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1. Introduction

The following result
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originates in a letter of Ramanujan to Hardy; see p. xxvi of [8] or p. 295 of [1]. Later,
Watson [9] gave a proof of (1) using contour integration. In 1951, Nanjundiah [7] provided
a real-variable proof of (1) via the partial fraction decomposition of the hyperbolic secant
function; for each nonnegative integer ¢ his proof involved the following double series

o0

(=72 + 1)
2k + D212 + D2+ 2k + 1?)

>

j=0 k=0

2)

and the equality

ii (=72 + 1)
S5 Gk DM@+ D2+ Qk+ DY)

- k=0 j=0 Qk + D2 (25 + )2+ 2k + 1)2)°

207



208 Dong Jun Jee et al.

However, since the double series (2) is non-absolutely convergent, the proof of (3) seems
to be overlooked by Nanjundiah. The main aim of this paper is to provide a proof of (3)
using Hardy’s regularly convergent double series.

2. Hardy’s regularly convergent double series

Let Ny be the set of all nonnegative integers. We begin with the following definition due
to Hardy [3].

DEFINITION 2.1 (Definition 8.1.4 of [5])

A double series Z( JeNZ Ujk of real numbers is said to be regularly convergent if for
each ¢ > 0, there exists N(g) € Ny such that

q1 q2

Z Z”N‘ <e

Jj=pr1k=p2
forall (p1, p2). (q1,q2) € NJ with g; > p; (i = 1,2) and max{pi, p2} > N(e).

Obviously, every absolutely convergent double series of real numbers is regularly
convergent. Morever, we infer from Theorem 8.1.9 of [5] that if the double series
Z( JheN2 Uk of real numbers is regularly convergent, then all the single series

otk (k=0,1,...)and 32 gu;jk(j =0,1,...) converge.

The following corollary shows that Fubini’s theorem holds for regularly convergent
double series.

COROLLARY 2.2 (Corollary 8.1.10 of [5])

If the double series Z( JhyeN2 Uk of real numbers converges regularly, then the iterated

series 3520 {2 k2o ujk}s dopeo { Dm0 ujk} converge and

()N =0 Lk=0 k=0 | j=0
For any double sequence (v}, k)(.j, K)eN? of real numbers, we set
AmyWjk) =vjk = Vjt1k Apy(Vjk) = Vjk = Vjk+l
and
Ap2y(jk) == Ay (Apy(vje)) = Vjk = Vjk+t +Vjp1k41 — Vjtp1ke
We are now ready to state a generalized Dirichlet’s test for double series.

Theorem 2.3 (cf. Theorem 2.3 of [4] or Theorem 8.1.13 of [5]). Let (u j,k)( JREN] and
(Ujsk)(j,k)eNg be two double sequences of real numbers such that liMmax{n,,ny})—o00 Vnj,ny =
0 and
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Then the double series Z(j,k)eNg Ak Z{:O Zfzo Uy is regularly convergent,
the double series Z( J)eN2 UjkVjk is absolutely convergent, and

ik
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3. Main results

We set n(s) = z;x;o(;;_g; (s > 0). Using the idea of Nanjundiah (p. 216 of [7]),

Theorem 2.3 and Corollary 2.2, we obtain the following result.

Theorem 3.1. If g € Ny, a > 0 and b > 0, then
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Proof. First, we use the following partial fraction
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Next, we consider the first iterated series appearing on the right-hand side of (6).
Clearly, this particular sum satisfies the following equality
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If we have
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then the desired conclusion follows from the right-hand side of (6):
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It remains to establish (8). In view of Corollary 2.2, it suffices to prove that the
following non-absolutely convergent double series

Z (—DF (-1 2j+1) } ©)
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is regularly convergent. Since we have

1
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we deduce that the following double series
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is absolutely convergent. Finally, since

1
li =
maximn—oco @2(2m + 1)2 + b2(2n + 1)2

’

an application of Theorem 2.3 completes the argument. (]

Theorem 3.2 [8]. 352 s sech ST — 2

Proof. The proof is similar to that of Nanjundiah [7]. Using Theorem 3.1 with ¢ = 2, we
have the result. U

The proof of Theorem 3.1 yields a generalization of p. 295, Entry 25(vii) of [1].

Theorem 3.3. Let d be any positive integer. Then

4~k 7| g ) 1 ymn\d
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Proof. We consider the following multiple series
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Following the proof of Theorem 3.1, we conclude that the multiple series (10) is regularly
convergent. Thus,

SRS

b <
h 2y + 1)
l_[2kr+l}sec ;( +1

iy li[ (~DF | ko1
T g 2k + 1 >k 4 1)

Since

[T

r=

>

d
(ko,....kg)eNg ! Lr=0

o | Gkt 12
2kr + 1| 72k, +1)2

d k 2
— 1)k 2ko + 1
{ 2(kj—1}. d(o )z g=1....d)
rI:IO r Yok + 1)

Il
N

and Y 77, % = T, the result follows. O



212 Dong Jun Jee et al.

4. Conclusion

By showing that the double series form of alternating hyperbolic series is regularly con-
vergent, we have given a modest application of Hardy’s regularly convergent double series
to Ramanujan’s work. Although the notion of Hardy’s regularly convergent double series
seems to be commonly overlooked by some researchers, we believe that such double
series can be applied to the evaluation of many series as we have demonstrated in this
paper. For instance, we deduce from the partial fraction decomposition of the hyperbolic
cosecant function (cf. [2]) and Remark 1.4 of [6] that if x is a nonzero real number, then

the double series Y oo > % is regularly convergent and

o x (_1yntn L& (=1)esch <—”<“’;+”>)
_X: _Z: m)? + (an+b)?  x _2: an+b
Nn=—00 M=—00 n=—00
Acknowledgement

The authors would like to thank the referee for his/her valuable comments and sugges-
tions.

References

[1] Berndt B C, Ramanujan’s Notebooks Part IT (1989) (Springer)

[2] Berndt B C, Lamb G and Rogers M, Two-dimensional series evaluations via the elliptic
functions of Ramanujan and Jacobi, Ramanujan J. 29 (2012) 185-198

[3] Hardy G H, On the convergence of certain multiple series, Proc. Cambridge Philos. Soc.
19 (1916-1919) 86-95

[4] Lee T Y, Some convergence theorems for Lebesgue integrals, Analysis (Munich) 28
(2008) 263-268

[5] Lee T Y, Henstock—Kurzweil integration on Euclidean spaces, Series in Real Analysis
vol. 12 (2011) (Hackensack, NJ: World Scientific Publishing Co. Pte. Ltd.)

[6] Moéricz F, On the regular convergence of multiple series of numbers and multiple
integrals of locally integrable functions over R, Anal. Math. 39 (2013) 139-152

[7] Nanjundiah T S, Certain summations due to Ramanujan and their generalisations, Proc.
Indian Acad. Sci. Sec. A 34 (1951) 215-228

[8] Ramanujan S, Collected Papers (1962) (New York: Chelsea)

[9] Watson G N, Theorems stated by Ramanujan II, J. London Math. Soc. 3 (1928) 216-225

COMMUNICATING EDITOR: Parameswaran Sankaran




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


		2016-04-09T15:30:26+0800
	Preflight Ticket Signature




