3.1

Indices and Standard Form

Index Notation

Here we revise the use of index notation. You will already be familiar
with the notation for squares and cubes

a’zaxa
, and
a’zaxaxa
this is generalised by defining:
a"zaxax..xa
%/—J
n of these
Example 1
Calculate the value of:
(a) 5 (b) 2° (c) 3 (d) 10*

Solution

(@@ 5 = 5x5
= 25

(b) 2° = 2x2x2x2x2
= 32

(c) 3 = 3x3x3
= 27

(d) 10* = 10x10x10x10
= 10 000

Example 2

Copy each of the following statements and fill in the missing number or numbg

(@) ZD = 2X2X2%X2%X2%X2X%X2
b 9 =3

© 1000 = 101

d 5= x x
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Solution

(@)
(b)
()
(d)

1000 = 10x10x10 = 10°

5 = 5x5x5

Example 3

(@)
(b)

()
(d)

Determine 2°.
Determine 2°.

Determine 2°+ 23,

Express your answer to (c) in index notation.

Solution

(@)
(b)
()

(d)

2° =32
2°=8

N
o
-
N
w
1

32+8

Exercises

1.

Calculate:

@@ 2° (b) 107
(d) 10° e 9
(9) 2° (hy 3

(c) 3
f 3
Qi 7

Copy each of the following statements and fill in the missing numbers:

(@) 10x10x10x10x10 = 10—

(b) 3x3x3x3 = 3D
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() 7TxT7TxT7TxT7x7 = 7D

(d 8x8x8x8x8 = 8D

(e) 5x5 = SD

(H 19x19x19x19 = 19D

() 6X6X6X6X6%X6%X6 = GD

(h) 11x11x11x11x11x11 = 11D

Copy each of the following statements and fill in the missing numbers:

@ 8 = 2. b) 81 = 3
¢ 100 = 10 d 81= 9!
€ 125 = 5 ® 1000000= 10
@ 216 = 6 (h) 625 = 5

Is 10° bigger than2" ?
Is 3* bigger than4® ?

Is 5° bigger than2® ?

Copy each of the following statements and fill in the missing numbers:

(@ 49 = 2 (b) 64 = 3
(c) 64 = ° (d) 64 = 2
(e) 100000 = ° (f) 243 = 5
Calculate:

(@) 2°+2° (by 2°x2°

(c) F+2° (d) Fx2°

(e) 2°x10° (H 10°+2°
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9. Calculate:
@ (3+2)° () (3-2)°

) (7-4) (d) (7+4)

10. Writing your answers in index form, calculate:

(a) 10°x10° (b) 2°x2’
(c) 3+3F (dy 2°+2°
(e) 10°+10? () 5'+5

11. (a) Without using a calculator, write down the valudsaridm.

64=8%=4%=2"

(b) Complete the following:
2% = 32768

214 =

(KS3/99Ma/Tier 5-7/P1

Laws of Indices

There are three rules that should be used when working with indices:

When mandn are positive integers,

These three results are logical consequences of the definitiafi,obut really
need a formal proof. You can 'verify' them with particular examples as below, but
this is not a proof:

27x2% = (2x2x2x2x2x2x2)x(2x2x2)
= 2X2X2X2X2X2X2X2x%x2x%x2

= 2% (here m=7,n=3 and m+n=10)
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or,
07 10% = 2X2xX2%X2%X2x2x2
2%x2x2
= 2x2x%x2x2
= 24 (again m=7,n=3 and m-n=4)

Also, (27)3 = 2"x2"x 27

2% (usingrulel) (agaifm=7,n=3 and mxn=21)

The proof of the first rule is given below:

Proof

a™xa" = axax..xa X axax..xa

m of these n of these

axax..Xxaxaxa..xa

(m+ n) of these

= a

The second and third rules can be shown to be true for all positive integarg
n in a similar way.

We can see an important result using rule 2:

X" _
_n:Xn n:XO
X
Xn

but — =1, so
X

This is true for any non-zero value &f so, for example,3* =1, 27° =1 and
1001° =1.
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Example 1

Fill in the missing numbers in each of the following expressions:

@ 24x2°0=20 (b) 37x3°=3U

(c) 3°-32=3L] (d) (104)°=100]

Solution

(a) 24)(26 = 24+6 (b) 37X39 = 37+9
= 2% — 36

(c) 3°:32 = 3°°? (d) (10%)° =10%"*
= 34 - 102

Example 2

Simplify each of the following expressions so that it is in the fah wheren
is a number:

a.4xa2
(@) a‘xa’ (b) = © (a%)°
Solution
(a) aﬁxa7 - a6+7
— alS
(b) a4><a2 B a4+2
at at
a6
e
- a6—3
= a3
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1. Copy each of the following statements and fill in the missing numbers:

(@ 2x27=2"
(¢ 37+3%=3]
e (37)°=3-

36
@ ;=3

(a) a’xa?=all

3.  Explain why 9% =38,

4. Calculate:
(@) 3°+4°
(c) 8°-3°

(a) 36)( 3|:| - 317

(b)

(d)

(f)

(h)

(b)
(d)

(f)

(b)
(d)

(b)

(d)

(f)

(h)

43

36x35= 3

8°x g¢=g

(2°)°=2-

Copy each of the following statements and fill in the missing numbers:

6°x 7°
60+ 20_40

Copy each of the following statements and fill in the missing numbers:

46X4|:, :411
(zH)°=2"
p+pl =p’
q®+q- =g
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Calculate:
23 34
(@) ?"‘30 (b) §‘30
4 62 77 59
c) —+— d - -
© 52 6 @ 7° 57
108 56 417 413
© 0775 O =

Fill in the missing numbers in each of the following expressions:

@ 8°=2- b) s1°=9- =3
(¢ 25°=5 d 47=21

(€) 125%=5- ®  1000°=10-

@ s8i=[ |* )y 256=[ |“=[ |®

Fill in the missing numbers in each of the following expressions:

@ 8x4 =2 xol (b) 25x625 = 5 x5
= ZD — 5':’
(C) 2i3 = E (d) @ = £
9 4] 16 2D
= 3|:| = ZD
Is each of the following statements true or false?
(@) 3%*x2°=6"* (b) 5*x2%=10"
6° 10°®
(©) §:38 (d) FZZZ
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10. Copy and complete each expression:

(@) (26x 23)4 — (2|:| )4 — 2|:| (b) %E — (3|:| )5 — 3|:|
(C) [P 2X72 % :(ZD )4 — 2|:| (d) D33>; 9% — (3|:| )4 — 3|:|
62x6°0° _

© B f

Negative Indices

Using negative indices produces fractions. In this section we practice working
with negative indices. From our work in the last section, we see that

+a® = a??® = a

but we know that

1 .

=, a fraction.
a

So clearly,

Q|

In same way,

axaxa
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and, in general,

for positive integer values afi. The three rules at the start of section 3.2 can nc
be used for any integems andn, not just for positive values.

Example 1
Calculate, leaving your answers as fractions:
(@ 37 () 27'-47"
Solution
- 1
(@ 37 = 3?
-1
9
i} ; 1 1
by 27'-4771=>-Z=
(b) 2 4
-1
4
- 1
(cp 57°= ]
=1
125
Example 2
Simplify:
67
(@) 59 (b) 6'x67°
Solution
6’ i
(a) i 67°°
=672 = i = i
6° 36

(b) 6°x67° = 6"

46

(c) 57°

(© (10?7
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(c) 1073

(¢ (10?7 =10"°
-1
10°
_ 1
1000000
Exercises
1.  Write the following numbers as fractiomghout using any indices
@ 47 (b) 27
d 77 () 47°

f 67

2.  Copy the following expressions and fill in the missing numbers:

@ 2777
i: 1 = [
© G=g7=°
©) . _ 1 40

10000000 19 O

3. Calculate:

(@)
(©)
(€)

47+ 371
51-107t

471-10""

(b)

(d)

(f)

(b)

(d)
(f)

1 1

100~ qo0]

¥

= 1OD

1_ 1
16 ZD

_ ol

1 1
42D

67 1+271
1072-10"°
671+ 771

4.  Simplify the following expressions giving your answers in the form of a

number to a power:

(@) 4"x47°

(b)

(d)

(f)

(h)

47

5'x573
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Copy each of the following expressions and fill in the missing numbers;

1: D i: D
(@ 5=3 (0) 155=10
10 S _s0
© 55=° (d) 7=5
62 22
(@ 2z=6" 0 Zm=2"

@ s ®) s

© s (d (x°)
010, )

© G530 O ()

Copy and complete the following statements:

@ 01=10 (b) 025=21

(c) 0.0001=10 d) 02=5

e) 0001=10- ® 002 =501

Copy the following expressions and fill in the missing numbers:

(a) X = x2 (b) x°xx =x2
N
© x°xx =x? @ X =x-
<
@ == 0 (x9)7 =x
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9. Copy the following expressions and fill in the missing numbers:

1_.7] 1 N
a) ==2 b) —=5
@ 3 0)
() 1 _q0 (d) 1 00
81 10000
10. If a=b®*and b= C—lz expressa as a power ofc, without having any

fractions in your final answer.

Standard Form

Standard form is a convenient way of writing very large or very small numbers.
It is used on a scientific calculator when a number is too large or too small to |

displayed on the screen.

Before using standard form, we revise multiplying and dividing by powers
of 10.

Example 1
Calculate:
(@ 3x10° (b) 3.27x10°
(c) 3+102 (d) 4.32+10*
Solution
(a) 3x10% = 3x10000
= 30 000
(b) 3.27x10° = 3.27 x 1000
= 3270
3
c) 3+10° = —
©) 100

0.03
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4.32

10000

432
1000000

0.000432

(d) 4.32+10"

These examples lead to the approach used for standard form, which is a reve

of the approach used in Example 1.

ax10"

In standard formnumbers are written as

where 1<a<10 andn is an integer.

Example 2

Write the following numbers in standard form:

(@ 5720 (b)
(c) 473000 (d)
(e) 0.09 ()

Solution

(a) 5720= 5.72 x 1000
= 572x10°

(b) 7.4=74x1

7.4%x10°

(c) 473 000= 4.73 x 100000

= 4.73%x10°

(d) 6000 000= 6x1000000

= 6x10°
9
e 0.09=—
() 100
= 9+10°2

9x107?

50

7.4
6 000 000
0.000621
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(f 0.000621 = 2L

10000
_ 6.21
10°
= 6.21x10°*
Example 3
Calculate:

(@) (3x10°)x(4x10°%)
(b) (6x107)+(5x107?)
(©) (3x10%)+(2x10°)

Solution

(@) (3x10°)x(4x10°%)

(3% 4) x (10°x10°)

12 x10°
1.2 x10*'x10°

1.2 x10%

© (6710)+(5x10%) = (55 x 107107

= 1.2x10°

(¢) (3x10%)+(2x10°)

30000 + 200000

230000

2.3x10°

Note on Using Calculators

Your calculator will have a ke or for entering numbers in standard
form.

For example, for3.2 x 107, press

O EE) ()
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which will appear on your display like this:

( 32 )

Some calculators also display the 10 ' part of the number, but not all do. You
need to find out what your calculator displays. Remember, you must always write
the 'x 10 ' part when you are asked to give an answer in standard form.

Exercises

1. Calculate:
(a) 6.21x1000 (b) 8x10° () 4.2x102
(d) 3+1000 (e) 6+10° (f) 32+10°
(g 6x10° (h) 9.2x107* () 36x1072

2. Write each of the following numbers in standard form:

(@) 200 (b) 8000

(c) 9000 000 (d) 62000

(e) 840000 () 12 000 000 000
(g) 61800 000 000 (h) 3240000

3.  Convert each of the following numbers from standard form to the norma
decimal notation:

(@ 3x10* (b) 36x10* (c) 82x10°
(d) 3.1x107 (e) 16x10° (f) 1.72x10°
(g0 6.83x10* (h) 1.25x10° () 9.17x10°

4.  Write each of the following numbers in standard form:

(a) 0.0004 (b) 0.008
(c) 0.142 (d) 0.0032
(e) 0.00199 ()  0.000000062

(g) 0.0000097 (h) 0.00000000000021
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Convert the following numbers from standard form to the normal decima

format:

(@) 6x1072 (b) 7x107*

(d) 4x107° (e) 62x107°
(g) 6.67x107" (h)y 3.86x107°

Without using a calculator, determine:

(@) (4x10)x(2x10°) (b)
(c) (6x10%)x(8x107°) (d)
(e) (6.1x10°) x(2x107°) (f)

Without using a calculator, determine:

(@) (9x107)+(3x10%) (b)
(c) (6x107%)+(2x107?) (d)
(e) (48x10%)+(1.2x10°) (f)

Without a calculator, determine the following, giving your answers in bot

normal and standard form::

(@) (6x10°)+(3x10°) (b)
(c) 6x10°-1x10* (d)
(e) 6x10"*+8x107° (f)

Use a calculator to determine:
(@) (34x10°) x(21x10%) (b)
(©) (36x10°)x(45x107) (d)

(e) (1.92x10°)x(32x107") (f)

53

c) 1.8x10°°
() 9.81x10~*
() 9.27x1077

(2x10°) x (3x10°)
(3x107%) x (7x107%)

(3.2 x 10‘5) x(4x107°)

(8x10°) +(2x107?)
(6x10%) +(3x107°)

(3.6 x10°) + (9x10°)

(6x10%) +(9x10°)
8x10%+9x107?
6x10*-3x107°

(6x10%) x (8.2x107)
(8.2 x 10 11) + (4 x 10'8)

(6.2 x 10 l“) 3
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11.
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form, correct to 3 significant figures, calculate the circumference of the
earth in:

@ m (b) cm (c) mm (d) km

Sir Isaac Newton (1642-1727) was a mathematician, physicist and

astronomer.

In his work on the gravitational force between two bodies he found that h

needed to multiply their masses together.

(@) Work out the value of the mass of the Earth multiplied by the mass
the Moon. Give your answer in standard form.

Mass of Earth = 5.98 x 10* kg

Mass of Moon = 7.35 x 10 % kg

Newton also found that he needed to work out the square of the distance

between the two bodies.

e

of

v

(b)  Work out the square of the distance between the Earth and the Moon.

Give your answer in standard form.

Distance between Earth and Moor 3.89 x 10° km

Newton's formula to calculate the gravitational fofegl{etween two

bodies is F = % where

G is the gravitational constant), and m, are the masses of the
two bodies, an® s the distance between them.

(c) Work out the gravitational forc&) between the Sun and the Earth

Gm.m

using the formulaF = R—122 with information in the box below.

Give your answer in standard form.

m,m, = 1.19x10%*kg?
R? = 2.25x10" km?

G = 667x107%

(KS3/95/Ma/Levels 6-8/P1)
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12. (a)

(b)

(€)

(d)
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Which of these statements is true?
() 4x10° is alarger number thad .
(i)  4x10° is the same size ag°.

(i) 4x10° is a smaller number thas ®.

Explain your answer.

One of the numbers below has the same valug.&s 10*. Write
down the number.

36 36° (3.6 X 10) 4 0.36 x10° 0.36 x10°
One of the numbers below has the same valums 10 3. Write
down the number.

25x107* 25x10° -25x10° 0.00025 2500

(2 X 102) x (2 x 102) can be written more simply a4 x 10*.
Write the following values as simply as possible:
() (3x10%)x(2x107?)

6 x10°

) 2x10*

(KS3/98/Ma/Tier 6-8/P1)

Fractional Indices

Indices that are fractions are used to represent square roots, cube roots and @
roots of numbers.

N
N

a2 = a forexample, 92 = 3
1 1

a® = Jda forexample, 83 = 2
1 1

a‘ = #4a forexample, 6254 = 5

QD
E
1

>
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Example 1
Calculate:
1 1
(a) 812 (b) 10003
Solution
1
(@) 812 = 481
1
(b) 10003 = %1000
= 10
1
-2 1
) 42 =—
42
-1
74
_ 1
2
Exercises
1. Calculate:
1 1
(@) 492 (b) 642
_1 1
(d 81°2 (e) 100 2
1 1
(@ 9° (hy 36 °2
2. Calculate:
1 _1
(@ 8°3 (b)y 8°
_1 1
(d) 64 3 (e) 216°
3. Calculate:
1 _1
(a) 32° (b) 64 2
_1 1
(d 814 (e) 6254

56

(€)

()
(f)
(i)

()
(f)

()
(f)

AN
N[ =

_1
1000000 3

N

10000

1
100000 °
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Calculate:
1 1
4 % 8] P x2/0,
(@) 05 O ®) g 3 O
1
125 x 57, (62507

Is each of the following statememtse or false

(@) 16%:8 (b) 16%:2
(c) 81°=9 (d) %5_2:10
Simplify:
@ (x°)° b) (a®) 2
© = @ 2

a2
Simplify:
@ * ® %

X XE
© = @ 2

a a2
Calculate:
(@) IRIvY (b) 5.9%9;%

(d) (9-9°
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