AP CALCULUS TEACHING STRATEGIES

Interpreting Summation Notation

Plan

Learning Goals

Students will be able to:

Understand how the parts of a limit of a Riemann sum expression relate to the parts of a definite integral
expression

Convert the limit of a Riemann sum to an integral expression

These activities lay the foundation for deep understanding of the meaning of a definite integral, both in terms of a
signed area and as a limit of Riemann sums. Since the integral is one of the two major operations of calculus,
understanding its meaning will be fundamental to understanding the course concepts and being able to transfer
knowledge and skills to other subjects and topics that students will encounter.

This lesson helps to build skills 2.C and 4.C by having students identify errors in existing Riemann sums and write
definite integral expressions that represent a given Riemann sum. Students will also see definite integrals
connected to the concept of area under a curve, and will practice skill 1. by calculating those areas.

Student misunderstandings

The student may struggle to look for Ax when relating the Ax in sigma notation to the dx in the definite
integral.

. . 1. (b-a)
The student may find Ax incorrectly (e.g., — instead of ~——~= ).
n n
The student may struggle to represent x, as Xxy+kAx . Students typically leave off the x; and only account

for kAx

The student may struggle to find the limits of integration based on sigma notation (i.e., he or she may
understand that sigma notation is shorthand for a sum, but may not know how to get the limits for the
definite integral from the sigma notation).

The student may struggle to identify the Ax in the sigma notation, especially when there are other
fractions in the expression.

The student may not know where to begin (e.g., may not know how to find limits of integration, may not
know what function serves as the integrand, etc.).

The student may not know how to write x; .

Materials

The following supplies are needed:

student activity sheets (1 per student)
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AP CALCULUS

AP CALCULUS STUDENT HANDOUT

Mind Your P’s and Two's

Recall the definition of the definite integral as a limit of a Riemann sum:

b-a
— -

I:f(x)dx =lim Zn:f(a+Ax-i)Ax ,where Ax =
=

In the chart below, there is an error in the expression for the limit of the Riemann sum: one of the
numbers needs to be replaced with a 2. Circle the error and replace with a 2, explaining why the 2
should be there.

Definite Integral Limit of Ri sum Expl ion
6 2 : i
L (3x2+5)dx i 5 Answer: The wujl;[h Zfeach interval,
n—noz n Ax , is given by 0 50 in this case,
64 2
n n’
7 n 5V 5 Answer: The value of ¢ is 2 and the
j(dx —1)dx lim z 4@—] —-1]= height of the rectangle is given by
2 i n n fla+hx-i).

We—

5 n 1 L Answer: The exponent in the
(GX +3x)dx |imz 6(3 +— +3(3+—] — | integrand isa 2, nota 3.
oy e n njln

El 4i Y14 Answer: The coefficient in the
j(8—2x)dx ||mz qs t—= integrand is a 2, nota 4.
: n-se n

1 3

Iaxsdx lim Z [ @] E Answer: The value of Ax is % and

] = n the height of the rectangle is given by

fla+Ax-i), so that 1 inthe
numerator should be replaced with a
2.
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TEACHING STRATEGIES

Teach

Engage

Make sure students understand
that identifying delta x is often the
best way to begin a problem.

Remind them that Ax= E
n

Teach students to write out the
integrand portion of the summation
leaving empty parentheses for
every variable, and then

substituting (a+Ax-i) into each set
of empty parentheses. For example:

b n
j F@)dx=1im Y[ f(a+Ax-i)]Ax

: 2 2
3 = —_— —-‘ —_—
:[ISx dx = 31_133 E [ 1+—-i }n

j‘3x3dx— lim Z[ )B}E

n—»o n

n—o n

1 37,
I3x3dx—llmz [ 1+— zj —
-1

Do several examples of this and
then have different students come
to the board to do a few examples
with their peers providing
constructive criticism.
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AP CALCULUS

AP CALCULUS STUDENT HANDOUT
Apply Your Understanding of Summation Notation
In the chart below, the limit of a Riemann sum has been provided for you. Write the corresponding
definite integral.
Definite Integral Limit of Riemann Sum
1 5 .,
Answer: H2x+1dx |imz 2 E +1 9
B v n n
2. 3 N2
Answer: jx2—3dx ”mi 72+2 -3 5
s o 4= n n
3. .
5i 5
A - [3x-44d im>|3[1+—|-4 |—
nswer _[ X x MWZ[ [ n] ]n
a, . 6
Answer: | x* dx lim ( 2_,«._) =
J im -
5. .
Answer: J‘\}x2+1dx ||mzn: _2+_ +-1 2
heY fisw n
6. s 4
Answer: £5X+7dx lmZ[ [2+_] 7}_
7. 4 " 42 4
Answer: I6X2—2dx ||mz 6 il _22
0 L) n n
8. 5 s
n .
Answer: |4x® —1dx lim [14.2} -1 E
€ CollegeBoard
© 2017 College Board
6 CollegeBoard

© 2017 College Board

TEACHING STRATEGIES

Guided Practice

Read through the directions
together, then have students work
with a partner to complete the
table. Go over any questions at the
end of the exercise.

In checking students’ work, notice
if they are making consistent errors
in notation, such as leaving off the
dx of the integral expression.
Circling errors, but not correcting
them, and asking students to
determine the mistake, will help
them develop their ability to
proofread their own work.
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AP CALCULUS

Translating Notation and Finding Definite Integral Values

TEACHING STRATEGIES

P

The graph above consists of a quarter dircle, a half circle and four line segments. For each of the
expressions below, fill in the missing definite integrals. Then determine the value of each definite
integral using geometric formulas {without using a calculator).

Limit of Riemann Sum Definite Integral Walue of Definite Integral
- 18
° ( [ e e
lim EI:—Z)[ i] Answer: | (—2)dx Answer: -3
= [ L1, 2
( Answer:

; ([3,.8 ] (6 : — = Answer: “4—9""
fim 2| 4~ Q_| 3+_J_G _] _Joa—ix-87d T2
ﬂ—)wg \|.\ n, ||\ﬂ'_ :[4 J“ (x—8) dx

A 3

T ET P 2iq . .
lim Zl E| E]—2 | E Answer: I| EX +2 |dx Answer: 3
= 300 \n 7t h

¢ — ]

e ( 2y |2 Answer: | ¥4 —x7 dx Answer: T

lim Z| 4—| —2—_] _] nswer :[\'l

S \ n T

kS y
- (3 [ Answer: 12
lim z{-ﬂl_] Answer. [4dx swer: 1
= \n, 5
s 2(f 6i° (6 Ans, .“5’1_19-:” Answer: 0
fim Z‘ = 1e+_]_1gJ |_] Answer: ‘_[3.‘ |
e \3\\ n, wn
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Additional Teacher Notes

TEACHING STRATEGIES

Independent Practice

Have students work individually to
complete the table. If time does not
permit for them to complete the
assignment in class, this could be
given as homework.

If students are struggling with this
activity, you can provide them with
part of the answer, such as the
limits of integration or the
integrand, and have them fill in
other parts. Point out to them how
specific parts of the limit
expression match up with the
definite integral expression such as
the lower limit of integration or the
width of the interval.

If students are struggling with
determining the value of the
definite integral, encourage them
to show what geometric formula
they are using.

Assess

Direct students to complete the
Topic Questions.

This skill is best developed through repetition and consistency. Every time students encounter a definite integral, have
them translate to the associated limit expression and vice versa. These problems work well for warm-up problems at the
beginning of class, or as transitional problems when moving from one activity to another, or whenever there are a few
minutes left at the end of class. Make sure that they have used correct notation. For example, only writing Iim without
including n— o would be considered incorrect. Details are very important.
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AP CALCULUS TEACHING STRATEGIES

Student handouts with answers:

Mind Your P’s and Two'’s

Recall the definition of the definite integral as a limit of a Riemann sum:

J,

f(x)dx = lim Zf (a+Ax-i)Ax , where Ax = b

X—0

—a
n .

In the chart below, there is an error in the expression for the limit of the Riemann sum: one of the
numbers needs to be replaced with a 2. Circle the error and replace with a 2, explaining why the 2

should be there.

Definite Integral

Limit of Riemann sum

Explanation

. ) . .
L (3X2 + 5)dX im z 2i 2 .5 Answer: The Wld;h of each interval,
o0 n AX , is given by D78 S5 in this case,
n
6-4_2
n n’
7 2 5 Answer: The value of a is 2 and the
J(4X - 1)dX lim z @+ J -1|= height of the rectangle is given by
n—co n .
2 fla+Ax-i).
4 , 1V 11 Answer: The exponent in the
J.(GX +3X)dX IImz 3+— +3| 3+— ||— | integrandisa2, nota3.
3 n—oo n n

_T(S —2x)dx

SEES

inflo @t

Answer: The coefficient in the
integrand is a 2, not a 4.

1 n 3 2
. 2 : is —

_[3x3dx lim Z|:3(_1 _@j :l_ Answer: The value of Ax is p and

-1 S h n the height of the rectangle is given by
f(a+Ax-i),sothat 1inthe
numerator should be replaced with a
2.
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AP CALCULUS TEACHING STRATEGIES

Apply Your Understanding of Summation Notation

In the chart below, the limit of a Riemann sum has been provided for you. Write the corresponding
definite integral.

Definite Integral Limit of Riemann Sum
1. . )
Answer: I\/2X+1dx ”mz 2 6 +1 6
0 n—o pa n n
2 3 n 52 5
Answer: IXZ —3dx lim Z{(_z_,__’j _3]_
-2 n—oo i—1 n n
3. . .
L 5 5
Answer: J3X—4dx lim 2[3(14-_’)_4}_
1 n—w e n n
4 p n N3
Answer: _[X3 ax lim zl:(_z n Qj }E
2 n—wm 4= n n
5. 0 ) —
Answer: j\/x2+1dx lim Z[ (_2+2j +1]E
-2 n—o = n n
6. . )
Answer: I5X+7dx LmZ{ (2+_j+7};
2
7. ) n v )
Answer: J6X2 —2dx |imz 6(_’] _2|=
0 n—ow P n n
: 3 2i) |2
Answer: J.4X3 —1dx lim Z{(’]_,__Ij _1:|_
1 n—o P n n
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AP CALCULUS TEACHING STRATEGIES

Translating Notation and Finding Definite Integral Values

The graph above consists of a quarter circle, a half circle and four line segments. For each of the
expressions below, fill in the missing definite integrals. Then determine the value of each definite

integral using geometric formulas (without using a calculator).

EimitofiRiemann5um Definite Integral Value of Definite Integral
n 4 16 ‘
lim Z(—Z)(—j Answer: J-(_Z)dx Answer: -8
n—oo i n T
Answer: o

2
- 6i 6 9 Answer: 24 — —
lim 4—-19-|3+—|-6 — [ 2
nl—)oo; \/ (( + nj ] (nj ':[4— 9—(X—6) dx 2

3
. o[ 2(3i 3 2 Answer: 9
lim Z =210l = Answer: (—x+2jdx

0
3 Al : —x? Answer: 7
im3)| (-2 2] 2] snswer: [ (4= o
e n n e

12
i 3 3 Answer: 12
lim 4) — Answer: |4dx
22 2
|imZn: g (16+ﬁj_19 (ﬁj Answer: Jg(x—19)dx Answer: 0
n—o = 3 n n i
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