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Exercises on Sequences and Series of Real Numbers

1. This was about half of question 1 of the June 2004 MA2930 paper.

Let (x,) denote a sequence of real numbers.

(a) (i) Define what it means for the sequence (z,) to converge, using the usual ¢ and
N notation.
[1 mark]

(ii) Define what it means for the sequence (z,) to be strictly increasing.
[1 mark]

(iii) If the sequence is bounded above then define the least upper bound (i.e. the
supremum) of (z,).
[1 mark]

(iv) If a sequence (x,) is both increasing and bounded above then state what you
can deduce about the convergence or divergence of the sequence?

[1 mark]

(b) Explain why each of the following sequences converges and in the case of (i) and
(i) determine the limits.

103n2 — 8

= 2 k
v 4n2 +99n — 3 [2 marks]

(ii) Ty = —n+ Vn?+ 3n. [2 marks]

n

3k + 2k
n = _— . 2 k
(iii) x ; o [2 marks]

ANSWER
(a) (i) (x,) converges to x € R if for every € > 0 there exists a N such that

|z, —x| <€ forallm > N.

(ii) (z,) is strictly increasing if @, 41 > x, forn =1,2,---.

(iii) u € R is a least upper bound or supremum of (x,,) if it is an upper bound of
(x,) and no number smaller than u is an upper bound.
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(iv) A sequence (x,) which is increasing and bounded above converges. It converges
to the least upper bound of the set {x,}.

(b) (i) The sequence converges because it is a combination of standard convergent
sequences. We have

103n? — 8 103 — 8/n? 103

— —— as n — Q.

T 2y 99n —3 4+ 99/n—3/n2 4

x, = —n+vVn?+3n

(n? 4+ 3n) — n?

V(24 3n)+n

3n

ny/(1+3/n)+n

3 3
2

= —

Vv(1+3/n)+1

as n — Q.

(iii) (z,) is a sequence of partial sums (i.e. a series). With aj, = (3k? + 2k) /2% the
ratio test gives

Aht1 (1) 3(k+1)2+2(k+1)

Qg 2 3]€2+2k5
(I3 +1/k)?+2(1/k+1/k*) 1
- (2) 3+ 2/k y koo

As this limit is less than 1 in magnitude the series converges.

2. This was question 1 of the January 2003 MA2034A paper. Cauchy sequences will be
covered later in the module this year and thus you will not be able to answer (a)(ii) and

(b) yet.

Let (x,) denote a sequence of real numbers.

(a) (i) Define what it means for the sequence (x,) to converge using the usual € and

N notation.
[1 mark]

(ii) Define what it means for the sequence (z,) to be a Cauchy sequence.

[2 marks]
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(iii) Define what it means for the sequence (z,,) to be strictly increasing,.

(b) Prove that if a sequence (z,) converges then it is a Cauchy sequence.

[1 mark]

[4 marks]

(c¢) Determine the limits of the following sequences (x,) whose nth term z, is given

below.
(i)
5n® +3n + 1
T, = —————.
Tt 42
(i)
sin(n? + 1)
Ty = .
n®+1

vVn+2—+vn+1
NES N

(d) Let

1 k n n
ag = —7, bx=_, sn:Zak and tn:Zbk.
k2 2 k=1 k=1

(i) Find the limits of the sequences (ax.1/ax) and (bgy1/bg)-

(ii) Given that

1 3\"?
ar < — < by and ka(z) . k>3,
explain why (s,) and (¢,) both converge with

lim s, <1< lim ¢, <4.

n—oo n—oo

[2 marks]

[2 marks]

[2 marks]

[2 marks]

[4 marks]
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ANSWER
(a) (1) (x,) converges to x € R if for every € > 0 there exists a N such that
|z, — x| <e foralln> N.

1 mark

(ii) (x,) is a Cauchy sequence if for every € > 0 there exists a N such that
|z, — x| <€ for all n,m satisfying n > N and m > N.

2 marks

(iii) (@) is strictly increasing if x4 > x, forn =1,2,---.
1 mark

(b) From the definition of convergence of (z,) to = there exists a N = N(e/2) such
that
|z, — x| <e€/2 forallm > N.

If both n > N and m > N then
20 — Tm| = [(2n — @) — (@ — )| < [(@n — 2)| + [(zm — )| <€/2+€/2=¢

by the triangle inequality and the above bound. Thus (z,) is a Cauchy sequence.

4 marks

(c) () f
n+3n+1  5+3/m*+1/m* 5 1
Ty 1= 3 5 = 5 — - =5 asn-— oo.
5n°+n“4+2 154+ 1/n+2/n 5 3
In the above we have used the result that 1/n — 0 asn — oo and a result about
combining convergent sequences and noting that the denominator converges to

a non-zero value.

2 marks
(ii) |sin(n?+ 1)] <1 and hence
1 1n?
n*4+1 1+1/n?

Thus z,, — 0 as n — oo.

|z, | < —0 asn— oo.

(iii) Applying the identity a — b = (a* — b*)/(a + b) to the numerator and the
denominator gives
vn+2—+vn+1  Vn+1l4++n
Vn+l—vn  Vn+2+vn+1
VI+1/n+1 1+1

\/1+2/n—|—\/1+1/n_>1+1

T, =

=1 asn — oo.
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(d) ()

Q1 k2" ok
ar,  (k+ 120D 2(k+1)
1 1

= oatam 2 koo
b1 (k+1)28  k+1
b k2D T2k

1+1/k 1
= —

— as k — oo.
2 2

(ii) sp — Sp—1 = an, > 0 and t, — t,—1 = b, > 0 and thus both (s,) and (t,) are

strictly increasing. They both converge if they are bounded.
n n n—1
1 1 1 1/1—(1/2)" 1
n = < — == — | ==|—]=1-=<1
° Za’“—ZQ’f 2<sz> 2(1—(1/2)) on
1 1 0
Thus lim s,, < 1.

» "3\ 1 1 3\ 22 3\t
21:;9_1+2+23:<4> 2+2+(4) (4)
3 1
< 1+ (2)—— =4

+(4)1—(3/4)
Thus lim¢, < 4.
Finally as

t,>1— —

for all n it follows that ¢,, > 1.

3. These are parts of the question 1 of the January 1999-2002 examination papers. The
marks shown in bold and in square brackets next to the question are the part marks that
were shown on the January 2001 and 2002 examination papers. The mark breakdown
was not indicated on MA2034A examination papers before January 2001.

Let (x,) denote a sequence of real numbers.

(i) Define what it means for the sequence (z,) to be bounded.

[1 mark]

ANSWER

(x,,) is bounded if there exists a M such that |z,| < M for all n.
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(ii) Prove that if a sequence (x,) is strictly increasing and bounded above then it
converges to u where u is the least upper bound of (z,,).

[4 marks]

ANSWER

As u is the least upper bound then no smaller number v — € is an upper bound for
any € > 0. Thus there must be an x with

u—e<ay<u.
The increasing property of the sequence then implies that
u—e<ry<ayy1<--<u

and we satisfy the convergence definition for all n > N.

(iii) Determine the limits of the following sequences (x,) whose nth term x,, is given
below.

(a)

42
-2
T, = 7n4—{——n : [2 marks]
14n™ +5n — 4
ANSWER
4 2_2 1 2\ 2 4 1
. ™t +n T4+ (1/n%) (/n)_}? 1o s

T Un'+5n—4 14+ (5/nd) — (/Y 14 2

In the above we have used the result that 1/n — 0 as n — oo and a result about
combining convergent sequences and noting that the denominator converges to

a non-zero value.
2 marks

3 2
2 1

T, = n:—n—f— : [2 marks]
6n” +n+4

ANSWER
n*+2n*+1 14+ (2/n)+(1/n%) 1
= = —_— —
6n° +n+4 6+ (1/n*) + (4/n*) 6

In the above we have used the result that 1/n — 0 asn — oo and a result about
combining convergent sequences and noting that the denominator converges to

a non-zero value.
2 marks

Tn as n — oo.
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(c)

n+n+1
e
3n°+4

ANSWER

. n®+n+1  14(1/n)+(1/n%) 1

" 3n?4d4 3+ (4/n?) 3
In the above we have used the result that 1/n — 0 as n — oo and a result
about combining convergent sequences. The denominator converges and it is

at least 3 for all n.

as n — Q.

T, = Vnt+n2—n?. [2 marks]

ANSWER

2

n
Vnt 4+ n? 4+ n?
1 1 1
— = —
V1+1/m2+1  1+1 2

T, =Vni4+n2—n? =

as n — OoQ.

It is acceptable here to use the general binomial expansion to give

v o= 0 ((L+1/n)"2 = 1) =n*((1/2)(1/n®) + O(1/n"))
= 1/2+0(1/n*) —1/2 asn — oo.

Tpi=-n+vVni+n. [2 marks]

ANSWER

Tp=Vn2+n—n =

n
vnZ+n+n

1 1
— asn — 0.

1
Jitin+l 1+l 2

mn:_sinn+( T i)

n
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ANSWER

Since |sinn| < 1 we have

sin n

1
<——0 asn— oo.
n

n

Also,

1
vVn+l—yn=—————0 asn— oo.
vn+1++/n

Thus z,, — 0 as n — oo.

(iv) (a) Show that the sequence (x,) whose nth term is

n® + 3n° 9
Ty, = ———— —1
n—+1
is unbounded.
[2 marks]
ANSWER
n®+3n* , n®+3n®—(n’+n?)
xn = _— =
n—+1 n—+1
on? on?
= > — =N
n+1~ 2n

(x,,) is unbounded by comparison with n.

(b) Show that the sequence (z,) whose nth term is
T, = (n+1/n)° —n’
is unbounded.
ANSWER

T, =M +3n+3/mn+1/n*) —n®>=3n+3/n+1/n* > 3n.

(xy,) is unbounded by comparison with 3n.

(c) Show that the sequence (x,) whose nth term is

Tp = (n+ 1/n2)4 —nt [3 marks]

is unbounded.
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ANSWER

T, = (n+1/n2)4—n4
= (n*+4n+6/n* +4/n° +1/n°) —n?
= 4n+6/n*+4/n° +1/n® > 4n .

The sequence (n) is unbounded and hence by comparison (z,) is also un-

bounded.

Given that k! > 2*=1 for all ¥ > 1, show that the sequence (r,,) whose nth

term is
1
k=0

is bounded above by 3. Explain why you can deduce that it converges.

ANSWER
We are given that k! > 2*~! for k£ > 1 and thus

1 1

for k > 1.

Thus

VAN
—_
+
]
[\)
"?H

(by summing the geometric series)

1
= 14+211- = .
r2(1-5) <3

Since 41 — x, = 1/(n + 1)! > 0 the sequence is strictly increasing and as it
is also bounded above it converges by the monotone convergence theorem.

Given that k¥ > 2F for all k¥ > 2, show that the sequence (x,) whose nth term

1S
n

1
Iy :ZE

k=1

is bounded above by 3/2. Explain why you can deduce that it converges.
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ANSWER
For k > 2, . .
k* > 2% implies ES?
Thus
Tn—1 = Z%
k=2
<y loist
k=2 2" 4j=0 2
11—/
N Z( 1-(1/2) )
)
4\ 1-(1/2) 2

by summing the geometric series. Hence z,, < 3/2 for all n.

Since x, — x,_1 = 1/n™ > 0 the sequence is strictly increasing and as it is also
bounded above it converges by the monotone convergence theorem.

Let
1 k n n
ak—k2k, bk:?, sn:Zak and tn:Zbk
k=1 k=1
Given that
1 3\ k2
akﬁ?Sbk and bkﬁ(z) . k>3,

explain why (s,) and (¢,,) both converge with

lim s, <1< lim ¢, < 4.

n—oo n—oo

[4 marks]

ANSWER

This repeats the last part of question 1. See the answer to the last part of
question 1.

4. If the sequence (x,) converges then show that its limit is unique.
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ANSWER

This is a proof by contradiction. Hence you start by assuming that the converse is true
which in this case means that you assume that the sequence converges to 2 distinct
limits « # y. We need now to show that this always leads to a contradiction.

All we know about the sequence is that it converges and thus we start by using this.
We have from the definition of convergence that for every € > 0 there exists N, and N,
such that

|z, —x| <e foralln >N, and |z,—y|<e foralln>N,.

As we are aiming to show that it is impossible for x and y to be different the next step
is to consider the difference z —y. If n > max{N,, N,} then by the triangle inequality
we have

0#z—y = (v —xn)+ (v0 —y)
O<lz—y| = |[(z—zp)+ (zp—v)| <|zp—z|+ |2, —y| <e+e=2€.

This is true for all e and by taking e sufficiently small we get our contradiction, specifically
we get a contradiction if we take

=yl
€ =

0.
1 >

5. Show that if (x,) is a sequence of real numbers which converges to = then the sequence

(s,,) where
5 1+ 22+ -+,
n - n
also converges to x.
ANSWER

(z,) converges to x implies that for every e > 0 there exists an N such that
|z, —z| < e foralln> N.

We now divide the sum into those terms before N and those after N. We have

1 N-1 1 n

N-1

+¢, where C’:Z]xi—ﬂ.
1

n

Z(ﬂ% — )

1

1
lsn — x| = —
n

IN

¢
n
Now

C C
— +e€e< 2 provided — <e¢,  which requires that n > C'/e.
n n

Thus if we let N = max{N,C/e} then for all n > N we have |s, — | < 2¢ which proves
that the sequence (s,,) converges to z.
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6. Given that (14 1/n)" — e = 2.718--- as n — oo and for ¢ > 0, ¢/* — 1 as n — oo,
show the following.
(1)
1 n
<1+—2> —1 asn — oo.
n

(ii) The sequence (x,,) defined by

is unbounded.

(iii) If r = p/q € Q is a rational number (i.e. p,q € N with ¢ # 0) and assuming that
the sequence (t,) defined by
t, = <1 + £>
n

converges then show that the subsequence (t,,) = (t,t,, - - - ) converges to e'.

ANSWER
The key here is to introduce the convergent sequence (y,) where
1 n
Yp 1= (1+—) —e=2718--- asn — o
n

and to express the given sequences in terms of (y,).
(i) Let
1 n
T, = (1 -+ —2> o (yn2)1/n ]
n

Now y,, — e implies that y,, is near e for sufficiently large n. In particular, vy, < 3
for all sufficiently large n. (A closer inspection would reveal that this is true for all
n but this amount of detail is not required to establish that the given sequence is
convergent.) Thus

1<, = (yn2)/" < 3.

The right hand side converges to 1 as n — oo and thus the squeeze theorem implies
that z,, — 1 as n — oo.

(ii) Now let

Observe that

(1+5) =%
Tp2 = | 14+ — =19, .
n

yn — e implies that y, is near e for sufficiently large n. In particular, y, > 2 for
sufficiently large n. (A closer inspection would reveal that this is true for all n but,
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as in part (i), this amount of detail is not required to establish that the sequence
is unbounded.) Thus
Tpz > 2"

and hence the subsequence (z,2) is unbounded. This in turn implies that (z,) is
unbounded.

(iii) We are told that the sequences (t,,) converges and we know that the any subsequence
of a convergent sequence also converges with the same limit. Now

np 1 np
bup = (1+2ﬂ) :(1+—) .
np ng

1\
Yng = (1 + —) .
ngq

t”p - y:Lq .

Observe that

Thus

As y, — e as n — 0o we have for the subsequence that y,, — e as n — oo. From
this it follows that y;, — €" as n — oo by a result about this type of function of a
convergent sequence. Hence we have shown that

lim ¢, = lim ¢,, = lim y;q =e" .

n—o0 n—o0 n—oo

7. Let (s,) be the sequence given by

- Lt
T n+1 n+2 omn’

Sp -

Show that the sequence is increasing. Does it converge?

0</k+11d ! <1 !
e AL A |

By noting that

show that

1
0<In2—s, < —.
2n

ANSWER

1 o 1 1 I 1
Sn _Sn — i -
+ n+2 om + 2 n+1 om

! 1 1
B 2n+1+2n+2_n+1
(4n + 3) 2
Cn+1)(2n+2) 2n+2
(4n+3)—2(2n+1) 1

= T @maD@n+2  @aiDenty Y
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Thus (s,) is increasing. (s,) is the sum of n terms the largest of which is #I Thus

n
Sy < —— < 1.
n+1

(s,) is hence increasing and bounded and it converges to a limit s < 1.

1
— <
E+1 7~

1 k+1 dx k+1 1 1
S dh S~ Jdr>o0
k41 /k 1 R /k <:c k;+1) v

from which it follows that

2n—1 k+11 1 2n1
o< ([ ptrgiy) = [ G sem bl e =2

Thus In 2 bounds the sequence. Also note that

for xe€ (kk+1).

SN
| =

<

Now

2n—1

k+11 1 2n—1 1 1
0<In2-s, = ;(/ d$_k—ﬂ><;(g_k—+1>
L 1 1
2n—1 2n

T
N n+1 n+1 n+2

— <ﬁ_%>_%—>0 as n — 00.

Thus we have shown that s, — In2 as n — oc.

8. In each of the following cases determine whether or not the series converges.

(a)

[e.9]

1
22n+1'

n=1

ANSWER

We could show convergence here by using the ratio or root test or more simply by
using the comparison test by noting that

0<L L
—2n+1

1
< —.
= on

The upper bound is a term from a convergent geometric series.

(b)

i4n2—n—|—3
— nd+2n
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ANSWER
This is divergent.
n?—n+3 1 4—1/n+3/n?
Ap = —————— = —Cp, Cp= —4 asn — oo.
n3 + 2n n 1+2/n?

¢, — 4 implies that there exists N such that ¢, > 3 for n > N. Hence for n > N
we have a, > 3/n and since ) 1/n diverges we have by comparison that »_ a,
diverges.

oon+\/ﬁ

2n% —1°
ANSWER
This converges.
n+vn 1 1+1/y/n 1
an:2n3_1 :ﬁcn, Cn:2_—1/n3—>§ as n — o0.

¢, — 1/2 implies that there exists N such that ¢, < 1 for n > N. Hence forn > N
we have a,, < 1/n? and since > 1/n? converges we have by comparison that > a,
diverges.

o

2
E nte ™.
n=1

ANSWER
By the root test
1/n

an =ne™™,  al/m = (n/m)? (e_”2> = (n/™)%e™ 50 asn — oo.

Here the results is as a consequence of n'/" — 1 and e — 0. By the root test the
series converges.

9. You will see questions like this in the section on series of functions.

For each of the following series determine the values of x € R such that the given series
converges.

(a)

k

OOZE
20
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ANSWER

Let a, = 2% /k! and use the ratio test. We have

a1 TR+

— 0 ask — oo.
ax /K] kel BT

By the ratio test the series converges (absolutely) for all z € R.

In the following v € R is not an integer.

fala—1)(a—k+1 K ala—1) ,
;0( ( ) k‘( i )):c :1+ax+%x +oee

ANSWER
Let aj, = a(a— 1)+ (o — k + 1)z*/k!. Using the ratio test

a1 a—k alk—1 i
= T = r—x ask— oo.
a  k+1ll T 1+ 1/k

Thus the series Y a; converges absolutely if |x| < 1 which in turn implies that the
series converges for |z| < 1.

If |z| > 1 then the terms of the series are unbounded and thus the series diverges.
What happens when x = —1 or x = 1 needs more refined tests to determine if

the series converges or diverges and the outcome depends on «. This will not be
considered further here

ANSWER

The root test is the easiest test to use here. With a; = k32* /3% we have

i ] ]

3 3 as k — 00.

||
By the root test the series converges (absolutely) if |z| < 3, it diverges if |z| > 3.
If |z| = 3 then |ax| = k% and since these terms become unbounded it follows that
the series diverges when |z| = 3.

o0

Z krak.

k=0
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ANSWER
The root test is the easiest test to use here. With a, = k*2* we have
1/k
la,/*| = |kz].

This only converges if = 0 and is unbounded for x # 0. Hence the series only
converges when x = 0.

(e)

Zakl’k:1+2$+$2+2x3+x4+--~,
k=0
i.e. with agry =1 and aggy1 =2 for k=0,1,2,---.

ANSWER

Let by = axz®. The ratio test does not give any information here as ay1/ax does
not have a limit as & — 0o. However we can still use the root test. Since

1<ap <2, 1<a/f <2 51 ask— oo

Thus

bk * = a/*|a| — |z as k — oo.

The series converges (absolutely) if |x| < 1 and diverges if |z| > 1. By inspection
the series diverges if = 1 as the terms of the series do not tend to 0 as k& — oo.
It can be shown that the series also diverges when x = —1.

> k:x
kz_:v x|

1

ANSWER
Let
a w24kl (x2+k) — < ! for all z
k p— pr—
k> W+ h+ 2 (V2 1k + |2k =

since 22 > 0. Since 0 < a; < 1/k%? the series > a;, converges by comparison with
the convergent series > 1/k%/2,

. [ cos kx sin kx
> 3 )

k=1
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ANSWER

We can test for absolute convergence. If a; denotes the kth term then by the
triangle inequality and that |sinkz| < 1 and |cos kz| < 1 we have
1 1
x| < pEd + 3?
for all x € R. Since > 1/k* and }_ 1/k?* are standard convergent series it follows
that > |ax| converges by the comparison test. Hence the original series converges
for all o
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Exercises on continuity and the contraction mapping
theorem

1. This was the first part of question 2 of the June 2004 MA2930 exam paper.

(a) Let f : [a,b] — R denote a function. Define what it means for f to be Lipschitz on
[a,b] and explain when such a function is also a contraction on [a, b].

[2 marks]

(b) Show that the following function is Lipschitz on [—1, 1] and give the smallest Lip-
schitz constant.

2, 0<z<1,
=3z, —-1<x<0.

f L1 =R, f(z):= {

[3 marks]

(c) If f: [a,b] — R is continuously differentiable on [a, b] then it can be shown that f
is Lipschitz on [a, b] with the smallest Lipschitz constant L given by

L = max |f'(x)| .
z€[a,b]
Use this to obtain the smallest Lipschitz constant for the following functions on
their domains of definition.

(i) fo[-1,1] =R, f(z):=2z—22" [3 marks]
(ii) fi[-2,2] = R, f(x):=(2* —4)> [4 marks]
ANSWER

(a) f is Lipschitz on [a, ] if there exists a constant L > 0 such that
[f(x) = f(y)| < Llx -y

for all z,y € [a,b]. fis a contraction if 0 < L < 1.

(b) If z,y € [-1,0) then
|f(2) = f(y)] =3[z —yl.
For z > 0, f'(z) = 2z and thus if z,y € [0, 1] then
[f(@) = fW)| < f(W]z—y| = 2]z —yl.
If >0,y <0then z —y = |z|+ |y| and
|f(z) = fO)] < 2|z,
1FO) = fl < 3yl
|fx) = f)l < 2[4+ 3yl < 3(|lz| + |y]) =3[z — yl.

3 is the smallest Lipschitz constant.
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© @ 2
f(z) =2 — 62

f"(x) = =122 = 0 at © = 0. Possible values for the maximum of |f'(x)| are
x = 0 and the end points x = +1. Thus the smallest constant is

L=|f() =4

(ii)
fl(r) = 2(2* —4)(27) = 4a(2® — 4),
() = 4(32% —4).
f"(x) = 0 when 2% = 4/3 which gives two points in [—2, 2].
F(£2) =0 and |f'(£2/V3)| =4 (%) (4 - %) = %

Thus the smallest constant is 64

3V3

2. This was question 2 of the Jan 2003 MA2034A exam paper.

(a) Let I C R be an interval and let f: I — R be a function.

(i) Give the definition of the continuity of the function f at the point ¢ € I using
the usual €, § notation.

[2 marks]

(ii) Define what it means for f to be Lipschitz on I and show that such a function

is continuous on I.
[3 marks]

(b) Let f:]0,1] — R, f(z) := /. Show that f is continuous at x = 0 but that f is
not Lipschitz on [0, 1].
[4 marks]

(c) If f:[a,b] — R is continuously differentiable on [a, b] then it can be shown that f
is Lipschitz on [a, b] with the smallest Lipschitz constant L given by

L = max |f'(x)] .

z€[a,b]

Use this to obtain the smallest Lipschitz constant for the following functions on
their domains of definition.

(i) f:[5,13] = R, f(x):=22>—1T.
[3 marks]
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(i) f:[-1,1] =R, f(z):=(1-2?>2

[4 marks]
(iii) f:]0,4] = R, f(x):=(z+1)e "

[4 marks]

ANSWER
(a) (i) f is continuous at ¢ € [ if for every € > 0 there exists a ¢ such that
|f(xz) — f(c)] < e whenever |x—c|<d.

(ii) f is Lipschitz on I if there exists a constant L > 0 such that

[f(z) = f(y)] < Llx -y
for all z,y € I.

|f(x) = f(y)] < Lz —y| <€ provided [z —y[<e/L.

Hence we satisfy the continuity requirement by taking § = ¢/L.

(b) Forz >0
|f(z) — f(0)] = |f(z)| = V& < e provided =< €.
Thus we satisfy the e-¢ definition with 6 = €2.

For x > 0, y > 0 and = # y we have
f@) = f)  Ve-yi 1
r—y Ty oty

As x — 0 and y — 0 this becomes unbounded and hence no constant L > 0 can
exist as the Lipschitz constant of f on [0, 1].

(c) (1)
f'(x) =4x and f"(z) =4

There are no turning points of f’ and
L = max{|f'(5)|,[f"(13)[} = f'(13) = 52.
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(i)
fl(z) =201 —2*)(—=22) =4da(x®* — 1) =4(2® —2) and f"(x) =4(32* - 1).
There are turning points of f’ at +1/+/3.

F(=1)=f(1)=0 and |f'(£1/V3)|=(4/V3)(1-1/3) = % :

(idd)
fllx) = e —(z+1)e " =—xe™®

() = xe™™ —e = (x—1)"
f’ has a local turning point at x = 1 € [0,4]. Thus

L = max{|f(0)[, |f (1)], |F'(4)|} = max{0,e™" 4e™"} =",

3. The following were parts of question 2 from the Jan 2000, 2001 and 2002 MA2034A exam
papers.

(a) Let I C R be an interval and let f: I — R be a function.

Give the definition of the continuity of the function f at the point ¢ € [ which

involves convergent sequences.
[1 mark]

ANSWER

f is continuous at ¢ € [ if for every sequence (x,) in I which converges to ¢ then
the corresponding sequence (f(z,)) converges to f(c).

(b) Show from the definition that the function f : [—1,1] — R defined by

f@%:{x fo<z<1

—2¢ if—-1<zxz<0

is Lipschitz on [—1, 1].
[3 marks]
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ANSWER
Let z,y € [—1,1]. In the case x,y € [—1, 0] we have

[f (@) = fW)] = [z -yl
In the case z,y € [0, 2] we have
[f(z) = f(W)] = 2]z —yl.
If x € [-1,0] and y € [0,1] then y — x = y + |z| and we have
[f(2) = F()| = |z + 2y| <[] + 2y < 2(J| +y) = 2|z —y].

f is Lipschitz on [—1, 1] with a Lipschitz constant of 2.

(c) If f:[a,b] — R is continuously differentiable on [a, b] then it can be shown that f
is Lipschitz on [a, b] with the smallest Lipschitz constant L given by

L = max |f'(x)] .

z€[a,b]

Use this to obtain the smallest Lipschitz constant for the following functions on
their domains of definition.

(i) f:[-5,5] =R, f(x):=a2%
[3 marks]

ANSWER

f : [_575] - Ra f(l’) = x3’ f,(l'> = 3ZE27 f”([L’) ‘= 01 .
f"(x) =0 when & = 0. This is the only turning value of f’. Thus

mag% |f’(33)| = max{‘f’(_5)" |f/(0)|, |f/(5)|} _ 3(5)2 _

[_57

The smallest constant is 75.

(i) f:[-2,0) = R, f(x):=2"+ 62>+ 122° — x.

[4 marks]
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ANSWER
f:[-2,00] =R, f(z) := 2*+62°+122% — 2,
fl(x) = 42+ 182% + 242 — 1,
f(z) = 1227+ 36z + 24 = 12(2° + 3z + 2)

= R2@+1)(z+2).

f"(x) =0 when x = —1 and when z = —2.

max | f'(z)| = max{|f'(=2)[, /(=1 [ (0)[} -

[7270}
17/0)) =1, |f(-1)|=|—-44+18=24—1| =11 and |f'(-2)| =] - 324+ 72 —
48 — 1| = 9. The smallest constant is 11.

(i) f:[107%1] =R, f(z):= /=
[3 marks]
ANSWER
1
(10751 R, =z, () = —— .
FAUOC SR f@)i=VE )= g

f" is decreasing and positive on the interval and hence the smallest constant is

£/(1076) = 108 /2 = 500.

(iv) f:[0,1] = R, f(z):=2*/2—2%/3.
[4 marks]

ANSWER

f:00,1] =R, f(z) = 2°/2—2°/3,
fl(x) = z—2°=2z(1-2),
() = 1-2z.

f"(z) =0 when z = 1/2.
max | f*(x)| = max{[f(O)], [f" (D], |f'(1/2)]} -

[0,1]

f(0) = f'(1) =0 and f’(1/2) = 1/4. The smallest constant is 1/4.
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(v) f:10,2] = R, f(z):=a2"—62°+ 122% + 4.

[4 marks]
ANSWER
f:00,2 =R, f(z) = 2*—62°+122% + 4z,
fl(x) = 42° —182% + 24z + 4,
f"(z) = 122* — 362 + 24,

= 12(z°=32+2)=12(x — 1)(z - 2) .
f’ has two turning values at = 1 and at = 2 (which is also an end point).
Now f'(0) =4, f'(1) = 14 and f/(2) = 32 — 72 + 48 + 4 = 12. The smallest

Lipschitz constant is
L =max{4,14,12} = 14 .

(vi) £:[0,1/2] = R, f(x):=23— 2>
ANSWER

fl(xr) =32 -2z =2(3r —2) and f"(v)=6z—2.

/" has a turning point at z = 1/3. To determine the maximum of | f’| on [0, 1/2]
we need to consider the end points and any intermediate turning points.

F0)=0, f(1/3)=-1/3 and f(1/2)=—1/4.

Thus
L = max{0,1/3,1/4} =1/3.

4. Let f: R — R, f(z) := In(z* + k¥?) with ¥ > 0. Show that the smallest Lipschitz
constant is 1/k.

ANSWER
, 2 " 2+ k)2 — (22)(2 2(k* — 2
Fo)= i and i) = LA T

f’ has turning points when f”(z) = 0, i.e. when z = k. As f'(0) = 0 and f'(z) — 0
as |x| — oo these local turning points are where f’ attains its maximum in magnitude.
Thus the smallest Lipschitz constant is

L=f(k)=1/k.
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5. The following all involve making use of the (Bolzano) Intermediate Value Theorem for
continuous functions.

(a)

Show that every polynomial of odd degree with real coefficients has at least one
real root.

ANSWER
Let n > 1 be an odd number and let
p(z) = apa"+ap,_ 12"+ Fartag = 2" (an + apor /T + -+ a /2" + ag/a")
where a,, # 0. Observe that
Up + Qp1/T+ - +ar /2" +ag/a" — a, as |v| — .

Thus for sufficiently large |z|, p(x)/2™ has the same sign as a,. As n is odd this
implies that if A > 0 then p(—A) and p(A) have opposite sign when A is sufficiently
large. This in turn implies by the intermediate value theorem that p has a root in
[—A, A] as the polynomial p is continuous on R.

Let p: R — R be the polynomial
p(z) = ag + a1z + apx® + -+ +a,a", a; €R.
Show that if n > 2, n is even, a,, = 1 and ag < 0 then p has at least two real roots.

ANSWER

p(x)/xz™ — 1 as ¢ — oo. Thus if M > 0 is sufficiently large then p(—M) > 0 and
p(M) > 0. Also p(0) = ap < 0. Thus by the intermediate value theorem p has a
root in [—M, 0] and in [0, M] as the polynomial p is continuous on R.

Show that if ¢ : [a,b] — [a,b] is continuous then there exists at least one point
x* € [a,b] with ¢(z*) = z*.
ANSWER
This follows by applying the intermediate value theorem to the continuous function
g:[a’vb]HR7 g(ZL‘) = gb(l’)—l'

Since ¢ : [a,b] — [a,b] we have ¢(a), ¢(b) € [a,b] and in particular ¢(a) > a and
¢(b) < b giving g(a) > 0 and g(b) < 0. Thus either g has a root at x = a or at
x = b or by the intermediate value theorem at some point between a and b.
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(d) This was part of question 2 of the January 1999 paper.

Let [a,b] denote a closed bounded interval and let f : [a,b] — R be a function
which is continuous on [a, b]. Also let ¢,d € [a,b] be such that

fle) = win f(z) and  f(d) = max f (z) .

The intermediate value theorem implies that f maps [a, b] onto [f(c), f(d)]. In the
case ¢ < d and for a function f for which

fle) < fla) = f(b) < f(d)

show that for each y € (f(c), f(d)) there is at least 2 distinct values of z in [a, b]
for which f(z) =y.

ANSWER

Consider g : [a,b] — R, g(x) := f(x) — y which is continuous on [a, b].

If y € (f(c), f(a)) then g(a) = f(a) —y > 0 and g(c) = f(c) —y < 0. Hence g
changes sign on (a,c) and has a root in (a,c) by the intermediate value theorem.
Similarly by considering the interval (c,d), g(d) = f(d) —y > 0 and g changes sign
on (¢,d) and has a root in (¢, d) by the intermediate value theorem. Thus we have
at least 2 points at which f(z) = y.

If y = f(a) = f(b) then x = a and = = b are 2 points at which f(z) = y.

If y € (f(a), f(d)) then g(c) = f(c) —y < 0 and ¢g(d) = f(d) —y > 0. Hence g
changes sign on (¢,d) and has a root in (¢,d) by the intermediate value theorem.
Similarly by considering the interval (d,b), g(b) = f(b) —y = f(a) —y < 0 and g
changes sign on (d,b) and has a root in (d,b) by the intermediate value theorem.
Thus we have at least 2 points at which f(z) = v.

6. This was question 3 of the Jan 2003 MA2034A exam paper.
Let ¢ : [0,1] — [0, 1] be a function.

(a) (i) Explain what it means for ¢ to be a contraction on [0, 1].
[2 marks]

(ii) Explain the term onto in the statement ¢ maps [0, 1] onto [m, M] where 0 <
m< M <1.
[1 mark]

(iii) Given that a contraction mapping ¢ : [0,1] — [0, 1] has a fixed point, use a
proof by contradiction to show that the fixed point is unique.

[3 marks]

(iv) If L > 0 is the smallest Lipschitz constant of ¢ : [0,1] — [m, M] given in (ii)
then explain why M —m < L.
[2 marks]
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(b) (i) Let ¢y : [0,1] — R, ¢1(x) = (2* + 3)/5. Determine m and M such that
¢ : [0,1] — [m, M] is onto and show that ¢; satisfies the conditions of the
contraction mapping theorem.

[3 marks]

(ii) Let ¢o : [0,1] — R, ¢o(x) = 4x(1 — x). Determine m and M such that
¢ 1 [0,1] — [m, M] is onto and show that ¢, is not a contraction on [0, 1].
Determine the fixed points of ¢9 and classify them as stable or unstable.

[5 marks]

(iii) Let a > 1 and let ¢3 : [/a,a] — [Va, (1 +a)/2], ¢3(z) = 3(z + a/z). Explain
why ¢3 maps [v/a, a] onto [\/a, (1 + a)/2].
For what values of a > 1 is ¢3 a contraction on [\/a, a]?
Determine the fixed point or points of ¢3 and classify any fixed point found as
stable or unstable.
[4 marks]

ANSWER
(a) (i) ¢ is a contraction on [0, 1] if there exists a constant L, 0 < L < 1 such that

|6(x) = ¢(y)| < Llx -yl

for all z,y € [0, 1].
__2 marks

(ii) The statement ¢ maps [0, 1] onto [m, M| means that for all y € [m, M| there
exists an x € [0, 1] such that y = ¢(z).

(iii) Suppose x} and 3 are two different fixed points, i.e.
x] # x5 with o(x]) =27 and o(zh) =z .

Thus
0 < |zy — 5] = |p(2]) — d(23)| < Lz} — 25| < |2} — 25

by the contraction property with 0 < L < 1. This is a contradiction and hence

there is only one fixed point.

(iv) If a, 8 € [0,1] are such that ¢(a) = m and ¢(58) = M then the Lipschitz

condition is
L [HD=se)]_ o

- >
6 —al ~

M—-—m
—

because | — af < 1.
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) ) 2
3 6
Gi(2) =20 and ¢(x) = .
@) (x) > 0 implies that ¢;(x) is increasing and thus m = ¢;(0) = 3/5 and
M = ¢1(1) =4/5.
!(z) = 0 when x = 0, an edge point, ¢;(0) = 0 and thus the smallest Lipschitz
¢ : ge point, ¢ p
constant of ¢; on [0,1] is

3
As [m,M] C [0,1] and L < 1 the function ¢; satsifies the condition of the

contraction mapping theorem.

¢o(x) = 4w(1 —z) = 40 — 42® and @h(x) = 4(1 — 2z) .
dh(z) > 0for 0 <z < 1/2and ¢h(x) < 0for 1/2 <z < 1. Thus ¢ is increasing
in [0,1/2) and decreasing in (1/2,1]. ¢2(0) = ¢2(1) = 0 and ¢5(1/2) = 1. Thus
¢9 2 [0,1] — [0, 1]

is onto.
¢, has no turning points on [0, 1] and hence the maximum of |¢}(x)] is attained
at the end points. The smallest Lipschitz constant for the region is hence

L= wrg[%ic]{ld)’z(x)!} = max{[¢5(0)], [¢5(1)[} =4 .

The function is hence not contractive on [0, 1].
A fixed point of ¢q satisfies

r=4x(l—z) thusz=0o0r1=4(1-2), ie x=23/4.
¢5(0) = 4 and ¢,(3/4) = —2. In both cases |¢4(2*)| > 1 and thus z* = 0 and

x* = 3/4 are both unstable fixed points.

(i)
1 a
! = — — ] > 2> .
o5 (x) 2(1 x2>_0 for 22 > a

¢3 increases in [y/a,a] and ¢3 hence maps the interval onto [v/a, (14 a)/2].

() = % (%) > 0,

% has no local turning points, ¢5(y/a) = 0 and thus the smallest Lipschitz

constant is . 1/ .
—1/a

L=\ = < Z.

() = —L% < S

Hence the mapping is a contraction for all a > 1.
The fixed point at = = \/a is stable as ¢4(y/a) = 0.
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7. This was question 3 of the Jan 2002 MA2034A exam paper.
Let ¢ : [0,1] — [0, 1] be a function.

(i) Explain what it means for ¢ to be a contraction on [0, 1].

[2 marks]

(ii) If ¢ is a contraction on [0, 1] and x* is the unique fixed point of ¢ then show that
if z* € [0,1] and z,11 = ¢(x,), n =0,1,2,--- then

|z, — 2% < L"axg— 2%, n=1,2,---

where L is the smallest Lipschitz constant of ¢ on [0, 1].

[3 marks]
(iii) In the case of the function
3+e”
o) = 2
explain why
¢+ [0,1] = [o(1), (0)] < [0,1]
and determine the smallest Lipschitz constant of ¢ on [0, 1].
[5 marks]
State any conclusion you can make about fixed points of ¢ in [0, 1].
[2 marks]

(iv) Let ¢1 :[0,1] = R, ¢1(z) := 2((2 — 4a)xr + (4a — 1)) where a € R, a # 1/2.

(a) Determine the fixed points of ¢; and classify them as stable or unstable de-
pending on the value of a.
[4 marks]

(b) Explain why for 0 < 2 <1 we have
min{da — 1,3 — 4a} < ¢'(z) < max{4a — 1,3 — 4a}.

[2 marks]

(c) By using part (b), or otherwise, explain why ¢; : [0,1] — [0, 1] is one-to-one
and onto when 1/4 < a < 3/4.
[2 marks]
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ANSWER
(i) ¢ is a contraction on [0, 1] if there exists a constant L, 0 < L < 1 such that
[6(x) — d(y)| < Llz —y|
for all z,y € [0, 1].

|20 = O(27)| = [p(wn—1) = (a")| < Llwny —a™| < -+ < Lwo — 27

by repeated use of the contraction property.

(i)

(iii)

—T

¢(2) = —— <0

and hence ¢ is decreasing. From this it follows that
¢ [0,1] — [o(1), 9(0)] -
Now ¢(0) =4/5 < 1 and ¢(1) = (34+1/e)/5 > 3/5 > 0 and thus [¢(1), ¢(0)] C [0, 1].

o) = 5

As the second derivative is positive, the maximum of |¢'| on [0, 1] is at an end point.

The smallest Lipschitz constant is hence L = |¢/(0)| = 1/5.

All the conditions of the contraction mapping theorem are satisfied and hence ¢

has a unique fixed point in [0, 1].

> 0.

(iv) (a)
Qsl(ff) = JZ((? — 4@)1' + (4(1 _ 1)) —

when
=0 and (2—4a)z+ (4da—1)=1.

Thus we have fixed points at

2—4a

2—4da

=0 andat z= 1.

To classify the fixed points we need ¢/'(x).
¢'(x) =212 —4a)x+ (4a—1), ¢'(0)=4a—1, ¢'(1)=3-—4a.

The fixed point at x = 0 is stable if -1 < 4a—1< 1,0 <a < 1/2. Ttis
unstable if a < 0 or a > 1/2.
The fixed point at z = 1 is stable if -1 <3 —-4a <1, -1 <4a—3 < 1, ie.

1/2 <a < 1. Tt is unstable if a < 1/2 or a > 1.
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(b) As ¢’ is linear the minimum and maximum on [0, 1] occur at the end points.
Hence for all = € [0, 1].

min{¢/(0), ¢/(1)} < ¢'(x) < max{¢/(0),¢'(1)}.

(c) If a > 1/4 then 4a —1 >0 and 3 —4a < 2. If a < 3/4 then 4a — 1 < 2 and
3—4a > 0. In all cases the result in part (b) shows that ¢/(x) > 0. Thus ¢'(z)
is increasing and as ¢(0) = 0 and ¢(1) = 1 it follows that ¢ : [0,1] — [0,1] is

one-to-one and onto.
2 marks

8. The following were parts of question 3 of the Jan 2001 and Jan 2000 papers.
Let ¢ : [0,1] — [0, 1] be a function.

(a) In the the case of the functions ¢; and ¢ defined below, show that both functions
map [0, 1] onto [0, 1] and show that both functions are not contractive on [0, 1].

¢1:[0,1] — [0,1], ¢1(x) :=4z(1 — z).

o9 2 [0,1] — [0,1], ¢a(x) = %(1 — cos2mx).
[9 marks]

In the case of ¢; determine the fixed points and classify each fixed point as stable
or unstable.

[2 marks]
ANSWER
¢1:[0,1] = [0,1], ¢1(z) = 4o(1 —z) = 4x — 4a2?,
1(z) = -8.

¢1 increases in [0,1/2) and decreases in (1/2,1] Since ¢1(0) = ¢1(1) = 0 and
$1(1/2) =1, ¢ maps [0, 1] onto [0, 1].

¢1 is continuously differentiable on [0, 1]. As ¢} does not change sign, the smallest
Lipschitz constant on [0,1] is L = max{|#}(0)|, |¢}(1)|} = 4. As this constant is
greater than 1 the function is not contractive on [0, 1].
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Because of properties of the cosine function, cos2wx takes all values between —1
and +1 as x varies between 0 and 1. Thus 1 — cos 27z takes all values between 0

and 2 and ¢, takes all values between 0 and 1.

¢2:[0,1] = [0,1], ¢@o(x) = %(1 — cos 2mx),
¢h(r) = msin2nx .

As ¢4(1/2) = wsinm/2 = m > 1 the smallest Lipschitz constant is greater than 1

and the function is not contractive on [0, 1].

A fixed point of ¢, satisfies
r=4x(l—z) thusz=0or1=4(1—-2x), ie x=23/4
#1(0) = 4 and ¢}(3/4) = —2. In both cases |¢/(z*)] > 1 and thus z* = 0 and

x* = 3/4 are both unstable fixed points.

Let ¢ denote the function

$:[0,2] = R, ¢(x)= %.

Show that the conditions of the contraction mapping theorem are satisfied and give
the fixed point.

[5 marks]
ANSWER
2
602 ~R, o) = T2
$a) = 2= @ 1),

N | —

¢//<x> —
As ¢'(x) < 0in (0,1) and ¢'(x) > 0 in (1,2) the function ¢ decreases in (0,1
and increases in (1,2). ¢(0) = 5/4, ¢(1) = 1 and ¢(2) = 5/4. Thus ¢ : [0,2] —
[1,5/4] < [0,2].
As ¢"(z) does not change sign on [0, 2] the smallest Lipschitz constant is

L= max{|¢/(0)]. |1} = 5 < 1.

Thus ¢ is contractive on [0,2] and satisfies all the conditions of the contraction

mapping theorem.
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(c) Determine which of the following is a contraction on their domain of definition.
(i)

O [—7/8, /8] = [—7/8,7/8], ¢i(x):= gsin@x) :

ANSWER

P (x) = ZCOS(Qﬁ) and hence [¢)j(z)] < —<1.

IS

¢1 is a contraction on [—7/8, /8] with the constant

T
L = max ")) =—<1.
max ()] ="

(i)
byt =7 /4, w/4] — [—n /4,7 /d],  dolz) = %sin(%:) .

Classify, as stable or unstable, the three fixed points x = —7/4, = 0 and
x = /4 in this case.

ANSWER

h(x) = gCOS(ZCE) )

The smallest Lipschitz constant for the domain is

™
L= max ()] ==>1.
[_W/4m/4]|¢2( )l 5

Thus ¢ is not contractive on [—7 /4, w/4].

(d) In the case of the function
1+e*

determine the smallest Lipschitz constant L on [0, 1] and explain why

¢ :[0,1] = [6(0),¢(1)] € [0,1] .
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ANSWER

¢ (x)=e"/4>0 and ¢"(z)=e"/4>0.

Thus ¢’ is increasing on [0, 1] and the maximum of |¢'(z)| is attained at = 1 and the
smallest Lipschitz constant L is given by

L=¢(1)=¢/4<1.
Since ¢ is increasing on [0, 1] we have
¢+ [0,1] — [¢(0), o(1)] .
»(0) =1/2>0and ¢(1) = (1 +e)/4 < 1 and hence [¢(0), ¢(1)] C [0, 1].
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Exercises 8 A: Cauchy sequences and subsequences in R

1. Prove that if a sequence (x,) converges then it is a Cauchy sequence. (This has been
asked in previous MA2034A exam papers.)

ANSWER

From the definition of convergence of (x,) to = there exists a N = N(¢/2) such that
|z, — x| <e€/2 foralln> N.
If both n > N and m > N then
20 = 2| = (20 = @) = (2 — 2)| < (20 —2)| + |(2m —2)| <€/24€/2=¢

by the triangle inequality and the above bound. Thus (z,,) is a Cauchy sequence.

2. Show that if (x,,) satisfies the property
1

|l’n+1—$n|§2—n, n:1727"'
then it is a Cauchy sequence.

Given that a Cauchy sequence converges show that if  denotes the limit of the sequence
then

|J7n_x| <

2n71'

With S denoting the set
S:={x,: n=12,---}

also show that 3
sup S —inf § < 7

This was the last part of the Jan 1999 question 1. Most people found this difficult.

ANSWER

We are given |z, — x| < 2% Thus

Tntj = Tn = (Tntj = Tngj—1) + (Tnajo1 — Tngj2)
+"'+(xn+l_x'fl)
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and by the triangle inequality

|Tntj — Tnl < [Tngy — Taggoa] + [ Taago1 — Taggo
Tt [T — 2]

DO
(e ))
SONON

Since the right hand side does not involve j and tends to 0 as n — oo the sequence is a
Cauchy sequence and hence converges.

With

IN

xr = lim x,,,

m—00

and letting j — oo in the above we get

1 n—1
|lr — x,] < (—) :
2

As a consequence of this inequality the set {xq,x3,---} is contained in the interval
[t —1/2,241/2]. Only x; of the set s = {x1, z2, x3, - - - } may lie outside of this interval.
The complete set is thus contained in [x — 1,2 4+ 1/2] or [z — 1/2,z + 1] from which it
follows that

3
SupS—infSSE.

3. (This is similar to question 2.)

Let (x,) be a sequence of vectors in R? which are such that z, = 0 and
|z, —2pllo <", n=0,1,2,--- for some r € [0, 1).

Show that the sequence converges to some z € R” and that z satisfies

1
< —.
Izl < —
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ANSWER

To show that the sequence converges we show that the sequence is a Cauchy sequence.

Lntg —Ln = <£n+q - zn—&-q—l) +oot (£n+1 - @n)
Hln+q —Z,l2 < H(£n+q - £n+q—1H2 +ooet ||£n+1 =z,
rn
1—7

o
S Tn+q_1+...+rn§27“k:
n

Since |r| < 1 the right hand side tends to 0 as n — oo for all ¢ > 0 which is sufficient to
show that the sequence is a Cauchy sequence.

Since (z,,) is a Cauchy sequence it converges to some z € RP.

n

Since x, = 0 we have

By the triangle inequality we have

n
Iz, llz < )z — 244l
k=1

n

Zrk—lggrk: 1ir‘

k=1

IN

4. The following question relates to the Bolzano- Weierstrass theorem concerning sequences
in R.

Let (x,) denote the bounded sequence given by

T, = sin/n.

Observe that since the sine function sinz is increasing in [—7/2,7/2] then for all y €
[—1,1] there is unique = € [—7/2,7/2] with sinz = y and from the periodicity of the
sine function

sin(x 4+ 2km) =y, for k=41,£2 .-

By defining n; € N to be the integer part of (z + 2k7)? and by considering the subse-
quence (z,,) of (x,), show that z,, — y as k — oo.

(In your answer you can assume all the usual properties and identities of the sine function
such as
sin(z £ y) =sinzcosy £ coszsiny etc.

and
|sinz| < |z| forall z € R.)
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ANSWER

The key point here is to note that y is given by
y = sin(z) = sin(x + 2k7) for all k.
Thus

Tp, —y = siny/[(x + 2km)?] —sin(x + 2k7),
where | z]| = integer part of z € R.

To rewrite this in a form where we can establish that this difference is small we note the
trigonometric identities

sin(a4+0b) = sinacosb+ cosasinb
sin(fa —b) = sinacosb— cosasinb
sin(a + b) —sin(a —b) = 2cosasinb

which with ¢ =a + b and d = a — b gives

sinc —sind = 2 cos (#) sin (c;d) .

Using the properties of the cosine and sine functions (which can be established from a
geometric definition of these functions) that

|cosu| <1 and |sinu| <|u| forallueR
we have
|sinc —sind| < |c—d] .

In our case with
c=+/|(x+2kr)?| and d=ux+2knr

we have

J & —d? |(x + 2k7)?] — (2 + 2k7)?

C — = =
ct+d |(x + 2km)2| + (z + 2kn)
and by noting that the integer part of a number can differ by at most 1 from the number
we get
1
T, — Y] < —0 ask — oo.

| (z + 2k7)2| + (z + 2km)
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Exercises 8 B: Sequences and series of functions

1. The following was the last part of question 2 of the 2004 MA2930 exam paper.

Let (f,), fn: a,b] — R denote a sequence of functions. Define what it means for (f,,)
to converge pointwise on [a, b].
[2 marks]

(i) Determine the pointwise limit function in the case
fo: (=11 =R, fu(x):=2" n=12,---
Explain why the convergence is not uniform.
[2 marks]
(ii) Show that the pointwise limit function of the sequence
fo 0] =R, fulz):
is the zero function but that

max{|f,(z)]: 0<x <1} A0 asn— oc. [4 marks]

nx

T 1+ n2a? =Lz

=

ANSWER

(fn) converges pointwise on [a, b] if the sequence of numbers (f,(x)) converges for all

x € [a,bl.

(i) If |z| < 1 then 2™ — 0 as n — oo. If x = 1 then 2" = 1 for all n. The pointwise
limit function is f : (—=1,1] — R,

0, if—-1<ax<l,
Jw)i= {1, if o =1.

Each function f, is continuous on (—1, 1] and the limit function is f is discontinuous

at = 1 which implies that the convergence is not uniform.

(ii) For z =0 we have f,(0) = 0.
For x > 0 we have
x/n 0

Jalw) = 1/(n?) + a2 T 0+ a2
Thus for all z € [0,1] we have f,(z) — 0 as n — 0.
By inspection when x = 1/n we have f,(1/n) =1/(1+ 1) = 1/2 for all n. Thus

=0 asn — oo.

max{| f,(z)] : 0 <z <1} > fo(1/n) = %

and we hence do not have convergence to 0.
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2. The following was the last part of question 1 of the 2004 MA2930 exam paper.
Let (f), fu : [a,b] — R denote a sequence of continuous functions.

Define the uniform norm of (f,) and explain what it means for (f,,) to converge to
f :[a,b] — R uniformly on [a, b].
[2 marks]

The Weierstrass M-test gives a sufficient condition for the series Y f,, to converge uni-
formly on [a,b]. State the conditions of this test.

[2 marks]

Use the test to show that the following series converge uniformly on the given domain.

(i) Z % on |z| <r < oo. [2 marks]
0
. ()
(ii) Z (2n)‘x on |z| <r < 4. [2 marks]
> !
— 1
(iii) Z 7 ogn On R. [2 marks]
€T n
0
ANSWER

The uniform norm of the continuous function f,, is
[fnllse = sup{[fu(2)] - @ <2 <b} = max{|fu(2)| : a <z < b}

(fn) converges to f uniformly means that ||f, — f|lcc — 0 as n — oo.

The conditions of the Weierstrass M-test are satisfied if || f,||cc < M,, with the series

>" M, converging. B

(i) In this case f,(z) = 2"/n". On the domain {z : |z| <r} we have

n

)
I lloe = =2 M.

We test for the convergence of the series Y M, by using the root test.
r
MY"=— 0 asn— oo.
n

As the limit is less than 1 the series converges and by the M-test the power series

converges uniformly.
2 marks
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(i) In this case f,(z) = (n!)?z"/(2n)!. On the domain {z : |z| < r} we have

)

We test for the convergence of the series Y M,, by using the ratio test.

% . (n+1)2
M, — (nt+2)@n+1)
(1+1/n)? r

= r— — asn— oQ.

2+2/n)2+1/n) 4

As the limit is less than 1 when r < 4 the series converges and by the M-test the

power series converges uniformly.
2 marks

(iii) In this case f,(z) = 1/(2* +2") and on the domain R we have by inspection that
nllco = In = . e geometric series _ 1s convergent an the
0) = 1/2". The g ic series 3°°° 1/2" | o d by th

M-test the series converges uniformly on R.

3. This was question 4 of the Jan 2003 MA2034A exam paper.

(a) Let I C R and let f be a bounded function on I. Define the uniform norm || f|| of

fonl.
[1 mark]
(b) Let I CRand let f,: I - R, n=1,2,--- and f: I — R be functions.
(i) Define what it means for (f,,) to converge pointwise on 1.
[2 marks]
(ii) Define what it means for (f,) to converge to f uniformly on /.
[2 marks]

(¢) In each of the following cases of sequences of functions, determine the pointwise
limit function and determine whether or not the convergence is uniform.

(i)

n

foi[0.00) = R, fole) =
[4 marks]
(i)
' _ cos(nx)

[3 marks]
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(iii)
fo:[0,1] = R, fu(x) :=2"(1 — x).

—

4 marks]

fni]0,00) = R, fu(z) :=xe™™".

—

4 marks]

ANSWER

LIV = sup{|f(z)] : =<} .

(b) (i) (f.) converges pointwise on [ if the sequence of numbers (f,,(z)) converges for
every x € I.
2 marks

(ii) (fn) converges uniformly on I to f, f: I — R, if

[fn = fIl =0 asn — oo

2 marks

(c) (i) If 0 <z < 1then 2™ — 0 asn — oo and we get f,(x) — 0 as n — oc.
If 2 =1 then f,(1) =1/2 - 1/2 as n — oc.
If x > 1 then
1 1
—
(I/z")+1 0+1

=1 asn — oo.

fa(2) =
Hence the pointwise limit function f is the discontinuous function

0, 0<z<1,
f:]0,00) =R, f(z):=41/2, =1,
1, x> 1.
As each f,, is continuous and the pointwise limit is discontinuous the conver-

gence is not uniform.
4 marks

(ii) For all z € R

cos(nz) < l — 0 asn— .
n

n

Thus (f,) converges uniformly to the zero function on R which is thus the

pointwise limit.
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(iii)

If =1 then f,(1) =0 and (f,(1)) is a constant sequence. If 0 < x < 1 then
" — 0 as n — oo. Thus (f,) converges pointwise to the zero function on
[0, 1]. To test for uniform convergence we determine the uniform norm of each

Ja
As fu(x) > 0 with f,(0) = f.(1) = 0 we need to find the maximum of f,(z),

0<z <Ll
fi(z) =nz™ ' —(n+1)2" =2" Y n— (n+1x).
The maximum occurs at x = n/(n + 1). Since for this z, 2" < 1 we have

n 1

= —0 asn— oo.
n—+1 n-+1

[fu(n/(n+ 1)) <1 -

Hence f,, — 0 uniformly on [0, 1].

If z = 0 then f,,(0) = 0 and (f,(0)) is a constant sequence. For x > 0 the ratio
test gives
fos1(z) o (L
fa(z) e "
and hence f,(x) — 0 as n — oco. Thus (f,) converges pointwise to the zero
function on [0, 1].
To test for uniform convergence we determine the uniform norm of each f,.

=<1

1
fl(x)=e"(1—nz)=0 whenz=—.
n
As f/(x) > 01in [0,1/n) and f/(z) < 0 in (1/n,00) this is a local maximum.
We have »
an” = fn(l/n) = e_ — 0 asn — oo.
n

The sequence converges uniformly to the zero function.

4. This was question 4 of the Jan 2002 MA2034A exam paper.

(i) Let I C R and let f be a bounded function on I. Define the uniform norm || f|| of

fonl.
[1 mark]
(ii) Let I CRand let f,: I =R, n=1,2,--- and f : I — R be functions.
(a) Define what is means by saying that f,, — f pointwise on I.
[2 marks]

(b)

Define what is means by saying that f,, — f uniformly on I.

[2 marks]
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(iii) In the following I C R and (f,) is a sequence of functions such that f, : I — R.

(a) Explain why when I = (0,1) and f,(z) := 2™, || fa]| = 1 for all n. Hence show
that the sequence (f,,) converges pointwise on I but not uniformly on I.

[3 marks]
(b) Show that when I = [0, 1] and
nw
I =
»|| = 1/2 for all n. Hence show that the sequence (f,) converges pointwise
1full =1/ q ges p
on I but not uniformly on 1.
[5 marks]

(c¢) Suppose that (f,,) is a sequence of continuous functions which converges point-
wise on I to f. What can you conclude about the uniformity of the convergence
in the following cases: (1) when f is continuous on I, (2) when f is discontin-
uous on [.

[2 marks]

(iv) Let f, : I — R, n = 1,2,--- be a sequence of bounded functions. Define what
it means for (f,,) to be a Cauchy sequence in the uniform norm and show that if
fn — f uniformly then (f,,) is a Cauchy sequence. (In your answer you can assume
that the uniform norm satisfies all the norm axioms, e.g. the triangle inequality.)

[5 marks]

ANSWER

LIV := sup{|f(z)] : =€} .

1 mark

(ii) (a) (f.) converges pointwise on [ if the sequence of numbers (f,(z)) converges for

every x € I.
2 marks|

(b) (fn) converges uniformly on I to f, f: I — R, if

lfn—fll =0 asn— co.

(iii) (a) For all x € I, 2™ < 1 and hence 1 is an upper bound. Also, lim,_,; 2" = 1.
Given any € > 0, the definition of the limit implies that 1 — € is exceeded by
some x € I and thus no number less than 1 can be an upper bound. Hence
the least upper bound is 1 and || f,,|| = 1.

For all x € I we have |z| < 1 and consequently 2™ — 0 as n — oo. The
sequence converges pointwise to the zero function but as || f,,|| # 0 the sequence
does not converge uniformly.

3 marks
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(b) As f, is continuous on [0,1] it attains its maximum on [0, 1]. f,(0) = 0 and
fn(1)=n/(1+n?) =1/((1/n)+n). fi(l)=1/2and for n > 2 f,(1) < 1/n <
1/2. To find the maximum we consider turning points of f,,.

oy (L% — (na)(20%a) _ n(1—n%a®)
folz) = 1 +n2x2)2 = (1 +n2x2)2 =0

when x = 1/n. f, increases in [0, 1/n) and decreases in (1/n,00). Thus

1full = ful(1/n) = %

For the pointwise convergence observe that for x = 0, f,(z) = 0 for all n. For
x>0,

1/ (n;:) _ 0
(1/nz)*+1 0+1
Thus the sequence converges pointwise to the zero function. As || f,|| 7/ 0 the
sequence does not converge uniformly.

=0 asn— oo.

fn(x) =

(c) (1) If the limit function is discontinuous then this is sufficient to prove that
the convergence is not uniform. (2) If the limit function is continuous then
nothing can be concluded about whether or not the convergence is uniform.

(iv) (fn) is a Cauchy sequence if for every € > 0 there exists an N such that

| fn— fmll <€, foralln>N and m> N.

(fn) converges uniformly to f means that for every ¢ > 0 there exists a N such
that
Ifn— fll <€/2 foralln> N.

Then for all m,n > N and for all x € I we compare both f,, and f,, with the limit
f to give

[fm(@) = ()] = |(fm(2) = f(2)) + (f(2) = fal2))]
[fn() = f(@)] + [f(2) = ful2)]
[ = FI+ N = full <€/24+€/2=€.

As this is true for for all x € I we have ||f,, — fa|| < € as required.

<
<
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5. This was question 5 of the Jan 2003 MA2034A exam paper.

(a) State the Weierstrass M-test.

(b) In the following you may assume in your answer that the series
= 1
>
k=1
converges for all p > 1 and diverges for all p < 1.

Let
cos(kx)
3

fn:R—R, fn(m)zz .

k=1

Page 47

[3 marks]

Use the the Weierstrass M-test to explain why (f,) and (f!) converge uniformly on

R.

Does the sequence (f/) converge pointwise on R?

[4 marks]

[1 mark]

(c¢) Determine the radius of convergence of the following power series and state regions

in which the series converge uniformly.

(i)

k

OOZL'
20

(ii) In the following o € R is not an integer.

k! 2

k=0

(iii)

oo
k32F

[3 marks]

i(a(a—l)...(a—ml))xk:1+m+MI2+W

[4 marks]

[3 marks]

[2 marks]
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(a)

ANSWER

The Weierstrass M-test relates to series of functions (fy). Let fr : I — R and

suppose that
[fxll < M,

where || fi|| is the uniform norm of fj on I. If the series of numbers > | M}, converges
then the series of functions ) fi converges uniformly on I.

To apply the M-test to the series for f,(z) we note that |cos(kz)| < 1 so that the
kth component function is bounded by

1

The series > 1/k% converges and thus the series for f,, converges uniformly on R.
f] is given by

) = — Z sin(k;a:)'

2
k=1 k

The kth component function is bounded by

The series > 1/k? converges and thus the series for f/ converges uniformly on R.

fIl'is given by

k=

When z = 0, cos(0) = 1 and —f(0) is the nth partial sum of the divergent
harmonic series. Hence the series does not converge pointwise on R.

—_

(c) (i) Let fr(z) =a%/k!. On |z| <r

k

| ()] < % — M,

By the ratio test

Mg " (k+ 1) r

M, TS

— 0 ask — oo.

The series Y, M}, converges for all » and hence the radius of convergence is co.
The series converges uniformly in any region of the form |z| <.
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(i)

(iii)

Let fu(x) = apa® where

_(ala=1)-(a—k+1)
o ()

On |z| <r
[fe(@)] < lax|r® =2 M.

Using the ratio test
M1

a—k
k+1

Ak41
ag

alk—1

L+ 1k r—r ask — oo.

My,

-

Thus the series converges absolutely if » < 1 and diverges for > 1. The radius
of convergence is R = 1 and the series converges uniformly in [—r,r| for all r
satisfying 0 < r < 1.

Let fi(z) = apa® where
k3
QA — 3_k .
On |z| <r
[fi(@)] < lag|r® = M.

Using the ratio test

My apn (B+12 (14+1/k)? r

= r = r = T — —

M, a 3k3 3 3

The series converges if r < 3 and diverges for » > 3. The radius of convergence
is R = 3. The series converges uniformly in |z| < r for all r < 3.

Let fi(z) = k2. On |z| <7
[fe(@)] < (kr)* = M.

Using the root test
M,i/ s

The sequence (M ,i/ k) only converges when r = 0 The radius of convergence is
R=0.
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6. This was question 5 of the Jan 2002 MA2034A exam paper.
(i) State the Weierstrass M-test.
[3 marks]
(ii) In the following you may assume in your answer that the series
=1
27
k=1
converges for all p > 1.
(a) Let
1
)=
Show that
|f’(x)|<g C’—i for all z € R
k —= kga 8\/§’ .
[4 marks]
Hence use the Weierstrass M-test to show that
> _felw) and ) fi(a)
k=1 k=1
both converge uniformly on R.
[2 marks]
(b) Show that the following series converges uniformly on [0, c0):
i 1 (1 —~ x)k
_2 .
— k“\1+4+=x
[Hint: make the substitution y = (1 — x)/(1 + z).]
[3 marks]

(iii) Determine the radius of convergence of the following power series and state regions

in which the series converge uniformly.

(a)

(b)

ok k

2.7 . [3 marks]
=0

> k3 k

Z f [3 marks]

3
k=0
Z kla®, [2 marks]

k=0
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ANSWER

(i) The Weierstrass M-test relates to series of functions (fx). Let fi : I — R and
suppose that

1fell < M,

where || fi|| is the uniform norm of f; on I. If the series of numbers »  M;, converges
then the series of functions ) fi converges uniformly on I.

(i) (a)

, B —2x
fi(z) = (Iz n /{:2)2'

To determine the maximum of | f}(z)| we need to consider turning points of f;
which correspond to points at which f/(z) = 0.
(2% + k*)*(=2) — (—22)2(2* + k*)2z

(z° + k*)*

k() =
and hence f}/(z) = 0 when
(2% + k*)*(—2) = —82%(2* + K?),
ie. when 22 + k% = 422, 322 =k* .

At o = +k/V3, 22 + k? = 4k?/3 and

| fr(k/V3)| = % where C' = (24//\3/)52 = 8\9/3 _

As we only have 2 turning values we obtain the bound

|fr(z)] < % for all z € R.

As for all z € R,
1 , C
[fe(@)l < 5 and [fi(2)] < -5
and > 1/k? and Y 1/k* are standard convergent series the series converges
uniformly by the Weierstrass M-test.

Let

11—z yk

T2 and fk(a:):?
Foro<z<1l,|[1—z/<1<1l+4+az Forl<uz |1—z|=2—-1<1+2x That
is for all # > 0, |1 — x| < |1+ z|. Thus |y| <1 for all x > 0 and

1

y:
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(iii) (a)

As > 1/k? is a standard convergent series it follows that the series converges
uniformly when z > 0 by the Weierstrass M-test.

Let fi(z) = 2%2*/k!. As (k+ 1)! = (k + 1)k! etc. we have for z # 0,

Jeg1(2)
fi(x)

By the ratio test the series converges for all z € R and by the M-test the series
converges uniformly in all regions of the form [—R, R], R > 0. The radius of
convergence is 00.

2
* ‘—>0 as k — 00.
+1

Let fy(x) = k32%/3%. We have for x # 0,

fes1(2)
fi()

By the ratio test the series converges for |z| < 3 and by the M-test the series
converges uniformly in all regions of the form [—r,r], r < 3. The radius of
convergence is 3.

H% as k — o0.

3

|k + 1)
R

_ ‘ (1+1/k)x

Let fi(z) = k!z*. We have for z # 0,
Srr1 ()

fi()

This is unbounded for all x # 0 and by the ratio test the series diverges. Hence
the series only converges at x = 0. The radius of convergence is 0.

= (k+1)|a|.

7. These were part of question 4 of the Jan 2000 and Jan 2001 MA2034A exam papers.

(a) Let (fn), fn: I — R, denote a sequence of continuous functions defined on I. If
(fn) converges to f uniformly on I then what properties will the limit function f
have?

(b) In each of the following cases of sequences of functions, determine whether or not
the sequence converges pointwise on its given domain. If the sequence does converge
pointwise then give the pointwise limit function and determine whether or not the
convergence is uniform.

(i)

fo: (=11 =R, fulx):=2", n=1,2---. [2 marks]
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fo : R=R, fu(z):= " n=12---. [3 marks]
(iii)
fn:R—=R, fu(x):=cosnz . [3 marks]
(iv)
a:n
fn3<—1,1]—>R, fn(flf) = m, n:1,2,... .
0 )
x
foi[0,00) = R, fu(z) = m, n=12---
ANSWER

(a) Aseach f, is continuous and (f,,) converges to f uniformly on I then f is continuous
on [.

(b) (1)

(i)

" —0 asn—ooif [z| < 1.

Thus for z € (—1,1), fo(x) — 0 as n — oco. Also, f,(1) =1 for all n. Thus
(fn(x)) converges for all x in (—1, 1] and hence the sequence of functions does
converge pointwise. The pointwise limit function is

{0, if 2 € (—1,1),

fo) =B ) =) e o1,

n—~o0

As each f,, is continuous and f is discontinuous this indicates that the conver-

gence is not uniform.
2 marks

By the properties of the sine function we have for all z € R that

SRS

|falz)] <

and thus
1
|foll <= —0 asn— oo.
n

Thus the sequence converges uniformly to the function f
f:R—=R, f(z):=0.

Uniform convergence implies pointwise convergence and hence f is also the

pointwise limit.
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(iii)

(iv)

If we let © = 7 then f,(7) = cosnm = (—1)". The sequence of numbers ( f,, (7))
does not converge and thus the sequence does not converge pointwise and as a
consequence it does not converge uniformly.

" =0 asn—ooif |z < 1.
Thus for x € (—1,1), fu(z) — 0/(14+0)*> =0 as n — oo. Also, f,(1) =1/4 for

all n. Thus
{0, if 2 € (—1,1),

Sy = M @) =9y ot

n—oo

As each f,, is continuous and f is discontinuous this indicates that the conver-

gence is not uniform.
Let g, : R — R,
x 1/z)" !
o) 1= = ST
1+ (1/z)" +1

If 0 <x <1 then

fo(z) = (1—|—xaz”) <z"—0 asn— .

If x =1 then
fo(1)=(1/2)" -0 asn — oo.

If > 1 then (1/2)" — 0 as n — oo and

The pointwise limit function is f : R — R, f(z) :=0.

To establish that the convergence is uniform we need to bound g, and hence

fn- We note that g,(0) = 0 and g,(z) — 0 as |z| — oco. For turning values we

have

(1+2") — 2(nz™ ")
(14 a2™)?

As there is only one turning value it is the point where g, has a global maxi-

mum. Thus

gn(x) = =0 when 1= (n-—1)z".

<um—mw<((1)ym

<
max g, (x)] < —

and

1
anH = mugx|fn(x>| < —1 — 0 asn — oo.




21-4-2005 17:22 © M. K. Warby, J. E. Furter MA2930 ANALYSIS, Exercises Page 55
8. This was most of question 5 of the January 2001 MA2034A exam paper.

(i) State the Weierstrass M-test.
[3 marks]

Use the Weierstrass M-test to show that the following series converge uniformly on
R.

(a)

2. [coskx sin kx
> Gt )

k=1
[3 marks]
(b)
Va2 +k — |z
Z k2 '
k=1
[4 marks]

In your answer you may assume that the series
= 1
>
k=1

converges for all p > 1.

(ii) Determine the radius of convergence of the following power series and state regions
in which the series converge uniformly.

(a)

[4 marks]

[4 marks]
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ANSWER

(i) The Weierstrass M-test relates to series of functions (fy). Let fx : I — R and
suppose that
1fkll < M,

where || fx|| is the uniform norm of f; on I. If the series of numbers » ° M} converges
then the series of functions ) fi converges uniformly on I.

(a) With
coskx sin kx
+3

fk(l') = 1{33 ]{?2

it follows that for all x € R

1 3
|fe(z)] < My = PE; + =R

> 1/k* and 3 1/k? are standard convergent series and thus > M}, converges.
Thus ) fr converges uniformly on R.

(b) Let

vaz+k— |z
k,2
k 1 1

<=M
RV +k+z) k(a2 +k+|z|) ~ K2 g

where the bound was obtained by observing that the denominator takes its
smallest value in R when x = 0.
>~ My is a standard convergent series and thus the series > fi. converges uni-

formly on R.

fi(z) =

(ii) (a) Let

k2
fr(x) = ﬁzzk
On |z| <r
k2
el < St =

Using the ratio test

My (K+1)>%r N\N’r r
_ Tof1+2) 200 sk .
M, 2 5 tr) 57 WU

Thus the series > My converges if r < 5 and the series > fj converges uni-
formly in [—r, | for all r satisfying 0 < r < 5. The radius of convergence is

R =05.
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(b) Let

fulw) = <a(o¢—1)--l-€!(a—k:+1)) (g)k .

On |z| <r

| fi(z)| <

:Mk

a(@—l)-~-(a—k+1)‘<r>k

k! 2

Using the ratio test

My _
M,

>—>i as k — 00.
2

a—k <r> B
k+1)\2/
Thus the series Y My converges if r < 2 and the series > fi converges uni-
formly in [—r,r] for all r satisfying 0 < r < 2. The radius of convergence is

R =2

alk—1 <f
1+1/k|\2

9. This was part of question 5 of the January 2000 paper.

Use the Weierstrass M-test to show that the following series converge uniformly on R.

(a)

i 1
o’ 1'2 +k2 :
(b) N

— k‘3/2

(¢) Determine the radius of convergence of the following power series and state the
region in which the series converge uniformly.

(i)
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ANSWER

(a) The denominator takes its smallest value when x = 0 and hence

()

i) < 75

The series > 1/k* is a standard convergent series and hence the series of functions

converges uniformly on R.

1
SW

sin kx
k,3/2

and > 1/(k%/?) is a standard convergent series. Hence the series of functions converges

uniformly on R.

(i) Let
k
Qp = ?xk
Using the ratio test
agr1  (K+ 1)z r
= —=1+1/k)= — = k
O 3 ATk =g ask—oo

Thus the series converges absolutely if || < 2 and converges uniformly in [—r, 7]

for all r satisfying 0 < r < 2.

(i) Let

Using the root test

]ak|1/k:m—>0 as k — oo.

Thus the series converges absolutely for all z € R and converges uniformly in [—r, 7]

for all r satisfying 0 < r < oo.

10. Book work question.

Let I C R and let (f,,) be a sequence of continuous functions such that f, : I — R.
Suppose that (f,) converges uniformly to f on I and note that

[f (@) = FOI = [(f(x) = ful2)) + (fulz) = fulc)) + (falc) = f(0))]
< f(@) = fu(@)] + [fal2) = FulO)] + [fulc) = f(e)]

g(@gww—mwoﬂmm—n@w

Show that f is also continuous on I.
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ANSWER

Let € > 0. By the uniform convergence there exists N such that

sup [ f(z) — fu(z)] <€

zel

for n > N. The continuity of fy gives the existence of § such that
|fnv(x) — fn(c)| < e whenever |z —c¢| <.
Thus for |z — ¢| < § we have
|f(z) — f(c)| <3¢ whenever |z —c|<d

which is sufficient to establish the continuity of f at the arbitrary point c.

11.

The following is a miscellaneous collection of questions relating to sequences and series
of functions.

(a) Show that if f,(x) : =z + 1/n and f(x) := z for all x € R then f,, — f uniformly
on R but that (f?) does not converge uniformly on R.

(b) Let CW]a,b] denote the set of continuously differentiable functions on a finite in-
terval [a,b]. For each f in CM[a, b], define

1A ller =N+ L

Show that ||.||c: satisfies the norm requirements of non-negativity, linearity and
the triangle inequality. (Remark: It can be shown that the linear space CM|a, b] is
complete in this norm.)

(c) Use the Weierstrass M-test to deduce that if Y |a,| and >_ |b,| converge then the
Fourier series

% + ;(an cos nx + by, sin nx)

converges uniformly on R.

(d) Let

k=1

Explain why (s,), (s,,), (s7) and (s!”) all converge uniformly on R but that (s”(0))
does not converge.
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ANSWER

fo(z) =2z +1/n and f(x) = x and hence f,(z) — f(x) = 1/n. Thus
an—fHoo:l—%) as n — 0o.
n

fi= =+ Hfa— 1)
)

=00 for all n.

and thus in this case .
fn(x)2 — f(x)2 == <2x +

and

1
20+ —

sup | u()? — F@)?| =~ sup |20+ -

z€R n zer

Nonnegativity: Clearly ||f|lcx > 0 since || f|| > 0 and || f’|| > 0. If || f]lcx = 0 then
|l = 0 and hence f(z) =0 for all z € [a, b].

Linearity: By using the linearity of the uniform norm

lafller = llef |+ llef'Il = el 111+ lal £ = laf [ fller -

Triangle inequality: By the triangle inequality for the uniform norm

If+gll+ 1+ 4
LA+ gl + AL+ Nlg'TD
Ifller +ligller -

If +gller

IN

With f,(z) := a, cosnz + b, sin nz we have
| fa(@)] < lan] + [byl

by the triangle inequality and that |cosnz| < 1 and |sinnz| < 1. As ) |a,|
and ) |b,| both converge we have that Y (|a,| + |b,|) also converges. Hence the
conditions of the Weierstrass M-test apply with M,, = |a,| + |b,| and the series
converges uniformly on R.

" cos(kx
le) = 3O
k=1
. sin(kx)
Sn<x> = _Z k’4 )
k=1
" cos(kx)
S;fb(w) = _Z ]{73 ;
k=1
) = Y0 Ik
=k
) = _ cos]ikx)
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The kth term in the series of s,, s, s/ and s/ are bounded on R by respectively

1/k5, 1/k* 1/k% and 1/k? and as the series of the bounds converge the sequence of
functions converge uniformly on R. However

"1
SIIIIO: —.
=35

are the partial sums of the harmonic series which is divergent.




