Figure 24 is drawn in the scale of 1:300. Find the
dimensions in meters of the living room.

Kitchen/Dining

Master Bedroom

Bathroom

Living Room Study
/\—

Figure 24

Solution If the dimensions of the living room are approximately 3 cm by 2 cm. Because the
scale is 1:300, 1 cm in the drawing represents 300 cm, or 3 m in true size. Hence, 3 cm repre-
sents 3 -3 = 9m, and 2 cm represents 2 +3 = 6 m. Hence, the dimensions of the living room are
approximately 9 m by 6 m.
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The ratio of men to women at a party was 5:2 before 14 more women appeared. At that point, the
ratio was 4:3. How many men and how many women were at the party?

Solution We find the solution using a bar method. In Figure 25 each unit of men and women
contain the same number of people giving the ratio 5:2.

men women

1 unit 1 unit 1 unit 1 unit 1 unit 1 unit 1 unit

Figure 25

When 14 women joined the group, we have the situation in Figure 26(a). Additionally the ratio
is now 4:3, and the number of people in each original unit has changed. The number of men has
not changed so 5 of the original units equal 4 of the new ones.

men women
A A
r g N
1 unit 1 unit 1 unit 1 unit 1 unit 1 unit 1 unit 14 women
@ |
men women
A : A
r g N
1 new 1 new 1 new 1 new 1 new 1 new 1 new
(b) unit unit unit unit unit unit unit
Figure 26

"Thus, we have the following equations.

For the men: 5 original units = 4 new units.

For the women: 2 original units + 14 = 3 new units.
Adding the two together we get

7 original units + 14 = 7 new units, or
1 original unit + 2 = 1 new unit.
Equivalently, 4 original units + 8 = 4 new units.
Substituting we have, 4 old units + 8 = 5 old units, or 8 = 1 original unit.
In the Figure 25, there are 5 units of men at 8 men per unit = 40 men, and 2 units of women at 8

women per unit for 16 women. Thus, there were 56 people at the party originally. When 14 more
women joined, there were 70 total.

Assessment 4A

1. An
a.
b.
c.
d.

swer the following regarding the English alphabet. 2. Solve for x in each of the following proportions.
Determine the ratio of vowels to consonants. 12 18 x 710

What is the ratio of consonants to vowels? v 45 7

What is the ratio of consonants to letters? 5 3y |

Write a word that has a ratio of 2:3 of vowels to T d. 35 isto S asxisto 15.

consonants.
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10.

11.

12.

13.

14.

Rational Numbers and Proportional Reasoning

. a. If the ratio of boys to girls in a class is 2:3, what is the

ratio of boys to all the students in the class? Why?
b. If the ratio of boys to girls in a class is 7z:7, what is the
ratio of boys to all the students in the class?

3
c If 3 of the class are girls, what is the ratio of girls to boys?

There are approximately 2 Ib of muscle for every 5 1b of body
weight. For a 90-1b person, approximately how much of the
weight is muscle?

Which is a better buy—4 grapefruits for 80¢ or

12 grapefruits for $2?

1
On a map, gin. represents 5 mi. If New York and Aluossim

are 18 in. apart on the map, what is the actual distance
between them?

David reads 40 pages of a book in 50 min. How many pages
should he be able to read in 80 min if he reads at a constant
rate?

Two numbers are in the ratio 3:4. Find the numbers if

a. their sum is 98.

b. their product is 768.

Gary, Bill, and Carmella invested in a corporation in the ratio
of 2:3:5, respectively. If they divide the profit of $82,000
proportionally to their investment, approximately how much
will each receive?

1 1
Sheila and Dora worked 3 zhr and 4 Ehr, respectively, on a

programming project. They were paid $176 for the project.
How much did each earn if they are both paid at the same
rate?

Vonna scored 75 goals in her soccer kicking practice. If
her success-to-failure rate is 5:4, how many times did she
attempt a goal?

Express each of the following ratios in the form g, where 2
and 4 are natural numbers.
1 11 12
.1 b. = . i
"6 3°3 “6'7
Use Theorems 21 and 22 to write three other proportions
that follow from the following proportion.

12¢  16¢
360z 480z
The rise and span for a house roof are identified as shown on
the drawing. The pitch of a roof is the ratio of the rise to the

half-span.
a. If the rise is 10 ft and the span is 28 ft, what is the pitch?

it
HH
DD

‘<— Span —»‘

i
I

b. If the span is 16 ft and the pitch is %, what is the rise?

15.

16.

17.

18.

19.

20.

21.

22.

23.

Gear ratios are used in industry. A gear ratio is the
comparison of the number of teeth on two gears. When
two gears are meshed, the revolutions per minute (rpm) are
inversely proportional to the number of teeth; that is,

rpm oflarge gear ~ Number of teeth on small gear

rpm of small gear ~ Number of teeth on large gear

a. The rpm ratio of the large gear to the small gear is 4:6.
If the small gear has 18 teeth, how many teeth does the
large gear have?

b. The large gear revolves at 200 rpm and has 60 teeth. How
many teeth are there on the small gear, which has an rpm
of 600?

A Boeing 747 jet is approximately 230 ft long and has a

wingspan of 195 ft. If a scale model of the plane is about 40 cm

long, approximately what is the model’s wingspan?

A recipe calls for 1 tsp of mustard seeds, 3 ¢ of tomato

sauce, l%c of chopped scallions, and 3 % c of beans. If

one ingredient is altered as specified, how must the other
ingredients be changed to keep the proportions the same?

a. 2 c of tomato sauce

b. 1 c of chopped scallions

c. 1% c of beans

The electrical resistance of a wire, measured in ohms (),

is proportional to the length of the wire. If the electrical
resistance of a 5-ft wire is 4 (), what is the resistance of

20 ft of the same wire?

In a photograph of a father and his daughter, the daughter’s
height is 2 cm and the father’s height is 6 cm. If the father is
actually 183 cm tall, how tall is the daughter?

The amount of gold in jewelry and other products is measured
in karats (K), where 24K represents pure gold. The mark 14K
on a chain indicates that the ratio between the mass of the gold
in the chain and the mass of the chain is 14:24. If a gold ring is
marked 18K and it weighs 4 oz, what is the value of the gold in
the ring if pure gold is valued at $1800 per oz?

If Amber is paid $8 per hour for typing, the table shows how
much she earns.

Hours (h) | 1 2 3 4 5
Wages (w) | $8 | $16 | $24 | $32 | $40

. How much would Amber make for a 40-hr work week?

. What is the constant of proportionality?

a. In Room A there are 1 man and 2 women; in Room B
there are 2 men and 4 women; and in Room C there are
5 men and 10 women. If all the people in Rooms B and C
go to Room A, what will be the ratio of men to women in
Room A?

b. Prove the following generalization of the proportions

used in part (a).

T

c a c e a+c+e

a e
A R A

Use the bar method of Example 29 to solve the following
2
exercise. One-half of the length of stick A is 3 of the length

of stick B. Stick B is 18 cm shorter than stick A. What is the
length of both sticks?
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25.

26.
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A car travels about 26 miles on 1 gallon of gas while a truck
travels about 250 miles on 14 gallons of gas. Which gets the
better gas mileage?

Susan bikes 20 miles in 2 hours while Nick bikes 32 miles in
3 hours. Who travels faster?

There are 40 students in a classroom, and the desired ratio
of students to computers is 3:1. How many computers are
needed for the classroom to achieve the desired ratio?

27.

28.

The ratio of oblong tables to round tables at a conference
is 5:1. The total number of tables at the conference is 102.
How many of each type are there?

1
A recipe uses 15 c flour to make 2 dozen cookies. Is 4 ¢ flour

enough to make 6 dozen cookies with this recipe? Explain
your answer.

Assessment 4B

1.

10.

Answer the following regarding the letters in the word
Mississippi.

a. Determine the ratio of vowels to consonants.

b. What is the ratio of consonants to vowels?

c. What is the ratio of consonants to letters?

. Solve for x in each of the following proportions.

5_30 L1
RS "8 32

7 3x 1. .
c.g—@ d. 3515t0835x13t024

. There are 5 adult drivers to each teenage driver in Aluossim.

If there are 12,345 adult drivers in Aluossim, how many
teenage drivers are there?

. A candle is 30 in. long. After burning for 12 min, the candle

is 25 in. long. If it continues to burn at the same rate, how
long will it take for the whole candle to burn?

. A rectangular yard has a width-to-length ratio of 5:9. If the

distance around the yard is 2800 ft, what are the dimensions
of the yard?

. A grasshopper can jump 20 times its length. If jumping ability

in humans (height) were proportional to a grasshopper’s

(length), how far could a 6-ft-tall person jump?

. Jim found out that after working for 9 months he had earned

6 days of vacation time. How many days per year does he
earn at this rate?

. At Rattlesnake School the teacher—student ratio is 1:30. If

the school has 1200 students, how many additional teachers
must be hired to change the ratio to 1:20?

. Ata particular time, the ratio of the height of an object that

is perpendicular to the ground to the length of its shadow is
the same for all objects. If a 30-ft tree casts a shadow of 12 ft,
how tall is a tree that casts a shadow of 14 ft?

The following table shows several possible widths /¥ and
corresponding lengths L of a rectangle whose area is 10 ft?.

Width (W) | Length (L) Area
(Feet) (Feet) (Square Feet)
% 20 %.20 =10
1 10 1-10 =10
2 5 2:5=10
21 4 2k-4=10
4 23 4-23 =10 I
2 5:2=10 |MAvea = 1082 | W
10 1 10-1 =10
20 1

11.

12.

13.

14.

15.

16.

17.

18.

19.

a. Use the values in the table and some additional values to
graph the length L on the vertical axis versus the width W/
on the horizontal axis.

b. What is the algebraic relationship between L and W?

Find three sets of x- and y-values for the following

proportions.

4tickets  «x tickets
$20 $y

If rent is $850 for each 2 weeks, how much is the rent for

7 weeks?

Leonardo da Vinci in his drawing Vitruvian Man showed that
the man’s armspan was equal to the man’s height. Some other
ratios are listed below.

Lengthofhand 7

Length of foot 9

Distance from elbow to end ofhand 8

Distance from shoulder to elbow 5

Length of hand 14

Length ofbigtoe 3

Using the ratios above, answer the following questions.

a. If the length of a big toe is 6 cm, how long should the
hand be?

b. If a hand is 21 cm, how long is the foot?

On a city map, a rectangular park has a length of 4 in. If the

actual length and width of the park are 300 ft and 200 ft,

respectively, how wide is the park on the map?

Jim’s car will travel 240 mi on 15 gal of gas. How far can he

expect to go on 3 gal of gas?

Some model railroads use an O scale in replicas of actual

trains. The O scale uses the ratio 1 in./48 in. How many feet

long is the actual locomotive if an O scale replica is 18 in.

long?

a. On an American flag, what is the ratio of stars to stripes?

b. What is the ratio of stripes to stars?

On an American flag, the ratio of the length of the flag to its

width must be 19:10.

a. Ifa flagis to be 9%& long, how wide should it be?

b. The flag that was placed on the Moon measured 5 ft by
3 ft. Does this ratio form a proportion with the official
length-to-width ratio? Why?

If L g, a # 0,x # 0, is true, what other proportions do

you know are true?

1 _
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20. If a certain recipe takes I%C flour and 4 ¢ milk, how

21.

much milk should be used if the cook only has 1 ¢ flour?

To estimate the number of fish in a lake, scientists use a
tagging and recapturing technique. A number of fish are
captured, tagged, and then released back into the lake. After a
while, some fish are captured and the number of tagged fish
is counted.

Let T be the total number of fish captured, tagged, and
released into the lake, 7 the number of fish in a recaptured
sample, and ¢ the number of fish found tagged in that
sample. Finally, let x be the number of fish in the lake. The
assumption is that the ratio between tagged fish and the total
number of fish in any sample is approximately the same, and

- t T
hence scientists assume — = —. Suppose 173 fish were
noox

captured, tagged, and released. Then 68 fish were recaptured
and among them 21 were found to be tagged. Estimate the
number of fish in the lake.

22.

23.

24.

25.

26.

27.

A car travels about 36 miles on 1 gallon of gas while a truck
travels about 200 miles on 14 gallons of gas. Which gets the
better gas mileage?

Susan bikes 18 miles in 2 hours while Nick bikes 30 miles in
3 hours. Who travels faster?

There are 32 students in a classroom, and the desired ratio
of students to computers is 3:1. How many computers are
needed for the classroom to achieve the desired ratio?

The ratio of oblong tables to round tables at a conference
is 6:1. The total number of tables at the conference is 112.
How many of each type are there?

1
A recipe uses 15 ¢ flour to make 3 dozen cookies. Is 4 ¢ flour

enough to make 6 dozen cookies with this recipe? Explain
your answer.

Jennifer weighs 160 1b on Earth and 416 1b on Jupiter. Find
Amy’s weight on Jupiter if she weights 120 Ib on Earth.

Mathematical Connections 4

Reasoning

1.

Iris has found some dinosaur bones and a fossil footprint.
The length of the footprint is 40 cm, the length of the thigh
bone is 100 cm, and the length of the body is 700 cm.

a. Iris found a new track that she believes was made by the
same species of dinosaur. If the footprint was 30 cm long
and if the same ratio of foot length to body length holds,
how long is the dinosaur?

b. In the same area, Iris also found a 50-cm thigh bone. Do
you think this thigh bone belonged to the same dinosaur
that made the 30-cm footprint that Iris found? Why or
why not?

Suppose a 10-in. circular pizza costs $4.00. To find the

price, x, of a 14-in. circular pizza, is it correct to set up the

14
proportion % = E? Why or why not?

. Prove that if % = éand a # ~b, then the following are true.

a+b c+d a c
. = nt:— + 1 ==+
a (Hmtb 1 4 1)

b d
a < a—b c¢—d
a+b c+d “uvb c+d
d b
d'c—d_ﬂ—b'

Nell said she can tell just by looking at the ratios 15:7

and 15:8 that these do not form a proportion. Is she correct?
Why?

Sol had photographs that were 4 in. by 6 in., 5 in. by 7 in.,
and 8 in. by 10 in. Do the dimensions vary proportionately?
Explain why.

+b
Can gand “ P

ever form a proportion? Why?

2 3
In a condo complex, 3 of the men were married to 7 of the

women. What is the ratio of married people to the total adult

population of the condo complex? Explain how you can obtain
this ratio without knowing the actual number of men or women.

Open-Ended

8.

9.

10.

11.

List three real-world situations that involve ratio and
proportion.

Find the ratio of Democrats to Republicans in the U.S.
House of Representatives and the U.S. Senate. Determine
how many each party would need to hold a majority and how
many would be needed to stop a filibuster under the existing
rules.

Most fertilizers used for gardening and crops are listed with
aratio of 1:2:1. Research the meaning of this ratio and find
an acceptable mixture for flowers and foliage. If a fertilizer
package showed a ratio of 10:20:10, what would be the
meaning of this?

Research the golden ratio that the Greeks may have used in
the design of the Parthenon. Write a report on this ratio and
include a drawing of a golden rectangle.

Cooperative Learning

12.

In Guiliver’s Travels by Jonathan Swift we find the following:

The seamstresses took nry measure as I lay on the ground, one
standing at my neck and another at mid-leg, with a strong cord
extended, that each beld by the end, while the third measured the
length of the cord with a rule of an inch long. Then they measured
my right thumb and desired no more; for by a mathematical
computation, that twice around the thumb is once around the wrist,
and so on to the neck and the waist; and with the belp of my old
shirt, which I displayed on the ground before them for a pattern,
they fitted me exactly.

a. Explore the measurements of those in your group to see if
you believe the ratios mentioned for Gulliver.

b. Suppose the distance around a person’s thumb is 9 cm.
What is the distance around the person’s neck?

Copyright © 2016 by Pearson Education, Inc. All rights reserved.



Rational Numbers and Proportional Reasoning

c. What ratio could be used to compare a person’s height to
armspan’?

d. Do you think there is a ratio between foot length and
height? If so, what might it be?

e. Estimate other body ratios and then see how close you are
to actual measurements.

Connecting Mathematics to the Classroom

13. Mary is working with measurements and writes the following

proportion.
12in. _ S5ft
1 ft 60 in.
How would you help her?

14. Nora said she can use division to decide whether two ratios
form a proportion; for example, 32:8 and 40:10 form a
proportion because 32 + 8 = 4and40 + 10 = 4. Is she
correct? Why?

15. Alis 5 ft tall and has a shadow that is 18 in. long. At the same
time, a tree has a shadow that is 15 ft long. Al sets up and
solves the proportion as follows:

5 ft 181in. .
ﬁ = o , SOXx = 54in.
How would you help him?

16. Mandy read that the arm of the Statue of Liberty is 42 ft
long. She would like to know how long the Statue of
Liberty’s nose is. How would you advise her to proceed?

17. One student in the class says that her sister is in a school using
the Singapore math materials and much of the work with frac-
tions is done with bars. The student continues, saying, “I don’t
understand how bars can help me understand it with an exercise
like that found in exercise 13 above.” Can you help her?

Review Problems

18. If the numerator of a rational number is 6 times the
denominator and the numerator is also 5 more than the
denominator, what are the numerator and denominator?

. 3. . .

19. Explain whether 5 is a proper fraction or an improper
fraction and why.

20. Explain why any integer is a rational number.

20
21. A student says that 30 can be simplified by crossing out the

0s and that in general, this procedure works for simplifying
fractions. Explain whether or not the statement is true using
2

the rational number 35

22. Inan old Sam Loyd puzzle, a watch is described as having
stopped when the minute and hour hands formed a straight
line and the second hand was not on 12. At what time can
this happen?

23. If % of a class was absent due to illness and 4 of the school

was absent due to illness, is the fractional portion of the
absent class equivalent to the fractional portion of the school
absenteeism?

97

99 .
24. Prove that % is less than %"

1
25. a. Amal can finish a job in 5 of a day working by herself. Her

son Sharif can finish the same job in 7 of a day working

alone. How long will it take to finish the job if they work
together?

b. If Amal can finish a job in # hours and Sharif in 4 hours,
then how long will it take to finish the job if they work
together?

National Assessments

National Assessment of Educational Progress
(NAEP) Questions

Sarah has a part-time job at Better Burgers restaurant and is paid
$5.50 for each hour she works. She has made the chart below to
reflect her earnings but needs your help to complete it.

A. Fill in the missing entries in the chart.

Hours Worked | Money Earned (in dollars)
1 $5.50
4
$38.50
7i $42.63
4

B. If Sarah works 4 hours, then in terms of 4, how much will she
earn?

NAEP, Grade 8, 2007

The length of a photograph is 5 inches and its width is 3 inches.
The photograph is enlarged proportionally. The length of the
enlarged photograph is 10 inches. What is the width of the
enlarged photograph?

A. 6 inches

B. 7 inches

C. 9 inches

D. 15 inches

E. 16% inches

NAEP, Grade 8, 2013

This should aid in finding the area of the washer.

Hint for Solving the Preliminary Problem

Find the fraction of the whole washer that the two holes represent and then find the portion not represented by the holes.
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Chapter Summary

KEY CONCEPTS DEFINITIONS, DESCRIPTIONS, AND THEOREMS

Rational number A number in the form %’ ora/b, where 4 and b are integers and b # 0.

. a . . .
In the rational number —, # is the numerator and b is the denominator.

b

Uses of rational numbers * Division problem
® Portion, or part, of a whole
® Ratio
¢ Probability

Types of fractions Proper fraction—any fraction g, where 0 = 2 < b; a proper fraction is always
less than 1.
Improper fraction—any fraction %’ where # = b > 0; an improper fraction is
always greater than or equal to 1.

Equivalent, or equal, fractions—numbers that represent the same point on a
number line.

; a. . . . a an
Fundamental Law of Fractions Theorem: 1f ,isa fraction and 7 is a nonzero rational number, then =
"

Simplest form A rational number % is in simplest form, or lowest terms if, and only if,

GCD(a,b) = 1; that s, if # and b have no common factor greater than 1.

Equality of fractions Two fractions % and 3, where # # 0and d # 0, are equal (or equivalent) if, and
only if, ad = bc.

Ordering of rational numbers Like denominators—If a, b, and ¢ are any integers and 4 > 0, then % > iif, and
only if, 2 > c.

Unlike denominators—If a, b, ¢, and d are any integers such that # > 0 and

d> 0, then% > éif, and only if ad > bc.
2

Denseness property for rational Given any two different rational numbers )

c . .
and 7 there is another rational
numbers

numbers between these two numbers.

a ¢ . . . .
Theorem: Let — and 7 be any rational numbers with positive denominators,

b
a c a a+c c
= =, =& < -
where by S 4 Then R R
Section 2
ags . +
Addition of rational numbers Like denominators—If % and 2 are rational numbers, then% + 2 =2 ) d
+
Unlike denominators—If % and 2 are rational numbers, then % I 2 = ad i bc.
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Addition properties for rational * Additive inverse—for any rational number £ Iz there exists a unique rational
numbers p P P p P
= “t+(-T)=0=(-7)+=
number ) such that ) ( b) 0 ( b) )

* Property of equality—if % and 3 are any rational numbers such that % = 3 and

e e ¢
— is any rational number, then
f i f
Subtraction of rational numbers If Zand £ are any rational numbers, then % - 3 is the unique rational number
;such that y - 2 + ];
a c a ¢ _a ¢
—and ~ e
If ) and ; Areany rational numbers, then y 112
If % and < tional numbers, then & — < = 24— %
, and - are any rational numbers, then - — — o
Estimation with rational numbers Round fractions to convenient, or benchmark numbers, such as
111123 i1
ffffff o
234534
Section 3
. . a ¢ . a ¢ a
Multiplication of rational numbers If — and - are any rational numbers, then —-— = —.
b d b d bd
Multiplication properties * Multiplicative identity—the rational number 1 is the unique number such that
for rational numbers for every rational number %, 1 -% = g = %- 1.

* Multiplicative inverse—for any nonzero rational number % b the multi-

b
plicative inverse (reciprocal) is the unique rational number — such that
a

s b_,_ba
b oa a b
* Property of 0—let — be any rational number. Then 2 ) 0=0= %
* Property of equﬂlzljy—let = *, and = be any rational numbers such that 2_°
Then . = ©.¢ b d f b d
en’, FTa f
* Properties of inequality— let and 7 be any rational numbers:
a_ ¢ e ae_ce
If->— —> 0,then ——> —-—.
by 4 and 7 , then b FodF
a e ae ¢ e
> < =R O
Ifb dandf Othebf if
Distributive property of multiplication Let ﬁ, 5, and < be any rational numbers. Then
over addition or subtraction v f
ﬂ<c+e) ac ae dﬂ([ e) ac a e
ALL B\ =22 2.5 o L_° ol = ZoZ
Nd" ) bd b f T N\dTf) v d b f
Division of rational numbers If % and i are any rational numbers, with 2 # 0, then % = 2 = fiif, and only
1f ' f — is the unique rational number such that = ¥ f g.
Algorithm for Division of Fractions If% and 2 are any rational numbers, with§ #* 0, then% = % % i
¢
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m

Exponents of rational numbers
theorems

Ratio

Proportion

Constant of Proportionality

Proportionality theorems

If # is any rational number and 2 is any natural number, then

a" =acacac...-a.
m factors
For any nonzero rational number # and any natural number », 2" = —.

a

Theorem: For any nonzero rational number # and any integers 7 and 7,
e gt = ﬂm+n

Theorem: For any nonzero rational number # and any integers 7 and n,

Theorem: For any nonzero rational number # and any integers 7 and n,
( dm)n = gm

m v
. a . a a
Theorem: For any nonzero rational number 3 and any integer 7, <Z) =

Theorem: For any nonzero rational number % and any integer 7,
a\"” b\"
()= ()

Theorem: For any nonzero rational numbers # and 4 and any integer 7z,
(a-b)" = a”-b".

A comparison of two quantities # and b, where # and b are rational numbers, de-

a
noted as » a/b, or a:b and read as “a to b”.

A statement that two given ratios are equal.
Theorem: If a, b, ¢, and d are rational numbers and » # Oandd # 0, then % = 2
if, and only if, ad = be.

If the variables x and y are related by the equality y = kx, or k = Z’ then y is
i

proportional to x and k is the constant of proportionality between y and x.

a

b

_ <
b d

Theorem: For any rational numbers

b d
and only if, PR

and 2, witha # 0and¢ # 0, if,

Theorem: For any rational numbers g and 2, with ¢ # 0, % = 2 if, and only if,
a_>%
7

Chapter Review

1. For each of the following, draw a diagram illustrating the 3. Write each of the following rational numbers in simplest form.
fraction. . 24 b ax’ c 0
L3 L2 32 28 e 17
"4 "3 43 45 b+ bx 16
d. g €. b+ f. R
2. Write three rational numbers equal to —. ¥
6 x+a xa
& X —a Tx+ta
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10.

11.

12.
13.

14.

15.

5 4
. Can —+—+—be written as — —

Rational Numbers and Proportional Reasoning

. In each of the following pairs, replace the comma with >, <,
or = to make a true statement.
6 120 375
10’ 200 b
4 10 4 20 1 3
= (5)(5) o (1+5).(1+3)

. Find the additive and multiplicative inverses for each of the
following.
1
a. 3 b. 3 ;
5 3
c g d. - 4

. Order the following numbers from least to greatest.

A0 T (T 7y
87 737140’ 140’ \ 140 "2\ 73
4 7

5
— to obtain the same

58 14 8 14 5

answer? Why or why not?

. Use mental math to compute the following. Explain your
method.
L 8:9 b. 36-1 >
a. 3 (8-9) . 5

1
. John has 54 Eyd of material.

1
a. If he needs to cut the cloth into pieces that are 3 'R yd
long, how many pieces can he cut?

b. How much material will be left over?

Without actually performing the given operations, choose
the most appropriate estimate (among the numbers in paren-
theses) for the following expressions.

NERN
a. _1_8 (15,20,8)
4y 3,
3 4 15
At =+ =
b (800 5000 6)6 (15,0,132)
1 1 1
“ 307 7 1609 (1’4’0)

501
Write a story problem that models 4§ 5 Solve the
problem by drawing appropriate diagrams.
Find two rational numbers between % and i

5
Suppose the E button on your calculator is broken, but

the button works. Explain how you could compute
504792/23.

1
Jim is starting a diet. When he arrived home, he ate 3 of

the half of a pizza that was left from the previous night. The
whole pizza contains approximately 2000 calories. How
many calories did Jim consume?

If a person got heads on a flip of a fair coin one-half the
time and obtained 376 heads, how many times was the coin
flipped?

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

If a person obtained 240 heads when flipping a coin 1000
times, what fraction of the time did the person obtain heads?
Put the answer in simplest form.

If the University of New Mexico won % of its women’s
5
basketball games and 3 of its men’s basketball games, explain

. L 35
whether it is reasonable to say that the university won 7 + 3

of its basketball games.

The carvings of the faces at Mount Rushmore in South
Dakota measure 60 ft from chin to forehead. If the distance
from chin to forehead is typically 9 in., and the distance

1
between the pupils of the eyes is typically 2 7 in., what is the

approximate distance between the pupils on the carving

of George Washington’s head?

A student argues that the following fraction is not a rational
number because it is not the quotient of two integers:

_;;\wlw\l\.a

How would you respond?

Molly wants to fertilize 12 acres of park land. If it takes 9l
bags for each acre, how many bags does she need?

It % of all students in the academy are female and % of those

are blondes, what fraction describes the number of blond
females in the academy?
Fxol hich i 11 12

xplain which is greater: 9 " 1o

Solve for x in each of the following.

1
" — Br
a. 7 343 b. 2 S2
5 5 1 2
L2 - == Lx+2-=5>
c 2x 376 d. «x 22 53
+
0+x 4 f.2x-i-4-=3x—l
x 5 3

Write each of the following in simplest form. Leave
all answers with positive exponents.

(XSJ’I)’Z ny’Z -2
a. 7,1 b ( = 2)
xa 'y
Find each sum or difference
30 b
xyz xzyz
5 2
b. — - —
xy 3x
e b
. x3y2z xyz
7 5
gt ey
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Rational Numbers and Proportional Reasoning

Mike drew the following picture to find out how many pieces

1
of ribbon 5 yd long could be cut from a strip of ribbon

1 %yd long.

1 @ 3)

ENE
N[ —
EN[oN)

3001
From the picture he concluded that IZ 3 is 3 pieces with

1 1
7 yd left over, so the answer is 31 pieces. He checked this

using the algorithm % % = 14i = 3% and is confused why
he has two different answers. How would you help him?
Tom tossed a coin 30 times and got 17 heads.

a. What is the ratio of heads to coin tosses?

b. What is the ratio of heads to tails?

c. What is the ratio of tails to heads?

Which bottle of juice is a better buy (cost per fluid ounce):
48 fl oz for $3 or 64 fl oz for $4?

Eighteen-karat gold contains 18 parts (grams) gold and

6 parts (grams) other metals. Amy’s new ring contains

12 parts gold and 3 parts other metals. Is the ring

18-karat gold? Why?

A recipe for fruit salad serves 4 people. It calls for 3 oranges
and 16 grapes. How many oranges and grapes do you need to
serve 11 people?

1
If the scale on a drawing of a house is 1 cm to 2 7m, what is

the length of the house if it measures 3 ¢cm on the scale
drawing?

In water (H,0), the ratio of the weight of oxygen to the
weight of hydrogen is approximately 8:1. How many ounces
of hydrogen are in 1 1b of water?

A manufacturer produces the same kind of computer chip

in two plants. In the first plant, the ratio of defective chips
to good chips is 15:100 and in the second plant, that ratio

is 12:100. A buyer of a large number of chips is aware that
some come from the first plant and some from the second.
However, she is not aware of how many come from each.
The buyer would like to know the ratio of defective chips to
good chips in any given order. Can she determine that ratio?
If so, explain how. If not, explain why not.

Suppose the ratio of the lengths of the sides in two squares is
1:7. What is the ratio of their areas? (4 = s5?)

The Grizzlies won 18 games and lost 7.

a. What is the ratio of games won to games lost?

b. What is the ratio of games won to games played?

Express each of the following as a ratio % where # and b are

whole numbers.

1 23
a. o 1 b. <2
The ratio of boys to girls in Mr. Good’s class is 3 to 5, the ra-
tio of boys to girls in Ms. Garcia’s is the same, and you know
that there are 15 girls in Ms. Garcia’s class. How many boys
are in Ms. Garcia’s class?

38.

39.

40.

41.

42.

43.

44.

45.

If the ratio of the number of states of the United States using
the Common Core Standards to those not using it is 9:10, how
many states are not using these Standards?

From about 1978 to 1985, there was a trend towards

. L . 1
conservatism among university professors with about 20 of
professors identifying themselves as strongly left-wing, about

1
a third identifying themselves as liberals, about 3 identify-

ing themselves as moderates, 7 as conservative, and 20

strongly conservative. What fraction identified themselves
with none of the labels?

Since 1985, the fraction of liberal professors has grown
steadily, with research finding somewhere between 7 to 9
liberals for each professor of another political persuasion.
What statement with ratios could you make about professors
of other political persuasions?

In an equilateral triangle, all sides have the same length and
the perimeter is the sum of those lengths. What is the ratio
of the perimeters of two equilateral (all sides of equal length)
triangles whose sides each have lengths 6 cm and 10 cm
respectively?

If a cup of coffee with 1 oz of cream is compared to another

cup with % oz cream, which has more cream?
In a package of tulip bulbs, the seller guarantees that at
least % of the bulbs will bloom. If you planted a package

of 121 bulbs, at least how many would be expected not to
bloom?
A woman’s will decreed that her cats be shared among

1
her three daughters as follows: 7 of the cats to the eldest

1 1
daughter, 3 of the cats to the middle daughter, and r of the

cats to the youngest daughter. Since the woman had 17 cats,
the daughters decided that they could not carry out their

mother’s wishes. The judge who held the will agreed to lend
the daughters a cat so that they could share the cats as their

mother wished. Now, % of 181is 9; % of 18 is 6; and é of 181s 2.

Since 9 + 6 + 2 = 17, the daughters were able to divide the
17 cats and return the borrowed cat. They obviously did not
need the extra cat to carry out their mother’s bequest, but
they could not divide 17 into halves, thirds, and ninths. Has
the woman’s will really been followed?

Prince Juan was allowed to take a number of bags of gold as
he went into exile. However, a guard at the first bridge he
crossed demanded half the bags of gold plus one more bag.
Juan met this demand and proceeded to the next bridge.
Guards at the second, third, and fourth bridges made identi-
cal demands, all of which the prince met. When Juan finally
crossed all the bridges, a single bag of gold was left. With
how many bags did Juan start?
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Answers to Problems

Answers to odd-numbered Mathematical Connections problems are available at www.pearsonhighered.com/mathstatsresources

<http://www.pearsonhighered.com/mathstatsresources>.

Assessment 1A

1. Answers vary. a. The solution to 8x = 7 is g b. Jane ate ’

[ee]
TN

of the pizza. c¢. The ratio of boys to girlsis 7t0 8. 2. a b.

2 1 5 2 4 2 6
C.g—g dﬁ 3.§ 4.3.; bg—g 0.6—

8 2
d.lfz—g.

W N N —

The diagrams illustrate the Fundamental Law of
Fractions. 5. a. No, the parts do not have equal areas. The

1
shaded part could be 7 of the circle, but we can’t tell from the

figure. b. Yes c. Yes 6. Answersvary. a. b. %
i3
9 3 12 1 4 8 1
C.% 7aﬁ—§ ﬁ Ec.ﬁ—g dﬁ—g
i
4 17 39 4 6 8
8. a — b. — 1 d—— 9. An A Ty
P ERT 3 SWEIS VALY % 1827 36
4 2 710 000 2a 3a 4a 52 3
Y5 s Crrs Sres s s
c. — 11. a. Undefined b. Undefined c¢. 0 d. Cannotbe
b 2
simplified e. Cannot be simplified 12. a. 2 3 b. 9795
Y
13. a. Equal b. Equal 14. a. Notequal b. Notequal
36
15. An . 16. —
SWers vary. ) m
32 -
17. a.ﬁ b. 14 gallons 18. a. 3 b. 736
11 11 11
.a > . < — T, o
19. a b 20. 1316 22
1 719 717 10 11 22 723
57367 30 21. Answers vary. a. 2 Py
b o 63 6 3 01 151
76 832,000 16000 100 10 S 60 4
1 1
d. ﬁ 3 23. False 24. 3 25. Answers vary.

a. 2,3,4 b.3,5,7,9 26. n cannot be 0; otherwise there
would — in the theorem. 27. n = ? for all integers 7, so every

integer can be written as a fraction. 28. Drawing is only a rep-

45671
resentation, not to scale. prprper i 1] 29. 2 30.%
Assessment 2A
7 1 4 1 S5y = 3«
l.a. - =1— b. —=—
=l b=y e,

=3y + Sx + 1497 2 22 2
P R L A - B N
2x7y 24 24 3 3
4 1 2 93
g. SE = 8; 2. a. 18; b. ZW 3. Answers vary.

a. 4

9.

11. Answers vary. Approximately 4+3 = 12

14. 2 %yd 15. Answers vary.

~29

271)—

ilow d. -

About 0 About % About 1
8

o m‘r\)

12
8

.

hlgh b. 0,low c.

b.0 10.a. A b. H

a.

4

4. Answers vary. a.

hlgh 5. a. Beavers

7 high d. 1, high

l, high b. %, low

b. Ducks c¢. Bears

3
.a.2 b. -~
8. a b4
c T d H

1
12.

7136fd
4 y

24 4 2 T2 34
789 10 11
1 leees s
1 1 1 1 16 1
sl =+ ==
oad g4 3373 " 0 "% 3
. 1 1 1 1 25 1
oot = o= =
5 45 5 20 100 4
L1 1 136 1
"6 T56 6 30 180 s
1 1 1 5 21 1 7
L= + ca s b =32=12
n n+1l nm+1l) 18. a 6 b 6 32 2
19. % mi  20. No, you need i cup more milk.
23 22 2
21. Answers vary. a. Aboutg b. About — 5 © Aboutm
1 7
22. The 16- and 17-year-olds 23. 3 24. 100
Assessment 3A
11 1 23 6
1. Answers vary. a3 b. 75~ 20
2. Answers vary. a. ﬁ b.i
1 b 24 1 1 _
Yo L BT 63 13
c. d.7 6.:1.12 4b.4—2 ¢ 3 d.2
7. Answers vary. For example, a. 6 +2 # 2 + 6
b.(8+4)+2#8=(4+2) 8226 b.29 ¢ 92 d 18
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c. Greaterthan2 11. d 12. 9600 students 13. é
b

14. $240 15. $225 16. 32 marbles 17. a. % .38

N _ 1 1y’
5 _
2 9
c. (3) d. 1 19. a, b, c.,e., and f. are false; counterexamples

vary. d. True; ab # 0; use Theorem 19a. 20. a. 5
b.6or 6 ¢c. 2 d. 4 2l.a.x=<2 b.x<2 cx=2

1 3 3 8 4 10 4 10
d x=1 22.a <E) b. (Z) C. (§> d. <§)

e. 320 £ (73)7° 23. Answersvary

c. S d. 5V e 1
52

+ - because - < 7. Thus,

b

a 1 a ¢ a a

b z » " )Al“’*(z*z)<
¢

1
2
8
) < f. 24. a. 25 b. No; this only describes

A w\&

4.9 _
b b
<4, L
b d’
5+
—(=+=)<
2 d
a a
— < —
AEI
the fraction of students, not the total number of either males or

1 1
a. Aboutﬁ b. Aboutg

73 1
26. a. 2012 to 2013 b. 2008 to 2009 27. 31 28. 37

females. 25. Answers vary.

Assessment 4A

1. a. 5:21 b. 21:5 c. 21:26 d. Answers vary. For example,

1 1 1
2.a.30 b. 33 c 233 d. 102
3. a. 2:5. Because the ratio is 2:3, there are 2x boys and 3« girls;
2

2
2 +3x 5
b. m:(m + n) ¢ 3:2 4.361b 5. 12 grapefruits for $2
6. 270mi 7. 64 pages 8. a. 42,56 b. 24and32,0r 24 and 32
9. $16,400; $24,000; $41,000 10. $77 and $99

1 1 7
11. 135 12. a. o b.* ¢

36 480z 12
13. Answers vary. 12(;2 = Iéiz’é =

minor.

hence, the ratio of boys to all students is

360z @ 48 oz

480z’ 12¢ - 360z

14. a. % b. 6ft 15. a. 27 b. 20 16. Approximately 34 cm

2 1
17. a. 3 tsp mustard seeds, 1 c scallions, 2 5¢ beans

2
b. = tsp mustard seeds, 2 ¢ tomato sauce, 2 — ¢ beans

3 6

¢ tomato sauce, —— c scallions
13 2 6

19. 61 cm 20. The ratio between the mass of

7
¢ 13 5P mustard seeds, 1 —

18. 16 ohms
1

the gold in the ring and the mass of the ring is £

If x is the number of ounces of pure gold in the ring which weighs

I 7(18-4)
24 4. ence,x = w0

Consequently, the price of the gold in the ring is

4 oz, we have or 3 oz.

3-$1800 or $5400. 21. a. $320 b. 8 22. a. 1:2

b. Letﬁ=£=]%= r. Then,a = br, c = dr,e = fr.

b d

So,a +c+e=br+dr+fr

at+ct+e=rb+d+f)
a+c+e

b+d+f
23. As seen in the drawing, % of stick A is % of stick B, and stick B

is 18 cm shorter than stick A.
1 unit Stick A

f_/%
1 unit Stick B
We have the following: Stick B is 3 - 18 unit sections while stick A
is 4 - 18 unit sections. Thus, the lengths of the sticks are A, 72

cm, and B, 54 cm. 24, The car  25. Nick 26. 14 comput-
ers 27. 17 round ones and 85 oblong ones 28. No, 6 dozen

1
cookies would take 4 — ¢ flour.

Chapter Review

1. Answers vary. a. ] b. RS

2. Answers vary; for example, ig i; 52 3. a. g

b. ﬂf c %= 0 d. % e. b f. 7 g. Cannot be simplified

h. Cannot be simplified 4. a. = b. c > d <
Sz 3;300

6. 23150 (15)  taoriar (33)

7. Yes. By the definition of multiplication and the commutative
and associative laws of multiplication, we can do the following:

47 5 475
58 14 5-8-14
_4-7-5
"~ 8-14-5
_4.7s
8 14 5

1
8. Answers vary. a. 24, because §(8 - 9) is equal to

1
<§-9)-8 = 3-8 =24. b. 66, because 36’1%is equal to

11
36- ?—6 11 = 66. 9. a. 17 pieces b. 16yd

10. a. 15 b. 15 c. 4 11. Answersvary
78

1ooand166

3. [s]Lo][4][7 Il 223 ) =]

15. 752 times

12. Answers vary. For example,

6 240 _ 6

14. Approximately 333 calories 1000 25
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3
17. Itis not reasonable to say that the university won 7 + 9
11
or =5 of its basketball games. The correct fraction cannot be

determined without additional information but it is between

Bl and E 18. 16 % ft  19. You should show him that the

8 4
given fraction could be written as an integer over an integer.
4 12
21, — 22, —
15 10

11
is greater than o5 because 12 -9 > 711 -10. Alternatively,

12 11 “108 110 2
- —= — —— = — which is positive; therefore

8
In this case, the result is > 20. 112 bags

0 9 90 90 90
— >, L a . 2 g Y 1
10 9 23.a.3 b.3 c4or184 d 6or36
3
+
e 100 £ Boral 240 % b L g5a 3ttt
3 3 x’ x10 xly?
15-2 a-by 31
b. 3xy2 C. x3y2z d. 516 26. Answers vary.

1
For example, the problem is to find how many E—yd pieces of
3 1
ribbon there are in 1 7 yd. There are 3 pieces of length 5 yd with
1 11 1 .
7 yd left over. This 7 yd is 7 of a E—yd piece. Therefore, there are
1 1 1
3 pieces of E—yd ribbon and 1 piece that is 3 of the E—yd piece or

3 % of the %—yd pieces. Thus, “3 pieces and %yd left” and “3 %
27.a. 17:30 b. 17:13 ¢, 13:17

18 12
29. No,— # —=
> 73

pieces” are correct answers.

1
28. Neither; same price 30. 8 7 oranges and

1
44 grapes  31. 75m 32. The ratio of hydrogen to the total is

1 7
1:9. Therefore, — = iimplies x = 16 oz. 33. No, the ratio

9 16
depends on how many chips came from each plant.
35. a. 18:7 b. 18:25 36. a. 1:5 b. 8:15 37. 9 38. 5 states

1
39. 3 40. The ratio of professors of other political

persuasions to liberals is 1:7 to 1:9.  41. The ratio of perimeters
is 3:5. 42. The cup that has 1 oz cream 43. 66
44. No, the will is impossible because the fractions of cats to be

shared do not add to 1. If the woman had x cats then the number

1 1 1 1
of cats her will directs to be distributed is 7% + gx + oF = éx,

1
but the sum should be 1w, or <£>x 45. 46 bags.

34. 147

Answers to Now Try This

. . a c a
1. Consider two rational numbers — and 7 where —

b b

denseness property of rational numbers we can find a rational

< 3 By the

. . a .
number x; between the two fractions. Since — < xy, there is a

b

. a .
rational number x, between — and x;. We next can find a rational

b

a .
number x3 between — and x, and so on. This process can be

repeated indeﬁnitelyf]and hence we obtain infinitely many
rational numbers xy, ,, &3, . . . between %and 2 2. Because
% < éwith b > 0and d > 0, Theorem 3 implies ad < bc.
Adding ab to each side of the inequality, we now have

ab + ad < ab + bc. Thus, by factoring a(b + d) < b(a + ¢).
1 3

3. 11 1 4
. ~is greater than —, > + — = TS
3 415 eater >3 73 l,so4 5 1 613 less than

. 31
1, so it cannot be the correct answer for 7 + —. 4. Answers

2
vary. For example, consider the following. If Caleb has $10.00,
how many chocolate bars can he buy if a. the price of one bar

1

is $2.00? b. the price of one bar is $5? For (a) the answer is
1

10 = 2 or 5. For (b) the answer is 10 + > which is the same as

1
finding the number of 38 in 10. Since there are two halvesin 1, in

10 there are 20. Hence Caleb can buy 20 bars.

@ ad ad ad
s ere_c_cb_cb_cb_ad_a ¢
“b+d b bd bd 1 bk b d
d db dib
6. 20 lawns
Answer to Preliminary Problem
The area of the holes is% + % = % of the whole washer.
Thus the area of the rubber in the finished product is

117

58 28 of the whole washer. If the area of the original

3
piece of rubber is 1 Y then the area of the finished washer is

(9)(42) = (2)(12) = 7 e i
28 8 = 28 8 = 2241n. Oor abou 61n.
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Credits

Credits are listed in the order of appearance.

Text Credits

Excerpt from Grade 3, Standards for Mathematical Practice. Copyright
by Common Core State Standards Initiative. Used by permission of Com-
mon Core State Standards Initiative. Excerpt from Grade 3, Number and
Operations—Fractions, Standards for Mathematical Practice. Copyright
by Common Core State Standards Initiative. Used by permission of Com-
mon Core State Standards Initiative.

Excerpts from Grade 3, Number and Operations—Fractions, Standards
for Mathematical Practice. Copyright by Common Core State Standards
Initiative. Used by permission of Common Core State Standards Initiative.

Excerpt from Grade 4, Number and Operations—Fractions, Standards for
Mathematical Practice. Copyright by Common Core State Standards Ini-
tiative. Used by permission of Common Core State Standards Initiative.

Randall Inners Charles, enVisionMATH, Grade 6 Common Core,
© 2012. Printed and Electronically reproduced by permission of Pearson
Education, Inc., Upper Saddle River, New Jersey.

Excerpt from Grade 4, Number and Operations—Fractions, Standards for
Mathematical Practice. Copyright by Common Core State Standards Ini-
tiative. Used by permission of Common Core State Standards Initiative.

Excerpt from Grade 5, Number and Operations—Fractions, Standards for
Mathematical Practice. Copyright by Common Core State Standards Ini-
tative. Used by permission of Common Core State Standards Initiative.
enVisionMATH, Grade 6 Common Core, © 2012. Printed and Electroni-
cally reproduced by permission of Pearson Education, Inc., Upper Saddle
River, New Jersey.

Excerpt from Grade 5, Number and Operations—Fractions, Standards for
Mathematical Practice. Copyright by Common Core State Standards Ini-
tative. Used by permission of Common Core State Standards Initiative.

Randall Inners Charles, enVisionMATH, Grade 6 Common Core, © 2012.
Printed and Electronically reproduced by permission of Pearson Educa-
tion, Inc., Upper Saddle River, New Jersey.

Randall Inners Charles, enVisionMATH, Grade 6 Common Core, © 2013.
Printed and Electronically reproduced by permission of Pearson Educa-
tion, Inc., Upper Saddle River, New Jersey.

Excerpt from Grade 6, The Number System, Standards for Mathematical
Practice. Copyright by Common Core State Standards Initiative. Used by
permission of Common Core State Standards Initiative.
MATHEMATICS Common Core, Course 1, © 2013. Printed and Elec-
tronically reproduced by permission of Pearson Education, Inc., Upper
Saddle River, New Jersey.

Excerpt from Grade 7, Ratios and Proportional Relationships, Standards
for Mathematical Practice. Copyright by Common Core State Standards
Initiative. Used by permission of Common Core State Standards Initiative.
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for Mathematical Practice. Copyright by Common Core State Standards
Initiative. Used by permission of Common Core State Standards Initiative.
Excerpt from Gulliver’s Travels by Jonathan Swift. Published by Plain Label
Books, © 2011.
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