MODULE - 1
Algebra

Notes

211en05

LINEAR EQUATIONS

You have learnt about basic concept of avariable and aconstant. You have also learnt
about a gebrai c exprssions, polynomia sand their zeroes. We come across many Situations
such assix added to twice anumber is20. To find the number, we have to assumethe
number asx and formul ate arelationship through which we can find the number. We shall
seethat theformulation of such expression leadsto an equationinvolving variablesand
congtants. Inthislesson, you will study about linear equationsin one and two variables.
Youwill learnhow toformulatelinear equationsin onevariableand solvethemagebraicaly.
Youwill alsolearnto solvelinear equationsin two variablesusing graphical aswell as
algebraic methods.

After studying thislesson, youwill beableto

identify linear equations from a given collection of equations;

e cite examples of linear equations,

e writealinear equation in one variable and also give its solution;
e cite examples and write linear equations in two variables;

e draw graph of a linear equation in two variables;

e find the solution of a linear equation in two variables;

e find the solution of a system of two linear equations graphically as well as
algebraically;

e Trandatereal life problemsin terms of linear equationsin one or two variables
and then solve the same.

EXPECTED BACKGROUND KNOWLEDGE

e Concept of avariableand constant

Mathematics Secondary Course 139




MODULE -

Algebra

e Algebraic expressonsand operationsonthem

e Concept of apolynomial, zero of apolynomial and operationson polynomials

NeoCR 51 | INEAR EQUATIONS

You aredready familiar with the algebrai c expressionsand polynomias. Thevalueof an
algebraic expression depends on the values of thevariablesinvolvedit. You havea so
learnt about polynomia inonevariableand their degrees. A polynomiasinonevariable
whosedegreeisoneiscaledalinear polynomial inonevariable. When two expressions
are separated by an equality sign, itiscalled anequation. Thus, inanequation, thereis
alwaysan equaity sign. Theequality sign showsthat the expressionto theleft of thesign
(theleft had sideor LHS) isequal to theexpression to theright of thesign (theright hand
sideor RHS). For example,

3x+2=14 (1)
2y—3=3y+4 (2
2-32+2=0 (3
x+2=1 (%)

ared| equationsasthey contain equdity signand a so containvariables. In (1), theLHS=
3x +2and RHS= 14 and thevariableinvolvedisx. In(2), LHS=2y -3, RHS=3y +4
and both arelinear polynomiasinonevariable. In (3) and (4), LHSisapolynomial of
degreetwo and RHSisanumber.

You can also observethat inequation (1), LHSisapolynomial of degreeoneand RHSis
anumber. In (2), both LHSand RHS arelinear polynomialsandin (3) and (4), LHSisa
quadratic polynomial. The equations (1) and (2) arelinear equationsand (3) and (4) are
not linear equations.

In short, an equationisacondition on avariable. The condition isthat two expressions,
i.e.,, LHSand RHSshould beequal. Itisto be noted that atleast one of thetwo expressions
must containthevariable.

It should be noted that the equation 3x —4 =4x + 6isthesameas4x + 6=3x —4. Thus,
an equation remainsthe samewhen the expressionson LHS and RHS areinterchanged.
Thisproperty isoften usein solving equations.

An equation which containstwo variables and the exponents of each variableisoneand
hasno terminvolving product of variablesiscalled alinear equationin two variables. For
example, 2x + 3y =4and x —2y + 2=3x +y + 6 arelinear equationsin two variables.
Theeguation 3x?+y =5isnot alinear equationintwo variablesandisof degree 2, asthe
exponent of thevariablexis2. Also, theequation xy +x = 5isnot alinear equationintwo
variablesasit containstheterm xy which isthe product of two variablesx andy.

The general form of alinear equation inonevariableisax + b=0,a#0,aandb are
constants. Thegenera form of alinear equationintwo variablesisax + by + c=0where
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a, band c arereal numberssuch that at atleast one of aand b isnon-zero.

Example5.1: Which of thefollowing arelinear equationsin onevariable?Alsowritether
LHSand RHS.

() 2x+5=8
(i) 3y—z=y+5
(i) x*—2x=x+3
(iv) 3x—=7=2x+3
(V) 2+4=5+1
Solution:
() Itisalinear equationinx astheexponentof xisl. LHS=2x+5and RHS=8

(i) Itisnotalinear equationinonevariableasit containstwo variablesy and z. Here,
LHS=3y-zandRHS=y +5

(iii) Itisnot alinear equation ashighest exponent of x is2. Here, LHS=x?—2x and RHS
=X +3.

(iv) Itisalinear equationin x asthe exponent of x in both LHSand RHSisone.
LHS=3x-7,RHS=2x+3

(v) Itisnotalinear equation asit doesnot contain any variable. Here LHS=2+ 4 and
RHS=5+1.

Example5.2: Which of thefollowing arelinear equationsintwo variables.
()2x+z=5
(i)3y—2=x+3
(i) 3gt+6=t-1

Solution:

(i) Itisalinear equationintwo variablesx and z.

(i) Itisalinear equationintwo variablesy and x.

(iii) 1tisnot alinear equationintwo variablesasit containsonly onevariablet.

CHECK YOUR PROGRESS 5.1

1. Whichof thefollowing arelinear equationsin onevariable?
(i)3x—-6=7
(i)2x—1=3z+2
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(iii)5-4=1
(iv)y?=2y-1
2. Whichof thefollowing arelinear equationsintwo variables:
() 3y—-5=x+2
(i) x*+y=2y-3
(iiiyx+5=2x-3

5.2 FORMATION OF LINEAR EQUATIONS IN ONE
VARIABLE

Congder thefollowing Stuations.

(i) 4morethanxis1l
(i) A numberydividedby 7 gives2.

(iii) Reenahassome appleswith her. Shegave5 applesto her sister. If sheisleft with 3
apples, how many apples she had.

(iv) Thedigit at tensplaceof atwo digit number istwotimesthedigit at unitsplace. If digits
arereversed, thenumber becomes 18lessthantheorigind number. What istheorigina
number?

In (i), the equation can bewritten asx + 4 = 11. You can verify that x = 7 satisfies the
equation. Thus, x = 7isasolution.

In(ii),theequationis% =2,

In(iii), You can assumethe quantity to befound out asavariablesay x, i.e., let Reenahas
x apples. Shegave 5 applesto her sister, hence sheisleft with x —5 apples. Hence, the
required equation can bewrittenasx —5=3, or x = 8.

In(iv), Let thedigit intheunit place bex. Therefore, thedigit inthetens place should be
2x. Hence, thenumber is

10 (2x) + x = 20x + x = 21X

Whenthedigit arereversed, thetens place becomesx and unit place becomes 2x. Therefore,
thenumber is10x + 2x = 12x. Sinceorigind number is 18 morethan the new number, the
equation becomes

21x —12x =18
or Ox =18
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CHECK YOUR PROGRESS 5.2
Formalinear equation using suitablevariablesfor thefollowing Stuations: Noies

1. Twiceanumber subtracted from15is7.

N

A motor boat uses0.1 litres of fuel for every kilometer. One day, it madeatrip of x
km. Forman equationinx, if thetotal consumption of fuel was 10 itres.

w

Thelength of rectangleistwiceitswidth. The perimeter of rectangleis96m. [Assume
width of rectangleasy m]

>

After 15 years, Salmawill befour timesasold assheisnow. [ Assume present age of
Salmaast years)

5.3 SOLUTION OF LINEAR EQUATIONS IN ONE
VARIABLE

Let usconsider thefollowing linear equationinonevariable,
X—3=-2
Here LHS=x-3andRHS=-2

Now, weevauate RHS and LHS for somevaluesof x

X LHS RHS
0 -3 -2
1 -2 -2
3 0 -2
4 1 -2

Weobservethat LHS and RHS areequal only when x = 1. For al other valuesof x, LHS
# RHS. We say that thevalue of x equal to 1 satisfiestheequation or x = 1isasolution
of theequation.

A number, which when substituted for the variablein the equation makesLHS
equal toRHS, iscalled itssolution. We can find the sol ution of an equation by trial and
error method by taking different val uesof thevariable. However, weshal learn asystematic
way to find the solution of alinear equation.

An equation can be compared with abaancefor weighing, itssidesaretwo pansand the
equality symbol ‘=" tellsusthat thetwo pansarein balance.

We have seen theworking of balance, If we put equal (and hence add) or remove equal
weights, (and hence subtract) from both pans, the two pansremainin balance. Thuswe
cantrandatefor an equation in thefollowing way:
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1. Addsamenumber to both sides of the equation. : }
2. Subtract samenumber from both sides of the equiation.
3. Multiply both sides of the equation by the same non-

LHS

zeronumber.

4. Divide both sides of the equation by the same non-

zeronumbey. RHS
We now consider someexamples: Fig5.1
Example5.3: Solve5+x =8.

Solution: Subtracting 5 from both sides of the equation.

We get 5+x-5=8-5
or X+0=3
or Xx=3

So, x = 3isthesolution of the given equation.

Check: Whenx=3,LHS=5+x=5+3=8and R.H.S.=8.
Therefore, LHS=RHS.

Example5.4: Solvery—-2=7.
Solution: Adding 2 to both sides of the equation, we get
y—2+2=T7+2
or y=9

Hence, y = 9isthe solution.

Check: Wheny =9, LHS=y-2=9-2=7and RHS=7. Therefore, LHS=RHS.
Example5.5: Solve: 7x+2=8.
Solution: Subtracting 2 from both sides of the equation, we get

X+2-2=8-2

or 7X=6
> 6 .

or - =3 (dividing both sidesby 7)
_5

or X=-

6
Therefore, x = 7 isthesolution of theequation.
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Example5.6: Solve: %—3= 9
Solution: Adding 3 to both sidesof the equation, we get
Notes
ﬂ—3+3:9+3
2
3y _
or 5 = 12
3y o .
or 5 x 2=12x 2 (Multiplying both sidesby 2)
or y=24
3y _24 . . _
or 3" 3 (Dividing both sidesby 3)
or y=8

Hence, y = 8isthesolution.
Exampleb5.7: Solvetheequation 2(x + 3) =3(2x —7)
Solution: Theequation can bewritten as
2X+6=6x—-21
or 6Xx—-21=2x+6 [Interchanging LHSand RHS]
or 6x—21+21=2x+6+21 [Adding21onbothsides|
or 6X = 2x +27

or B6X — 2X = 2X +27 — 2X [Subtracting 2x from both sides]
or ax =27

_z
or X="

27
Thus, x = v isthesolution of theequation.

Note:

1. Itisnot necessary to writethe detailsof what we are adding, subtracting, multiplying
or dividing eachtime.

2. Theprocessof takingatermfrom LHSto RHSor RHSto LHS, iscalled transposing.

3. When we transpose a term from one side to other side, sign ‘+ changesto ‘-,
i_’ tO ‘ +1 .
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4. A linear equation in one variable can be written asax + b =0, whereaand b are

b
constantsand x isthevariable. Itssolutionis X= 3 az0,

Notes | Example5.8: Solve3x—5=x +3
Solution: Wehave  3x-5=x+3
or 3X=X+3+5
or 3X—Xx=8
or 2x=8
or X=4

Therefore, x =4 isthe solution of the given equation.

CHECK YOUR PROGRESS 5.3

Solvethefollowing equations:
1. x-5=8
2. 19=7+y
3. 3z+4=5z+4
4. Ey +9=12
3
5 5(x-3)=x+5

5.4 WORD PROBLEMS

You havelearnt how to form linear equationsin onevariable. Wewill now study some
applicationsof linear equations.

Example 5.9: The present age of Jacob’s father is three times that of Jacob. After 5
years, thedifference of their ageswill be 30 years. Find their present ages.

Solution: Let the present age of Jacob bex years.
Therefore, the present age of hisfather is3x years.
After 5years, the age of Jacob = (x + 5) years.
After Syears, the age of hisfather = (3x + 5) years.

Thedifferenceof their ages=(3x + 5) —(x + 5) years, whichisgivento be
30vyears, therefore
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3X+5—-(x+5)=30
or 3X+5-x-5=30
or 3xX—-x=30
or 2% =30 Notes
or x=15

Therefore, the present age of Jacob is 15 years and the present age of hisfather = 3x
=3x15=45years.

Check: After 5years, age of Jacob =15+ 5=20years
After Syears, age of hisfather =45+ 5=50years
Difference of their ages=50—-20=30years
Example5.10 : Thesum of three consecutive even integersis 36. Find theintegers.
Solution: Letthesmallest integer bex.
Therefore, other two integersarex + 2and x + 4.
Since, their sumis 36, wehave
X+(x+2)+(x+4)=36
or 3X+6=36
or 3Xx=36-6=30
or x=10
Therefore, therequired integersare 10, 12 and 14.

Example5.11: Thelength of arectangleis3 cm morethanitsbreadth. If itsperimeter is
34 cmfinditslength and breadth.

Solution: L et the breadth of rectanglebex cm

Therefore, itslength=x+ 3

Now, since perimeter =34 cm

Wehave 2(x+3+x)=34
or 2X+6+2x=34
or 4x=34-6
or 4x =28
or X=7

Therefore, breadth=7 cm, and length=7+3=10cm.
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CHECK YOUR PROGRESS 5.4

1. Thesumof twonumbersis85. If onenumber exceedstheother by 7, find the numbers.

2. Theageof father is20 yearsmorethan twicetheageof the son. If sum of their agesis
65 years, find the age of the son and the father.

Thelength of arectangleistwiceitsbreadth. If perimeter of rectangleis66 cm, find its
length and breadth.

w

»

2
Inaclass, thenumber of boysis 5 of thenumber of girls. Find thenumber of girlsin
theclass, if the number of boysis10.

5.5 LINEAR EQUATIONS IN TWO VARIABLES

Nehawent to market to the purchase pencilsand pens. The cost of onepencil isRs2 and
cost of one penisRs4. If she spent Rs50, how many pencilsand pens she purchased?

Since, wewant to find the number of pencilsand pens, let usassumethat she purchased x
pencilsandy pens. Then,

Cost of x pencils=Rs2x
Costof y pens=Rs4y
Since, total cost in Rs50, we have
2x +4y =50 (1)
Thisisalinear equationintwo variablesx andy asitisof theformax +by +c=0

Weshall now takedifferent valuesof x andy to find the solution of the equation (1)

1. Ifx=1,y=12,thenLHS=2x1+4x%x12=2+48=50and RHS=50. Therefore,
x=1andy=12isasolution.

2. Ifx=3,y=11,thenLHS=2%x3+4x 11 =50and RHS=50. Therefore, x =3,y
=1lisalsoasolution.
3. Ifx=4,y=10,thenLHS=9%x4+4x10=48and RHS=50. Therefore, x =4,y

=10isnot asolution of the equation.

Thus, alinear equation intwo variables has more than one sol ution.
We have seenthat alinear equationinonevariable*x’ isof theformax +b=0,a=0. It

_ b . . . .
hasonly onesolutioni.e., X = 3 However, alinear equationintwovariablesx andy is

of theform
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ax+hby+c=0 (1)

wherea, b and c are constantsand atleast one of aor bisnon-zero. Let a= 0, then (1) can
bewrittenas

ax=—hy-c

b ¢

o X=-—y-—
a~ a

Now, for each value of y, we get a unique value of x. Thus, alinear equation in two
variableswill haveinfinitely many solutions.

Note: Alinear equationax + c=0, a# 0, can be considered asalinear equationintwo
variablesby expressingit as

ax+0y+c=0

i.e., by taking the coefficient of y aszero. It still hasmany solutionssuch as

x=-2,y=0; x=-C,y=1gc
a a

c
i.e., for eachvalueof y, thevalueof x will beequal to 3

Example5.12: Thesum of twointegersis 15. Formalinear equation in two variables.

Solution: Letthetwointegersbex andy. Therefore, their sum=x +y. Itisgiventhat the
sumisi1s.

Hence, required equationisx +y = 15.

Example5.13: For the equation 4x —5y = 2, verify whether (i) x =3,y =2and (ii) x =
4,y = 1laresolutionsor not.

Solution: () Wehave 4x-5y=2
Whenx =3,y =2, LHS=4x-5y=4x3-5x%x2
=12-10=2
=RHS

Therefore, x = 3, y = 2isasolution of the given equation.
(i) Whenx=4,y=1, LHS=4x4-5x1=16-5=11
But RHS=2. Therefore, LHS# RHS

Hence, x =4,y = 1lisnot asolution.
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CHECK YOUR PROGRESS 5.5

1. Formlinear equationsintwo variablesusing suitable variablesfor theunknowns.
(i) Theperimeter of arectangleis98 cm. [Takelength asx and breadth asy.]
(i) Theageof fatheris 10 years morethan twicethe age of son.
(i) A number is10 morethan the other number.
(iv) Thecost of 2kg applesand 3 kg orangesisRs. 120. [ Takex andy asthe cost per

kg of applesand orangesrespectively.]

Write Trueor Falsefor thefollowing:

2. x=0,y=3isasolution of theequation

X+2y-6=0

x =2,y =5isasolution of theequation

5x+2y =10

5.6 GRAPH OF A LINEAR EQUATION IN TWO VARIABLES

Youwill now learn to draw the graph of alinear equation intwo variables. Consider the
equation 2x + 3y =12. It can bewritten as

2x =123y or 3y = 12— 2x

w

12-3y  ,_12-
2 3

Now, for each valueof y or for each value of x, we get aunique corresponding value of x
ory. Wemakethefollowing tablefor thevalues of x and y which satisfy the equation:

2x+3y=12
X 0 6 3 9 -3
y 4 0 2 -2 6

Thus, x=0,y=4;x=6,y=0;x=3,y=2;x=9,y=-2;x=-3,y =6 areal solutions
of thegiven equation.

We write these solutions as order pairs (0, 4), (6, 0), (3, 2), (9,—2) and (— 3, 6).

Here, first entry givesthevaueof x and the corresponding second entry givesthevalue of
y. Wewill now learnto draw the graph of thisequation by plotting these ordered pairsin
aplane and then join them. In the graph of 2x + 3y = 12, the points representing the
solutionswill beonalineand apoint whichisnot asolution, will not lieonthisline. Each
point aso called orderd pair, which liesonthelinewill give asolution and apoint which
doesnot lieonthelinewill not beasolution of the equation.
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Todraw thegraph of alinear equationintwo variables, wewill first plot these pointsina
plane. We proceed asfollows:
Sep 1: Wetaketwo perpendicular linesX'OX and Y OY ' intersecting at O. Mark thereal
numbers on X'OX and YOY' by v Notes

consdering themasnumber lineswiththe
point O asthereal number 0 asshownin
Fig5.2. Thesetwo linesdividetheplane 4
into four parts, called first quadrant, 3T
second quadrant, third quadrant and 2
fourth quadrant. The number line X'OX 1

is called x-axis and the line Y'OQY is X X
caled y-axis. Since, we havetaken x- ~ <—+—+———5—+—+—1—

: : . -4 -3 -2 -1 1 2 3 4
axis and y-axis, perpendicular to each 1+
other in a plane, we call the plane as 1
coordinate plane or cartesian planein =
the honour of French mathematician 3T
Descartes who invented this system to 4T
plot apointinthe plane.

v

Sep 2: To plot apoint say (3, 2), take
thepoint 3onx-axisand throughthispoint, Fig5.2

draw aline 'l' perpendicular to x-axis

(i.e. paralel toy-axis). Now take the point 2 on y-axis and through 2, draw aline'm’
perpendicular toy-axis(i.e. parallel tox-axis) tomeet | at P. The point Prepresentsthe
point (3, 2) ontheplane.

Y'A A
a7
A 2R R ,P ----------------
1 (3,2)
1T 5
X‘A 1 1 [ L i L 5
) 1 1 1 1 ] 1 >
2-11%1 2 3 4
v v
Y
Fig.5.3

Note1: It may be noted that, for the ordered pair (a, b), aiscalled x-coor dinateand b
iscalledy-coor dinate.
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Note 2: Every point on x-axis can bewritten as (g, 0) i.e. itsy-coordinateis zero and
every point ony-axisisof theform (0, b) i.e,, itsx-coordinateis zero. The coordinates of
thepoint O are (0, 0).

Note3: Inthefirst quadrant, both x and y coordinatesare positive, in the second quadrant,
x coordinate is negative and y coordinate is positive, in the third quadrant both x and
y coordinates are negative and in the fourth quadrant, x-coordinate is positive and
y-coordinateisnegative.

Example5.14: Represent the point (-2, 3) in the coordinate plane.

Solution: Draw x-axisand y-axisontheplane

and mark the pointson them. Tekethe point— A p

2 on x-axisand draw thelinel parallel toy-

axis. Now takethe point 3ony-axisand draw 14

theline'm' parallel to x-axisto meet | at P. 4--5} ---------- e B > m
Thepoint Prepresent (-2, 3), wesay (2, 3) 1

are coordinates of the point P L

Youwill nowlearntodrawthegraphofalinear x| | | o, X
equation intwo variables. It should be noted 3 —25 1 91 2 3
that thegraph of linear equationintwovariables R

isalineand the coordinates of every point on Fig5.4

theline satisfiesthe equation. If apoint does
not lieon the graph then its coordinates will
not safisfy the equation. You &l so know that from two given points, oneand only oneline
can bedrawn. Therefore, it issufficient to take any two points, i.e., valuesof thevariables
x and y which satisfy the equation. However, it issuggested that you should takethree
pointsto avoid any chance of amistake occurring.

Example5.15: Draw the graph of the equation 2x —3y = 6.

Solution: Now chooseva uesof x andy which satisfy the equation 2x —3y = 6. It will be
easy towritetheequation by transformingitin any of thefollowingform

2x=3y+60r3y=2x-6

3y+6 2X—6
or sz

Now by taking different valuesof x or y, you find the corresponding valuesof y or x. If we

2Xx-6
takedifferentvaluesof xin 'y = 3 weget corresponding valuesof y. If x =0, weget

y=—2,x=3givesy=0andx =—3givesy =—4.

= X=

You can represent thesevaluesin thefollowing tabular form:
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X 0 3 =3

y | =20 | -4

The corresponding pointsin the planeare (0, —2), (3, 0) and (-3, —4). Youcannow plot | Notes
these pointsand join themto get thelinewhi ch representsthe graph of thelinear equation
asshown here.

Notethat al thethree pointsmust lieon theline.

Fig5.5

Example5.16: Draw the graph of theequation x = 3.

Solution: It appearsthatitisalinear equationinonevariablex. You can easily convert it
intolinear equationintwo variablesby writingit as

x+0y=3
Now you can havethefollowing tablefor valuesof x andy.
X 3 3 3
y 3 0 1

Observethat for each value of y, thevaue of x isalways 3. Thus, required points can be
takenas(3, 3), (3,0), (3,1). ThegraphisshowninFig. 5.6.
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Y
A A
C(3,3,
31 (3.3)
2 -
™
1- 4 B3, 1) n
A(3,0 =
X < . — > X
1 2 3 4
\ 4 \
YI
Fig.5.6

CHECK YOUR PROGRESS 5.6

1. Potthefollowing pointsinthecartesian plane:

(1) (3,9 (i) (-3,-2) (iii) (-2, 1)
(iv) (2,-3) (v) (4,0) (vi) (0, -3)
2. Draw thegraph of each of thefollowing linear equationsintwo variables:
(i()x+y=5 (ii)3x+2y=6
(iii)2x+y=6 (iv)5x+3y=4

5.7 SYSTEM OF LINEAR EQUATIONS IN TWO VARIABLES

Nehawent to market and purchased 2 pencilsand 3 pensfor I 19. Mary purchased 3
pencilsand 2 pensfor X 16. What isthe cost of 1 pencil and 1 pen? If the cost of one
pencil isT x and cost of one pen isX y, then the linear equation in case of Nehais
2x+ 3y =19andfor Mary itis3x + 2y = 16. Tofind the cost of 1 pencil and 1 pen, you
haveto find thosevaluesof x and y which satisfy both theequations, i.e.,
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2x+3y =19
3x+2y=16
Thesetwo equationstaken together are called system of linear equationsin two variables

andthevauesof x andy which satisfy both equationss multaneoudy iscalled thesolution. Notes

Therearedifferent methodsfor solving such equation. These are graphical method and
algebraic method. You will first learn about graphical method and then a gebraic method
for solving such equations.

5.7.1 Graphical method

Inthismethod, you haveto draw the graphsof both linear equations on the samegraph
sheet. The graphsof the equationsmay be

(i) Intersectinglines: Inthiscase, thepoint of intersection will be common solution of
both s multaneousequations. Thex-coordinatewill givethevaueof x andy-coordinate
will givenvaueof y. Inthiscase sysemwill haveaunique solution.

(i) Concident lines: Inthiscaseeach point on the common linewill givethesolution.
Hence, system of equationswill haveinfinitely many solutions.

(ii) Parallel lines: Inthiscase, no point will becommon to both equations. Hence, system
of equationswill have no solution.

Example5.17: Solvethefollowing system of equations:
x-2y=0 (1)
3x+4y =20 (2

Solution: Let usdraw the graphsof theseequations. For this, you need atleast two solutions
of each equation. Wegivethesevauesinthefollowing tables.

X—2y =0 3x +4y =20
X 0 2 —2 X 0 4 6
y 0 1 -1 y 5 2 12

Now plot these points on the same graph sheet asgiven below:

Thetwo graphsintersect at the point Pwhose coordinatesare (4, 2). Thusx =4,y =2is
thesolution.

You can verify that x =4, y = 2 satisfiesboth the equations.
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vY'
Fig.5.7
Example5.18: Solvethefollowing system of equations:
X +y=8 (1)
x-y=1 (2

Solution: To draw the graph of these equation, make thefollowing by selecting some
solutionsof each of theequation.

X+y=8 2xX-y=1
X 3 4 5 X 0 1 2
y 5 4 3 y -1 1 3

Now, plot the points (3, 5), (4, 4) and (5, 3) to get the graph of x + y =8 and (0, -1),
(1, 1) and (2, 3) to get the graph of 2x —y = 1 on the same graph sheet. Thetwo lines
intersect at the point Pwhose coordinatesare (3, 5). Thusx = 3,y =5, isthe solution of
the system of equations. You can verify that x = 3, y = 5 satisfies both equations
smultaneoudy.
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Fig.5.8
Example5.19: Solvethefollowing system of equations:
X+y=2 (1)
2X+2y=4 -(2)
Solution: First maketablesfor some solutionsof each of the equation.
X+y=2 2X+2y=4
X 0 2 1 0 2
y 2 0 1 2 0
Now draw the graph of these AY
equations by plotting the .,
corresponding points.
2%+
You can seethat graph of both the 3 ¥y .
equations is the same. Hence, SN
system of equationshasinfinitely X , 7 R
many solutions. For example, ol 1 >
Xx=0,y=2;x=1y=1,x=2, =37
y = 0 etc. You can also observe 241
that these two equations are
essentialy the sameequation. 11
vyY'
Fig.5.9
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Example5.20: Solvethefollowing system of equations:
2X-y=4 ..(1)
Ix -2y =6 -(2)

Solution: Let usdraw thegraph of both equations by taking some solutions of each of the
equation.

2X-y=4 4x -2y =6
X 0 2 -1 X 0 15| 2
y —4 0 -6 y -3 0 1

You can observethat thesegraphsare paralld lines. Since, they do not have any common
point, the system of equations, therefore, hasno solution.

AX

Fig. 5.10

CHECK YOUR PROGRESS 5.7

Solvethefollowing system of equationsgraphically. Also, tell whether these have unique
solution, infinitely many solutionsor no solution.
1. x-y=3
X+y=5
2. 2x+3y=1
X-y=7
3. Xx+2y=6
2X+4y =12
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4, 3x+2y=6
6x +4y =18
5 2x+y=5
3X+2y=8 Notes

5.7.2 Algebraic Method

Thereare severd methods of solving system of two linear equationsintwo variables. You
havelearnt one method which isknown asgraphical method. We shall now discusshere
two more methods, called algebraic methods. They are

(i) Substitution Method.
(i) Elimination method.
Note: These methodsare useful in casethe system of equations hasaunique solution.

Substitution Method: Inthismethod, wefind the value of oneof the variablefrom one
equation and substituteit in the second equation. Thisway, the second equation will be
reduced to linear equaionin onevariable which we haveaready solved. Weexplainthis
method through some examples.

Example5.21: Solvethefollowing system of equations by substitution method.

5x+2y=8 (1)
3Xx-5y=11 (2
Solution: From (1), we get
2y =8-5x
1
or y= E(8—5x) (3)

Subgtituting thevaueof y in (2), weget

3x —§(8—5x):11
2
or 6x—5(8—-5x) =22  [multiplying both sidesby 2]
or 6x —40 + 25x = 22
or 31x =40+ 22

62

:EZZ

or X
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Subgtituting thevalueof x =2in(3), weget
_1 8-5%x2) = 1 8-10
y_ 2( - )_ 2( - )

o2,
or =-5=-

So, the solution to the system of equationsisx =2,y =—1.
Example5.22: Solvethefollowing system of equations by substitution method:
2X+3y=7 (1)
X+y=14 (2
Solution: From equation (2), weget
y=14-3x (3
Subgtituting thevaueof y in (1), weget
2X+3(14-3x)=7
or 2X+42-9x=7
or 2X—9x=7-42
or —-7x=-35

-35

Therefore X = 7 = 5

Substituting thevaueof x in (3), weget
y=14-3x=14-3x%x5
o y=14-15=-1
Hence, x =5,y =—1isthesolution.

Check: You can verify that x =5, y =— 1 satisfies both the equations.

CHECK YOUR PROGRESS 5.8

Solvethefollowing system of equationsby substitution method:
1 x+y=14 2.2x+3y=11
X—-y=2 2X —4y =24
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3. X+2y=11 4.7x-2y=1
2x+3y=4 3X+4y =15

Elimination M ethod: Inthismethod, weeiminateoneof thevariableby multiplyingboth | NOtes
equations by suitable non-zero contantsto make the coefficients of one of thevariable
numerically equal. Then weadd or subtract one equation to or from the other so that one
variablegetseliminated and we get an equation in onevariable. We now consider some
examplestoillustratethismethod.

Example5.23: Solvethefollowing system of equationsusing €limination method.
3x—-5y=4 (1)
X—-2y=7 -(2)

Solution: Toeminatex, multiply equation (1) by 3 to make coefficient of x equal. You get
theequations.

Ox — 15y = 12 (3
X—-2y=7 ..(4)
Subtracting (4) from (3), we get
OX — 15y —(9x —2y) =127
or X —-15y—-9x +2y =5
or -13y=5

5

or y:—1—3

5
Subgtitutingy = 13 inequation (1), weget

_o)_
3X—5x 13 =4

25

X+—=4
or 13
25 27
x=4-2-=l
or 13 13
_9
or X_13
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Therefore, x = 13 andy=-— 13 istherequired solution of the given system of equations.
Example5.24: Solvethefollowing system of equationsusing €limination method.
Notes X + 3y =13 (1)
5x -7y =-11 ..(2)
Solution: Toeiminatey, multiply equation (1) by 7 and equation (2) by 3, we get
14x + 21y =91 -(3)
15x —21y =-33 (4
Adding (3) and (4), we get
29 x =58
8,
or X=g =

Subgtitutingx =2in (1), weget
2x2+3y=13
or y=13-4=9

or y:§:3

Therefore, x =2 andy = 3isthe solution of the given system of equations.

CHECK YOUR PROGRESS 5.9

Solvethefollowing systemsof equations by €limination method:

1 3x+4y=-6 2. Xx+2y=5
3X-y=9 2x+3y=8

3. x=2y=7 4. 3x+4y=15
3X+y=35 x-2y=1

5. 2x+3y=4 6. 3x—-5y =23
Xx+2y=11 2Xx—4y =16
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Exampleb5.25: The perimeter of arectangular gardenis20 m. If thelengthis4 mmore
than the breadth, find the length and breadth of the garden.

Solution: Let thelength of the garden bex m. Therefore, breadth of garden = (x —4) m.
Since, perimeteris20m, so

2[x+(x4)]=20
or 2(2x-4)=20
or 2x—-4=10
or 2x=10+4=14

Linear Equations

or X=7

Hence, length=7 mand breadth=7 —4=3m.

Alter natively, you can solvethe problem using two variables. Proceed asfollows:
Let thelength of garden=xm

and  widthof garden=ym

Therefore X=y+4 ..(1)
Also, perimeter is20 m, therefore
2(x+y)=20
or x+y=10 (2

Solving (1) and (2), wegetx =7,y =3
Hence, length =7 mand breadth =3m

Exampleb5.26: Ashaisfiveyearsolder than Robert. Fiveyearsago, Ashawastwiceas
old asRobert wasthen. Find their present ages.

Solution: L et present age of Ashabex years
and  present age of Robert bey years
Therefore, X=y+5
or X—-y=5 (1)
5yearsago, Ashawasx —5 years and Robert was (y —5) yearsold.
Therefore, x—5=2(y-5)
or X—2y=-5 (2
Solving (1) and (2), wegety =10and x =15

Mathematics Secondary Course

MODULE
Algebra

-1

Notes

163



MODULE - 1
Algebra

Notes

Hence, present age of Asha= 15 yearsand present age of Robert = 10 years.

Example5.27: Two placesA and B are 100 km gpart. One car startsfrom A and another
from B at thesametime. If they travel inthesamedirection, they meet after 5hours. If they
travel towards each other, they meet in 1 hour. What are the speeds of the two cars.
Assumethat the speed of car at A ismorethan the speed of car at B.

Solution: Let speed of the car starting fromA bex km/h

and speed of the car starting from B bey km/h
Therefore, thedistancetravelled by car at A in5hours=5x km
and  thedistancetravelled by car at B in 5 hours=5y km

Since they meet after 5 hours when they travel in the same direction, the car at A has
travelled 100 km morethanthecar at B. Therefore,

5x —5y =100
or Xx—-y=20 (1)

When they travel towards each other, they meet after 1 hour. It means, total distance
travelled by car at A and car at B in 1 hour is100 km

Therefore x+y=100 (2

Solving (1) and (2), weget x =60andy =40

Therefore, the speed of car at A = 60 km/h and
the speed of car at B =40 km/h.

CHECK YOUR PROGRESS 5.10

1. Rahim'sfatheristhreetimesasold asRahim. If sumof their agesis56 years, find their
ages.

2. Ritahas18m of cloth. Shecut it intotwo piecesin such away that one pieceis4 m
longer than the other. What isthelength of shorter piece.

3. Atotd of Rs50000isto bedistributed among 200 personsasprizes. A prizeiseither
Rs500 or Rs 100. Find the number of each type of prizes.

4. A pursecontain Rs 2500 in notesof denominationsof 100 and 50. If the number of
100 rupee notesisone morethan that of 50 rupee notes, find the number of notes of
each denomination.
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e Anequationinonevariableof degreeoneiscalled alinear equationinvariable.

Notes
e Thegenera formof alinear equationinonevariableisax+b =0, a=0,aandbare

real numbers.
e Thevaueof thevariablewhich satisfiesthelinear equationiscalleditssolution or root.
e Tosolveaword problem, itisfirst trandatedinto algebriac satementsand then solved.

e Thegenera formof alinear equationintwo variablesisax + by + c=0, wherea, b, c
arerea numbersand atleast oneof aor bisnon zero.

e Theequation ax + ¢ = 0 can be expressed as linear equation in two variables as
ax+0y+c=0.

e Todraw thegraph of alinear equationintwo variables, wefind atleast two pointsin
planewhose coordinates are solutions of the equation and plot them.

e Thegraphof alinear equaionintwo variablesisaline.

e Tosolvetwo simultaneousequationsintwo variables, wedraw their graphsonthe
same graph paper.
(1) if graphisintersecting lines, point of intersection givesuniquesolution.
(ii) If graphisthesameline, system hasinfinitely many solutions
(iii) If graphisparald lines, system of equation hasno solution
e Algebraic methodsof solving system of linear equationsare
(1) Substitution method
(i) Elimination method
e Tosolveword problems, wetranlatethegiveninformation (data) into linear equations
and solvethem.

E‘J TERMINAL EXERCISE

1. Choosethe correct option:

(i) Whichoneof thefollowingisalinear equationin onevariable?

(A)2x+1=y-3 B)3t—-1=2t+5
(C)2x—-1=x2 (D) x?—=x+1=0
(i) Whichoneof thefollowingisnot alinear equation?
(A) 5+4x=y+3 (B)x+2y=y—x
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(C)3—x=y?+4 (D)x+y=0
(iii) Which of thefollowing numbersisthe solution of the equation 2(x + 3) = 18?
(A) 6 (B) 12

(C) 13 (D) 21

(iv) Thevalueof x, for which theequation 2x — (4—x) =5—x issatisfied, is.
(A) 45 (B)3
(C) 2.25 (D) 0.5

(v) Theequationx —4y =5 has
(A) nosolution (B) uniquesolution
(C) two solutions (D) infinitely many solutions

. Solveeach of thefollowing equations
()2z+5=15 (ii)isz=—2
(iii) 4_32y+y7+1=1 (iv) 2.56x —3=0.5x +1

. Acertain number increased by 8 equals 26. Find the number.
. Present agesof Reenaand Meenaareintheration 4 : 5. After 8 years, theratio of their

ageswill be5: 6. Find thelr present ages.

. The denominator of arationa number is greater than its numerator by 8. If the

denominaor isdecreased by 1 and numerator isincreased by 17, the number obtained

3
is PE Find therationa number

. Solvethefollowing system of equationsgraphicaly:

() x-2y=7 (i) 4x+3y=24
X+y==2 y—2x=6

(i) x+3y=6 (iv) 2x-y=1
2X—-y=5 X+y =8

. Solvethefollowing system of equations:

() x+2y-3=0 (i) 2x+3y=3
X—2y+1=0 X+2y=2

(i) x—-y=7 (iv) 5x -2y =—7
4x -5y =2 2x+3y =-18
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8. Thesumof thedigitsof atwo-digit number is11. If thedigitsarereversed, thenew
number is27 lessthan the original number. Find the original number.

9. ThreeyearsagoAtul'sagewasfour timesParul'sage. After 5 yearsfrom now, Atul's
agewill betwotimesParul'sage. Find their present ages.

10. The perimeter of arectangular plot of landis32 m. If thelengthisincreased by 2mand
breadthisdecreased by 1 m, theareaof the plot remainsthesame. Find thelength and
breadth of theplot.

[
-‘ ANSWERS TO CHECK YOUR PROGRESS

5.1

1. () 2.(i)

5.2

1. 15-2x=7

2. 0.1x=10

3. 6y=96

4. t+15=4t

5.3

1. x=13 2.y=12 3.2z=0
4, y=9 5.x=5
54

1. 39,46

2. 15years, 50years

3. 22cm,11cm

4. 25

5.5

1. () 2(x+y)=98
(i) y=2x+ 10, whereageof son=x years, age of father =y years
(i) x+10=y
(iv) 2x + 3y =120

2. True 3.Fdse
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5.7

1. x=4,y=1,uniquesolution

2. x=2,y=-1,uniquesolution

3. Infinitdly many solutions

4. Nosolution

5. x=2,y=1, uniquesolution

5.8

1. x=8,y=6 2.X=-2,y=5
3. x=5y==2 4.x=1y=3
5.9

1 x=2,y=-3 2.x=1y=2
3. x=11,y=2 4.x=1y=3
5. Xx=5y=-2 6.x=6,y=-1
5.10

1. l4years, 42years

2. 7Tm

3. 75prizesRs 500 and 125 prizesof Rs100 each.
4. 17 of Rs 100 each and 16 of Rs 50 each.

A
ﬂ ANSWERS TO TERMINAL EXERCISE

L ®He MO (i) (A) (iv) (©) V) (D)

2. (i)z=5 (ii)x=-8 (ii)y=5 (iv)x=2
3. 18
4. Ageof Reena= 32 years, age of Meena=40years
=
21
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6. () x=1,y=-3 (i)x=3,y=4
(i) x=3,y=1 (iv)x=3,y=5
7. () x=14,y=1 (i)x=0,y=1 Noles
(i) x=3,y=2 (ivyx=-3,y=-4
8. 74

9. Atul: 19years, Parul: 7 years
10. 10m, 6m
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