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The theory of rotating axes and polyatomic molecules is extended in a form applicable to
linear and anomalous molecules. Itisapplied toa linear tetratomic molecule and to an anomalous
ammonia-like molecule, to obtain, in each case, a Hamiltonian kinetic energy lacking first-
order terms. A second-order perturbation calculation yields the energy of interaction between
rotation and vibration for the linear molecule. The relationship to Howard’s theory of ethane

is also given.

INTRODUCTION

HE systematic theory of the motion of poly-
atomic molecules referred to moving axes
has been developed by Eckart! for the case of
nonlinear normal molecules. In this theory, the
unique definition of the axes is provided by
certain conditions on the coupling terms? in the
kinetic energy, which were suggested by Casi-
mir’s? study of rigid bodies in quantum mechan-
ics. It is possible, however, to treat the interac-
tion of rotation and vibration from a more
general viewpoint, such as that considered by
Welker,* which is applicable to linear molecules,
and to various types of anomalous molecules as
well. For the purposes of application, this general
theory may be specialized so that it assumes a
form similar to the method of rotating axes, and
for nonlinear normal molecules, is, in fact, iden-
tical with it. In illustration, the method is applied
to a linear tetratomic molecule and to an anoma-
lous molecule like ammonia.
1 C. Eckart, Phys. Rev. 47, 552 (1935).
2 See also, H. A. Jahn, Ann. d. Physik 23, 529 (1935).
3H. B. G. Casimir, The Rotation of a Rigid Body in

Quantum Mechanics. Dissertation, Leyden (1931).
¢+ H. Welker, Zeits. f. Physik 101, 95 (1936).

THE GENERAL METHOD

Many polyatomic molecules are known to be-
have like approximately rigid bodies while still
others possess only one or two degrees of internal
freedom. Thus, it might be said that a general
N atomic molecule consists of approximately
rigid parts which may move relative to each
other while the whole structure translates and
rotates freely through space. Let it be assumed,
for the time being, that the parts are perfectly
rigid and that their relative motion is uncon-
strained. The system is thus in neutral equilib-
rium since it follows that the potential energy is
identically zero. To specify the position in space
of the equilibrium configuration defined in this
way, fewer than 3N coordinates are needed, and
these may be taken to be of two types: (a) six

(or five) coordinates «’, whose variation describes

the over-all translation and rotation of the mole-
cule, and (b) one or more coordinates @'’ which
describe the gross internal motions.

The equations of transformation from carte-
sian coordinates,

xy=Filap),
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k=1,2,---,3N;p=1,2,+- ., M <3N, aresimply
the equations of rigid constraint under which the
motion takes place, and this will be termed the
“rigidly constrained’’ motion. It is convenient to
let the x represent the coordinates of an atomic
particle multiplied by the square root of its mass,
and to use (in this section only) the summation
convention. The properties of the system, in both
classical and quantum mechanics, depend upon
the Hamiltonian, which is readily obtained:

Zr=(0F:/0a)d,
2T =Zx,?
= Ek(aFk/aap) (GFk/aar)o'z,,d,,

which may be written:
2T=A ,,V6,c.
The Hamiltonian is then
2H=A*"P,P,,

where the matrix 4,7 is the reciprocal of 4 ,./9,
and P, is conjugate to a,. Since the solution of
the characteristic value problem for this Hamil-
tonian is known in most cases, the rigidly con-
strained motion can be considered as part of the
zeroth-order approximation to the true motion.
To secure a more accurate molecular model, the
atoms hitherto supposed to constitute one of the
rigid parts must be allowed to vibrate about their
equilibrium positions but, as a first approxima-
tion, with very small amplitudes, so that the con-
figuration departs only slightly from the rigid
structure. If the 3N— M additional degrees of
freedom, gy, are introduced in the form:

xp= Fi(op) +flap)gr, (1

A=1,2, ---, 3N—M, so that they describe the
deviation from equilibrium, and the zeroth-order
potential energy is written as a (positive definite)
quadratic form in the ¢:

2Us=bru(a")rgus (2)

the motion will have the desired characteristics.
Thus, Eq. (1) represents a loosening of the rigid
constraints, and the motion might now be de-
scribed as the “‘elastically constrained’ motion.
The solution of the ‘‘elastic constraint’ problem
enables the prediction of the major features of
the molecule’s infra-red spectrum.
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As usual, the Hamiltonian must be computed.
The velocities are:

£e=[0F/do,+(0f in/den) @ Jdy+Findns
and the Lagrangian kinetic energy has the form:
2T =A4 pra 0+ 2B pé i+ Crurgs, (3)

in which the coefficients A4, have the form:
A0+ 4 v+ A4 prupng.. The first group of
terms in (3) constitutes the energy of the system
under the constraints gy =constant, and includes
the energy of translation and rotation; the third
sum is the kinetic energy of vibration, while the
second represents the energy of interaction be-
tween rotation and vibration.

It is desired, first, that the interaction terms
be small enough to be considered as a perturba-
tion of second order or higher, and second, that
the g\ be the normal coordinates. To see how the
first requirement, which is a generalization of
what has been called Casimir’s condition,! 3 can
be effected, consider the explicit form of the B,
which is

B=(0F/0a,)fint (0f ru/0ctp) firgus
or, for short,
Bn=Bn+Bmugu.
If, as usual, one sets
B =0, (4)

the B, will be small for small vibrations. These
may be considered as equations partially deter-
mining the 3N(3N—M) functions fm. Since
there are M equations for each wvalue of ),
3N—M of the fi remain arbitrary. These are
determined by the solution of the normal vibra-
tion problem in the 3N—M coordinates ¢\ as
follows. The potential energy,

U(xk) = U(Fk‘i'fk)\@\)»

may be expanded in a Taylor’s series about the
equilibrium values of the coordinates:

U=3(0*U/0x10x1) smr firfuup@ut - - +
=3Bufofuprgt - -,
this being a definition of 8. The by, (Eq. (2)),
are therefore,

e = Brrfir frus
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while the C,,, (Eq. (3)), are readily verified to be
Cw= firfiu-

The remaining fi, are then uniquely determined
by the conditions:

b)\u=0 ()‘¢#>’
Cru=4Ar () 0y,

()
(6)

where the A4, are any preassigned functions.

The explicit definition of the a, depends on
the particular type of molecule to which the
method is to be applied, and for this purpose,
normal and anomalous molecules may be dis-
tinguished, and discussed separately.

NorMAL MOLECULES

A molecule which, in the vibrationless state
(neglecting zero-point energy), behaves like a
completely rigid body may be called normal.
If it is nonlinear, the «, are six in number
(M=6), and are most conveniently chosen to
specify the position in space of a set of axes
moving with the molecule, namely; the three
components, X, ¥, Z, of the vector R to the
origin, and the three Eulerian angles,’ 8, ¢, ¥,
of the axes. Let the unit vectors along the
moving axes be ¢; remembering that these are
functions of the Eulerian angles. Also, let the
index £ of Eq. (1) be an abbreviation for two
indices, 7, a, (t1=x%,y, z;a=1, 2, .-+, N), so that
Xi, are the coordinates of the ath atom in fixed
axes. If e; are the fixed unit vectors, the rigid
constraints, Fi(a,), become

Fiazma%(R'{"za) <€y

where z,(=2;2,¢;) specifies the equilibrium posi-
tion of the ath atom in the moving axes.

It will now be shown that, for this case, the
method can be reduced to the method of rotating
axes. Adopting the notation of reference 1, let
the fin of Eq. (1) have the form

()

where j=x, ¥, 3, and the 2\,, are constants to be

fian=(Z2r:a8;) - €4,

5 The definition of the Eulerian angles to be used here is
that of E. T. Whittaker, Analytical Dynamics (Cambridge,
third edition, 1927), p. 10.
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determined by Eqs. (4), (5) and (6). Eq. (1)
becomes

Xia=[MIR+Z {ma32;0+ Zntnjoqr) e ] €0 (8)

If yis stands for the cartesian coordinates of the
ath atom in the moving axes, multiplied by m,},
it is also true that

Xig = [ma%R-l— Z jyjasj] €.
Hence, by comparison with Eq. (8),
¥ ja=Ma 2 ja+ Zr2n juln,

which is the conventional transformation of
coordinates. It remains to be proved that the
six equations, B,® =0, are precisely the ones
used to define the rotating axes.

Notice, first, that for a,=X, ¥, Z, B;n,=0, so
that B,\® =0 implies B,»=0. But since this is
the condition that the kinetic energy of transla-
tion be separable, the three equations Bx=0,
etc., must be equivalent to

(9)

where r, is the position vector in the moving
axes, i.e., the origin of these axes is always at
the centroid of the molecule. That the equations
do have this form can also be proved. The
remaining three equations may now be found.
For a,=4, for example,

Eamara= O!

OF 10/ 00 =M} 200" €2— 2205 &y
+ (zyas”_zxaC”) sz:l - €.

In this expression, and in what follows, s, ¢, =sin,
cos 8; s’, ¢’=sin, cos ¢; ', ¢’'=sin, cos y. Thus,
dF;2/90 and fia (Eq. (7)) are the ith components
in the fixed axes of certain vectors whose com-
ponents in the moving system are the coefficients
of ¢;in the respective expressions for 3 F;,/d6 and
fiarn. Since the B,z are the sums of scalar
products of these vectors resolved along e;, they
can be written in terms of the other components
as well, giving:

BO)\(O) = Eama%[z)\zazzacu - z)\yazzas”
+z)\za(zya5” _Zzac’/):l-

On rearrangement, this becomes:
Eama%(s”zax do-e.tc¢""Za X day - cy),

where d, = Z v .2, In like manner,
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Ban®=Z2m (sc"" Wor- €, —55""Wor- gy
—CWa-2e,)=0
B'p)\(O): Eamﬁwax' sz=01 ‘

in which w,=2z,Xd,. These three equations
imply that

Eama*za X da)‘ = 0, (10)

which is Casimir’s condition in vector form,®
since d,, has the dimensions m?Xlength.

The normal coordinate problem may likewise
be reduced to the conventional one. The b,
(Eq: (2)) are simply constants and all the A4y
can thus be set equal to the same normalization
constant, 4.

Linear molecules

If the equilibrium configuration of the mole-
cule is linear, only five coordinates are necessary
to specify its rigid motion: X, ¥, Z, 6 and ¢,
and there must be (3N—5)¢.. Hence, there are
only five of the Eqgs. (4), which are insufficient
to define a set of moving axes uniquely. If, now,
the transformation (8) is made exactly as in the
preceding section, the angle ¢ enters as an
arbitrary parameter, which may therefore be set
equal to zero, completing the definition of the
axes.

The choice of the two Eulerian angles, 8 and ¢,
as ‘‘rigid constraint’” variables implies that e,
passes through the equilibrium configuration,
which can always be required to have its center
of mass at the origin, so that

B20= 2y, =0
ZaMaZ..=0.

In the next section, this method is applied to a
general tetratomic linear molecule; the results
obtained there may be of use in the interpretation
of the rotational band structure of the acetylene
molecule.

TETRATOMIC LINEAR MOLECULE

In order to compute the kinetic energy, the fia,
and hence the 2, must be found explicitly by
solving Egs. (5), (6), (9) and (10). Written in

8 C. Eckart, reference 1, Eq. (25), p. 556. Also, E. B,
Wilson, Jr., and J. B. Howard, J. Chem. Phys. 4, 261
(1936), Eq. (3).
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scalar form, Egs. (9) and (10) are:-

Eama%z)\ia =0
Eamagzzaz)\ za = 0
Eama*zzaz)\ya = O,

(i=x,9,32)
(11)

while Eq. (6), which is also invariant under a
rotation of the axes, takes the form

Eaziz)\iazuiazAB)\p.- (12)

The 3N —5=7 linearly independent solutions of
(11) can then always be chosen normalized and
orthogonal so as to satisfy (12), in which 4 is
conveniently taken to be the equilibrium moment
of inertia, Z.m.2..2. To find particular solutions,
set Zxza=210="0; the one remaining equation has
three independent solutions : 2;,, = g,, 22,0=g.?,
23;0=He. Two of these are also solutions for
Hu=2yw=0 (A=4,5), and for #ZH.u=2.=0
(A=6, 7). Thus, ¢, ¢qs, gs describe the parallel
vibrations, ¢: and ¢s one perpendicular mode,
and ¢s and g7, the other.

The potential energy must now be considered.
On account of the rotational symmetry of the
equilibrium configuration, and the choice of the
Zrniay it must have the form:

2Up=3,, uBkug)\Qu+b44(q42+Qﬁz)
+b55(952+972) +2b45(94g5+QGQZ7) ,

where X\, p=1, 2, 3. Since there are four non-
diagonal terms, there are four of Egs. (5), and in
order to satisfy these, it is necessary to form more
general solutions of (11) without altering the
character of the g¢’s. This may be accomplished
by taking separate orthonormal linear combina-
tions of the solutions numbered 1, 2, 3, and of
those numbered 4 and 5, which provides the four
independent constants needed to diagonalize the
potential energy. Because of the degeneracy of
the perpendicular vibrations, the same combina-
tions used for solutions 4 and 5 must be employed
for solutions 6 and 7. The complete solution may
therefore be written:

Zrea=cga®d tanage D tanshs (A=1,2,3)
Z4za=zeya=611ga(1)+312ga(2)
Z50a = Z1ya = B21€aL +B22ga®.
The Hamiltonian
The Hamiltonian kinetic energy, readily com-
puted by the method of Wilson and Howard,’

7E. B. Wilson and J. B. Howard, reference 6.
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turns out to be
24 T=f._2[MI — A+ (Mu_ Ay)2]+ sz2,

where p, is conjugate to ¢, M (=M, e,+ Mye,
+ M.e.) is the total angular momentum about the
center of mass, and

f= 1+0613Q1+0l23Q2+0133Q3~
The calculation also yields the result that
M.—A,=0.

The quantities A are identical (except for a
normalization factor) with Wilson and Howard’s
Pz Py Py and are given by

A= (1/4)Z%\pr; Ay=(1/A)ZDpr;
A= (1/4)Z8xpn
in which
x)\ = Euza(z)\zazuya - szazpza)qA
@)\ = Zuza(z)\xazuza - z)\zazpza)Qp
Br= ZuZ a(BnyaBuza— BrzaZuya) Qu-

Finally, the relations of M, and M, to the mo-
menta conjugate to 8, ¢, and g, are:

M.=—(1/5)Py+(c/5)A.
My=P9.

It should be noted that the A’s, which always ap-
pear in the Hamiltonian of a rotating vibrator,
are not the same as the components of the vibra-
tional or internal angular momentum. The latter
are defined as Z¥,q, etc., rather than as Z¥px.
The calculation of the characteristic values of
the Hamiltonian operator is entirely analagous
to that performed by Weinberg and Eckart?® for
the triatomic linear molecule, so that only the
important steps will be described here.

The perturbation calculation

The approximation,
f=1

is equivalent to neglecting terms of third order
and higher, while Casimir’s condition ensures
the absence of first-order terms. There remain
only terms of zero and second order, and these
are:

' QAT =Zp)?

Tz = T— TQ.

8 A, Weinberg and C. Eckart, J. Chem. Phys. 5, 517
(1937).
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If polar coordinates® are introduced,

Ga= p1 COS X1,
gs= p1SIN X1,

gs= pa COS X2
g7= p2SI1N X2,

the zero-order wave functions are, in Dennison’s!?
notation,

Yo=2(6, o)1 (g)¥"*(g2)¥"(gs)
X RVilt(p;)e+ ixRVslz( pg)e ilexs,

in which 1=V, Vi-2, 1 or 0, etc. and
2(0, ¢) is an undetermined coefficient. This can
also be written:

ll/()z‘v(a, ¢)un9N(g1 Py X)y

where N is an abbreviation for the quantum
numbers V, n ranges over all the combinations
lily, and ¢ may have the values ++4, + —, etc.
The zero-order energy,

W¥=Zi(Vit+3)hoi+ (Vi Dhws+ (Vs+ 1) hws,

is therefore of weight 7,=(V,4+1)(Vs+1). In
this and all following summations in this section,
the index 7 has the range 1, 2, 3. Since the first-
order energy corrections, W, due to the addition
of cubic terms in the potential energy, are all
zero, the degeneracy is unaltered to this approxi-
mation, and the correct zero order combinations
for the second-order calculation are

ZnZgVnghng.

If the operators T are defined by
Tng“' T'y= fu*,,rg: Tgv,.gu,,gdgl e dQ'z,

the secular equations have the form:
202 g T g™ 9 Vg =W tng,

in which W is that part of the second-order
energy correction, W,, arising from 7T, alone.
This “separability”’ of W, is possible only because
the matrix elements of the first-order potential
energy have the property:

(Ul)anhz 0

where mh has the same significance as ng but

(mh=ng),

* The operators must be transformed correspondingly:
pi=cos x1pp—p SN xapy, etc; A, becomes simply:

tx1tPxa .
10D, M. Dennison, Rev. Mod. Phys. 3, 280 (1931).
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refers to a wave-function for any state other than
Wy¥. The kinetic energy operators themselves
have the form:

Tna",g' = Tna‘sng. n'g’
and are

Toy=(1/24){s'\PssPs ,
+57 [Py —he(khi+h) P +C.

The characteristic values are immediately avail-
able:

W= #2/24)[J(J+1) - K*]+C,

where K= (+tlL+h), J=|K]|, |K|+1, ---. The
first part is essentially the energy of a linear
symmetric top, while the energy of interaction is

C=(n/24){(Vi+1)
X[Zr&(Vid-3) (wi/ wat ws/wi)]
F+ (VD[ 2t Vit 1) (wif ws+ws/ws) ]— 2},

in which the integer 2 appears because there are
two degenerate perpendicular vibrations, and

ri= ai11311+01i2612
ti= o511+ ot sofBo.

This is analagous to Weinberg and Eckart’s re-
sult for the triatomic case, and the generalization
to an # atomic linear molecule is obvious.

For the symmetric molecule X;¥3, the follow-
ing simplifications occur :

7’2=73="0
te=—(1—g2)%

7’1=1;
t1=0;

Thus, one constant, in addition to the normal
frequencies, remains to be determined by the
potential energy.

AnxoMaLoUs MOLECULES

These are molecules possessing internal mo-
tions with amplitudes too large to be treated as
normal vibrations, as, for example, the free in-
ternal rotation of an ethane-like molecule. An-
other example, to be discussed here, is a model of
the ammonia molecule, in which it is supposed
that the nitrogen atom, in an excited vibrational
state, can surmount a relatively low potential
barrier and vibrate between two extreme posi-
tions on opposite sides of the plane of the hy-
drogen atoms.

AARON SAYVETZ

YX;

The rigidly constrained configuration, Y.X;, is
taken to be a tetrahedron of variable height with
the ¥ nucleus at the apex, on the z axis of a
moving system of axes, while the X nuclei form
an equilateral triangle parallel to the x—y plane.
The anomalous coordinate, o’’=3z, is thus the z
coordinate of the ¥ atom. The remaining co-
ordinates are, as before, the three cartesian co-
ordinates of the origin, three Eulerian angles, and
five normal coordinates.

If the X nuclei, of mass s, are numbered 1, 2, 3
and the axes are the principal axes of the equi-
librium configuration, the vectors z, are:

2= —(S5/2)e,— (V 3/6)Se,— (M/3m)ze,

Zo= (S/2)e,—(v3/6)Se,— (M/3m)ze,
Z3= (V¥ 3/3)Se,— (M/3m)ze,
Zy= 2¢&,,

where M is the mass of the ¥ nucleus, and S
represents the side of the equilateral triangle.
Note that the lengths of the z, are not constant,
as for a normal molecule, but vary with the time.

The position vectors for the elastically con-
strained motion are given by

To=2Z,+mg 8,

where 8,, the mass-adjusted displacement from
equilibrium, is defined as

8,= E)\q)\dal
=23 52}2)\,',,@‘8,'.

Finally, the seven equations, B,»® =0, may be
written :

Imate,=0
Ema%zaxaa=0 (13)
94:¢e,=0.

The seventh equation states that no normal vi-
bration involves motion of the ¥ atom along the
z axis, or that all 2),4=0.

The potential energy,

U=Ulg:" - g5 2),

when expanded about the point ¢ =0, 2=3z, takes
the form:

U=U(z)+ 22000+ -

This assumes that for ¢,=0, the X atoms are in
equilibrium for all values of 2, which is, of course,
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an approximation. The normal vibrations are
given by the five orthonormal solutions of (13)
which diagonalize the quadratic part of the poten-
tial energy. Three of these, (A=1,2,3), are
identical with the normal vibrations of three
equal atoms at the corners of an equilateral
triangle, the Y atom being unaffected. The
coefficients describing the remaining double
vibration, (A\=4, 5), are:

Z4xa=z5ya=0
Baya =550 = (1/3) (]l[/m)%d (a#=4)

Byys= Zsza=d

B421 7 40—~ — %Kdz
243=Kds
%51 = — 25 = — (¥ 3/2)Kdz
Z53= 0;

where K is a constant, but d is a function of 2
determined by the requirement that the normial-
ization factor be independent of z. What is
sometimes referred to as the sixth ‘“normal vibra-
tion,” namely; the z motion of the ¥ atom, is
determined by U(z). Furthermore, since the
amplitudes of some of the other vibrations de-
pend on gz, this variable enters the interaction
terms of the kinetic energy in a rather compli-
cated manner. If the experimental data warrants
it, it would be interesting to investigate the con-
tribution of such terms to the energy levels.

Hamiltonian kinetic energy

It is now possible to calculate the second-order
terms in the Hamiltonian of our model with
complete generality. The Lagrangian kinetic
energy is:

2T =Smo(R+1,)?
and
i'a =X ra+ia+man%$a-

Taking account of Egs. (13) and their time deriv-
atives, and neglecting terms quadraticin g, since
these give rise to terms of third or higher order,
one gets:

2T= EiE,-Ii,-wiwj+2wx(2%)\Q>\+Rlé)
+ 20, Chir+Ra2) +2w.Z81 ¢
+uME+AZE?,

in which the I;; are the instantaneous moments
and products of inertia, and
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uw=(M/3m)+1
R.=2uM?q.
R2= —_ ZMM%dq;,.

Notice that the zero-order term in 2, which is
separable, involves uM rather than M.

The Hamiltonian kinetic energy takes the
form:

2T=Z(M;— A)2/I°+ P2/ Mu+(1/4)Zp2,

where I° is an equilibrium moment of inertia,
and depends on z. As before, M;=97/dw; and
P,=0T/0Z but the A; are now defined by

A.=(1/A)ZNp+ (Ry/ Mu) P,
Ay=(1/4)ZDpr+ (Re/ Mu) P,
A.=(1/4)ZR\px.

Ethane

This molecule has been studied in detail by
Howard,* and it will be sufficient to mention
that the equations by which he removes the
degrees of freedom corresponding to ‘“‘incipient
translations, over-all rotations, and internal rota-
tion” are the seven equations, Ba® =0, appro-
priate to his choice of the seven rigid constraint
variables. Six of these variables are identical with
those chosen here for normal molecules, as are
the corresponding six equations (our Egs. (9)
and (10)); the seventh coordinate, which de-
scribes the internal motion, is taken to be the
angle between the two methyl groups, con-
sidered as rotating relative to each other about
a common axis, (the z axis of the moving system).

The seventh equation turns out to be:

zama%zaxda)\ ‘8= Oy

where the summation extends over the atoms of
one methyl group only. This means that, in first
approximation, the 2 component of the angular
momentum of each methyl group wvanishes
separately.
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