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Provev2 + v3isirrational
Suppose v2 + V3 rational
V2++vV3=m/in
v2=m/n-V3
2=m?/n*-2m/nv3+3

2mnv3=m?/n’+1

V3 =n/2m (m?/n? + 1)
But v3irrational. O Contradiction.
Extraproblem : Isv2 + V3 + V5rational?
Several ways of constructing red numbers from the rationals. We'll use" Dedekind cuts'.
Q = set of rational numbers
Ead red number will be aset of rational numbers.
-It'slike the set of rationals less than the number.

_E—H
0 V2
Eg.v2={pOQ:p<Oorp’<2}

Definition: A real number x isa subset of Q such that:
1) x#0,x#Q (set of all Q)

2)ifpdx & sOQwiths<p,thensOx.

3) Thereisnolargest number x.

Eg.3={p0Q:p<3}

To each rational number m/n, asociatetheset {pdQ: p<m/n} =mn x<yif x Dy x<yifx Oy & X #y.
V2={pOQ:p<Oorp?<2}

Isv2 ared number?

V2# 0 (eg. 10V2)

V2£Q(eg. 70v2)

ShowpOvV2& g<pO gOV2Two Cases.

1) ifp<O
if g<p,then q<0,s0 qO V2
2) ifp>0& p0OV2 &ifg<p,
p*<2,
ifqg<0,qOv2

ifg>0,0<sq<pO o< p’
0¢°<2,s0q0v2

Must show no largest element of V2.

Suppose p O V2, show there exists g O V2 with g > p.
If p<0,takeq=1.

ifp>0,p0v20 p*<2

(p+1/n)*> =p?+2/n(p) + I/ n*. To show some q 0 v2 that is bigger than p.
Want nsuchthat p> + 2/n(p) + 1/n”> <2 or 2/n(p) + U n* <2 - p
Choosen O N large enough that
2in(p)+ Un* <2-p?
Leeq=p+1n. Then qOV2& q>p




Let R denotethe set of all real numbers.
Definition: If x,y OR, wedefinex+y={p+q: pOdx,qOvy}

|The0rem: Ifx,y OR, then (x+y)DR.|
Proof: Must show x +y satisfiesthe three properties
x+y#0,WecanchoosepOx,qOy,thenp+qOx+y.
Toshowx +y zQ, pick somendx & somemOy (hhmOQ)
Clam:n+mOx+y.
Note If nOx,n0Q,then pdx O p<n,forif p=n,pdxwouldimply nXx ( sincex has property 2).
Op0Ox0O p<n

gyl g<m
OForeverypOx& qOy,p+g<n+m
On+mOx+y.
GivenpOx+y, mustshowthatq<p,qO0QO qOx+y
p=r+ssomerixs+y.
q<r+s g-r=t,sometly
q-r<s g=r+t,rix,t0y OgqOx+y.

Must show : X +y hasno largest element.
Supposep+qOx+y,withpOx,qOysincex & y arereal numbers.

Thereexists s xwiths>p & at Oy with t>q,thens+tOx+y, & s+t>p+aq.
0 x +y isarea number

Define0={p0Q: p<0}Clearly 0OR.
Theorem: 0+x=x Ox0OR.

Proof: First, to show 0 + x 0 x
0+x={p+q:p<0+qUx}
Ifp+gq0d0+x,p+q<qgq0dx0 p+gOx
O0+x0Ox.

Toshow: x 00+ x
Supposer [0 x, then there exists s x with s>r.
s+(r—g)=qg+pwithgOx,pO0

Or=p+q00+x.
x<yifxOy& x#Yy.

Definition: x is positive if 0 < X.
Forx,y=0,wedefinexy={ p0Q:p<Oorp=stwiths>0& sOx,t>0& t Oy} Must show: xy has
the properties of ared number.
0 X negatives-------
For x ared number,
X ={ -p: p0OQ, pOx} taking away alargest element if thereis one.
2={q:q<2}
Theorem: For every x, x + (-x) =0 Definex*0=0*x =00x
Define[x|={ xifx=0

{-xifx<0
Definexy ={ [X|ly|ifx=0 y=0

{ orifx<0,y<0

{-(xIyD)ifx=0y <0

{orx<0&y >0

1={p0OQp<1}
Theorem:1* x=x 0x
Definition: If x > 0, define 1/x ---0---1/x-------- X---=mmm-




Ux={pdQ:p=s0oap=VqgwithgqOQ, qOx} take avay biggest element.

Definition: If x<0 . Define 1/x =- 1/|x|

Theorem: For all x#0,x* 1/x = 1.

Prove that addition and multi pli cation are associative and commutative.

Prove distributive law: x (y +z) =Xy + xz

For any set S of red numbers, b 0 Risan upperbound for Sif x<b, OxOS.

If each member of Sisasubset of Q,b 0 Q,x O b O x OS, so bcontainsthe union of al setsin S.
Completeness Property of R: Every subset of R other than O that has an upper bound has alub.
Proof: Suppose S# [, bisan upperbound for S. Let ¢ bethe union o all the sets of rational numbers that
areinS.c 0 Q. Claim: cistheleast upperbound of S.

Must Show:

1) cisared number

2) cisan upperbound of S

3) If bany upperbound of S, b= c.

1)Sz£00 c#0.

b an upperbound for SO every member of siscontained b.

PickrOQsuchthatrOb(bOR)

ThenrOc, forifrOc, rOxsomex OS.

(Then every rational lessthan r would be in x) (b wouldn't contain X) [0 ¢ # Q.

fpOdc&g<ppOxsomexOR,gq0OpO qOx(xOR) OgOc.

Any largest element of ¢ would be alargest element of somex 0S. O cOR.
2)Ifx0S,x0c,sox<c.

3) If bany upperbound of S,b O x, OxOS

0 b Ounionof X's=c.



