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The following derivation can be found in many textbooks, e.g., [1]. Consider a system of n par-
ticles, and let, ; be the position vector of the ith particle relative to a point o fixed in an inertial

frame, as shown in Fig.
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Figure 1: Position vectors for a system of particles
The total kinetic energy of the system, 7', is the sum of individual kinetic energies of the particles:
1 o
T= QZmiH"“iH , (1)
i=1

where m; is the mass of the ith particle. Position of the ith particle can be expressed relative to

the position of the centre of mass of the system, r,.:

T, =7T.+ D, (2)
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Using Eq. (2) in Eq. (), one obtains:

1 ¢ : o .
= o Sl + 2t ). ()

i=1

However,

Z m;p; = 0, (4)
i=1

since p, are measured from the centre of mass. In terms of the total mass of the system, m =

Yoy my, Eq. (3) reduces to:
T= —m||rc||2 Zmzann? (5)

Equation is the mathematical form of Ko6nig’s theorem (see, e.g., [2]), which states that the

total kinetic energy of a system of particles is equal to the sum of:

1. The kinetic energy due to a particle having a mass equal to the total mass of the system and

moving with the velocity of the centre of mass; and

2. The kinetic energy due to the motion of the system relative to its centre of mass.

Equation was derived for a system of particles. However, it can be adapted to the case of a rigid
body in general spatial motion, by considering a small volume element dV' having a density p, as

shown in Fig. [2|
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Figure 2: Volume element in a rigid body

The total kinetic energy is given by:

1 1
T = —mllv||* + —/ pllp|*dV, where v, = 7. (6)
2 2/,
1 - 1 -
=T =_—v,mv.+= [ plpl|°dV, (7)
2 2



where, p is the position vector of the volume element, dV, relative to the mass center, r.. The first
term is called the translational kinetic energy, of the rigid body (denoted by Tirans) and the second
term is called the rotational kinetic energy (denoted by T,o). If one considers the reference point 7,
to coincide with the center of mass and assume that the body is rotating with an angular velocity

w, then one can write:
p=wXxp. (8)

Therefore

1P| =(wxp) (wxp)=w-(px(wxp)). (9)

Hence, the rotational kinetic energy of the body can be written in the form:

T g+ ([ oo xtwxpyav). (10)

Expanding the vector triple product, one obtains:

=g [ (oo - wp)av). (1)

(12)

Considering a body-fired reference system, with its origin at 7., in terms of the unit vectors 2, 3 and

k, one can write:

p =i +yj+ 2k, (13)

W = wyt + wyJ + wk. (14)

Using Eqs. , into Eq. , one obtains:

1

ﬂm:§w~([}ﬂ«f+w%@f—@w@+xm@)r+”JdV). (15)

The integration over the body leads to:

1 1
Trot = §Imw§ - §Iyyw§ + 5 w2+ Lywewy + Lwaw, + Iy wyw,, (16)

where:

p(y” + 2°)dV, (17)

p(a® +y*)dV. (19)

J
I, = /Vp(x2 + 2?)dV, (18)
J



Also,

Ly =1, = —/ prydV, (20)
v

I,,=1,= —/ przdV, (21)
v

IL,=1.,= —/ pyzdV. (22)
v

Using the matrix notation, Eq. can be written in the form:
L+
Trot = §wb Ibwby (23>

where wy, = [w,, wy,,w,]" is the body-fired angular velocity, and

Iy Imy I,
L= Iu Iy Iy (24)
[zx [zy [zz

is the inertia tensor in the body-fixed frame of reference. Therefore, we have obtained the expression
for the total kinetic energy of a rigid body in terms of the translational motion of its mass centre,

and the rotational motion of the body about the mass centre:

1 1
T = ﬂrans + Trot = §v;rmvc + 5(.0;[(,&)1). (25>
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