
Real Numbers

A real number has a representation of the form

k + 0.d1d2d3 · · · ,

where k is an integer and each digit dj belongs to

{0, 1, 2, 3, 4, 5, 6, 7, 8, 9}.

We use IR to denote the set of all real numbers.

Integers such as 3, 0, −5 are real numbers.

A rational number can be represented as

m

n
,

where m and n are integers and n 6= 0. Rational numbers are

real numbers.

Some real numbers such as
√

2 and π are irrational num-

bers.
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Addition

The addition of two real numbers is a real number. It has

the following properties:

A1. The addition is associative:

(a + b) + c = a + (b + c).

A2. The addition is commutative:

a + b = b + a.

A3. There exists a zero element 0 such that for all a ∈ IR,

a + 0 = a.

A4. For each real number a, there is a unique element −a,

called the additive inverse of a, such that

a + (−a) = 0.

It can be easily derived from the above properties that

a + c = b + c implies a = b. Moreover,

−(−a) = a and − (a + b) = −a− b.

For two real numbers a and b we define

b− a := b + (−a).
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Multiplication

The multiplication of two real numbers is a real number.

It has the following properties:

M1. The multiplication is associative:

(ab)c = a(bc).

M2. The multiplication is commutative:

ab = ba.

M3. There exists an element 1 6= 0 such that for all a ∈ IR,

a·1 = a.

M4. For each a 6= 0, there is a unique element a−1 such that

aa−1 = 1.

The number a−1 is called the reciprocal of a. If a 6= 0 and

b 6= 0, then (a−1)−1 = a and (ab)−1 = b−1a−1.

It can be easily derived from the above properties that

ac = bc and c 6= 0 imply a = b.

For two real numbers a and b 6= 0 we define

a

b
:= a · b−1.
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Quotients

Let a, b, c, and d be real numbers.

(1) If b 6= 0 and c 6= 0, then

a

b
=

ac

bc
.

(2) If b 6= 0, then −b 6= 0 and

−a

b
=

a

−b
= −a

b
.

(3) If b 6= 0, then
a

b
+

c

b
=

a + c

b
.

(4) If b 6= 0 and d 6= 0, then

a

b
+

c

d
=

ad

bd
+

bc

bd
=

ad + bc

bd
.

(5) If b 6= 0 and d 6= 0, then

a

b
− c

d
=

ad

bd
− bc

bd
=

ad− bc

bd
.

(6) If b 6= 0 and d 6= 0, then

a

b
· c

d
=

ac

bd
.

(7) If b 6= 0, c 6= 0, and d 6= 0, then
a
b
c
d

=
a

b
· d

c
=

ad

bc
.
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The Distributive Law

Let a, b, and c be real numbers. Then

a(b + c) = ac + bc.

Theorem. The following statements are true:

(1) a · 0 = 0;

(2) a(−b) = −(ab);

(3) (−a)b = −(ab);

(4) (−a)(−b) = ab.

Proof. (1) By the distributive law we have

a · 0 + a · 0 = a · (0 + 0) = a · 0.

By the cancellation law for addition we obtain a · 0 = 0.

(2) By the distributive law we have

a(−b) + ab = a
(
(−b) + b) = a · 0 = 0.

It follows that a(−b) = −(ab).

The proof for part (3) is similar to that of part (2). For

part (4) we have

(−a)(−b) = −
(
(−a)b

)
= −(−ab) = ab.
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Square

For a real number a we define

a2 := a · a.

For two real numbers a and b we have

(a + b)2 = a2 + 2ab + b2.

Indeed, by the distributive law we have

(a+b)2 = (a+b)a+(a+b)b = (a2+ba)+(ab+b2) = a2+2ab+b2.

Similarly we have

(a− b)2 = a2 − 2ab + b2

and

(a + b)(a− b) = a2 − b2.
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Power

Let a be a real number and n a positive integer. We define

an := a · a · · · · · a︸ ︷︷ ︸
n factors

.

In particular, a1 = a, a2 = a · a, and a3 = a · a · a. If, in

addition, a 6= 0, we define

a0 := 1 and a−n :=
1
an

.

The following identities hold for all nonzero real numbers

a and b and integers m and n:

am · an = am+n;

am

an
= am−n;

(am)n = amn;

(ab)n = anbn;(a

b

)n

=
an

bn
.

For example, a3 · a2 = a5 (not a6) and a6/a2 = a4 (not

a3). Also, (−1)2 6= −12. Moreover, for any integer n we have

(−1)2n =
(
(−1)2

)n = 1n = 1.
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Ordering

There is an ordering ≤ in the set IR of real numbers. It

has the following properties:

O1. (Reflexivity) a ≤ a for every a ∈ IR;

O2. (Antisymmetry) If a ≤ b and b ≤ a, then a = b;

O3. (Transitivity) If a ≤ b and b ≤ c, then a ≤ c.

O4. (Comparability) For a, b ∈ IR, either a ≤ b or b ≤ a.

Let a, b ∈ IR. We define a < b to mean a ≤ b and a 6= b.

Moreover, b ≥ a has the same meaning as a ≤ b, and b > a has

the same meaning as a < b.

Properties of Inequalities. Let a, b, and c be real numbers.

(1) If a < b, then a + c < b + c;

(2) If a < b and c > 0, then ac < bc;

(3) If a < b and c < 0, then ac > bc;

(4) If 0 < a < b, then
1
a

>
1
b
.

Proof of (4): Since a > 0 and b > 0, by (2) we have ab > 0.

Consequently,
a

ab
<

b

ab
i.e.,

1
b

<
1
a
.
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Absolute Value

The absolute value |a| of a real number a is defined as

follows:

|a| :=

{
a if a > 0,
0 if a = 0,
−a if a < 0.

Theorem. The following statements are true for a, b ∈ IR.

(1) | − a| = |a|;

(2) −|a| ≤ a ≤ |a|;

(3) |a + b| ≤ |a|+ |b|;

(4) |ab| = |a|·|b|.

Proof. (2) If a ≥ 0, then a = |a| ≥ −|a|. If a < 0, then

|a| = −a, and hence a = −|a| ≤ |a|.

(3) If a + b ≥ 0, then |a + b| = a + b ≤ |a|+ |b| by (2). If

a + b < 0, then we have |a + b| = −(a + b) = (−a) + (−b). But

−a ≤ |a| and −b ≤ |b| by (2). Hence, |a + b| ≤ |a|+ |b|.

(4) If a > 0 and b > 0, then |ab| = ab = |a||b|. if a < 0

and b < 0, then |ab| = ab = (−a)(−b) = |a||b|. If ab = 0, then

either a = 0 or b = 0, and hence |ab| = 0 = |a|·|b|. Finally, if

ab < 0, then (−a)b > 0 and hence |ab| = | − a||b| = |a|·|b|.
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Inequalities Involving Absolute Value

If a > 0, then

|x| < a is equivalent to − a < x < a

|x| ≤ a is equivalent to − a ≤ x ≤ a.

If a > 0, then

|x| > a is equivalent to x > a or x < −a

|x| ≥ a is equivalent to x ≥ a or x ≤ −a.

Note that you cannot write a < x < −a.

Example. Solve the inequality for x:

|2x− 1| < 3.

Solution. This inequality is equivalent to

−3 < 2x− 1 < 3 or − 3 + 1 < 2x < 3 + 1.

Hence, the solution is −1 < x < 2.
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Intervals

For a pair of real numbers a and b, we define

(a, b) := {x ∈ IR : a < x < b}, [a, b] := {x ∈ IR : a ≤ x ≤ b},

[a, b) := {x ∈ IR : a ≤ x < b}, (a, b] := {x ∈ IR : a < x ≤ b}.

The set (a, b) is called an open interval, the set [a, b] is called

a closed interval, and the sets [a, b) and (a, b] are called half-

open (or half-closed) intervals.

We introduce two symbols ∞ and −∞ and define

−∞ < a < ∞ for all a ∈ IR.

Then we have (−∞,∞) = IR and

(a,∞) = {x ∈ IR : x > a}, [a,∞) = {x ∈ IR : x ≥ a},

(−∞, b) = {x ∈ IR : x < b}, (−∞, b] = {x ∈ IR : x ≤ b}.
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Completeness

Let (an)n=1,2,... be a sequence of real numbers. We say

that the sequence is bounded above if there exists a real number

M such that

an ≤ M for all n.

We say that the sequence is nondecreasing if

an ≤ an+1 for all n.

Completeness of Real Numbers. A sequence of real num-

bers converges, provided it is nondecreasing and bounded above.
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