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The relation between standard deviation and mean strength of concrete test cubes*

by A. M. Neville, M.C., M.Sc.(Eng.), Ph.D., AM.LC.E., AM.N.ZLE.

Contribution by T. N. W. Akroyd,
LL.B., M.Sc.(Tech.), AM.L.C.E., A M.1LStruct.E.
(Constructional Services Ltd)

In his paper Dr Neville raises the question of the
application of the standard deviation or the coefficient
of variation to concrete control. I am not sure that he
has realized fully the implication of all the statements
given in his paper.

He states that, from his tests and from an examina-
tion of site test data, for the same degree of control
the standard deviation is proportional to the mean
strength. One could, of course, be rude and say this
is balderdash because it appears to contradict our
everyday experience, but before jumping to such a
conclusion let us consider the following example.

A concrete is required having a minimum strength
of 3,000 Ib/in? at 28 days; and a water/cement ratio of
0-71; assume the standard deviation will be 600 1b/in?
which, according to Himsworth®!, is equivalent to
good site control. If the standard deviation method of
designing the mix is used, the average strength becomes
3,000+2-33 <600 = 4,400 1b/in? (water/cement ratio
== 0-57).

Now suppose | carry out a trial mix in the laboratory
and test the cubes at 7 days. According to Road Note
No. 4@, I can expect a strength of 2,800 1bfin? but
the 7-day figure for minimum strength corresponding
to 3,000 Ib/in? at 28 days is 1,900 Ib/in? (water/cement
ratio = 0-71). The standard deviation at 7 days is
then 360 Ib/in%

Suppose, however, that the cubes are not tested for
twelve months. -The strength corresponding to a
water/cement ratio of 0-57 is 7,100 Ib/in? and this,
compared with the guaranteed minimum strength of
5,300 Ib/in? (water/cement ratio = 0-71) which corres-
ponds to the 28-day minimum of 3,000 Ib/in?%, means
that the standard deviation is 775 1b/in% Therefore,
says Dr Neville, if out of a batch of concrete I make
cubeés and test them at different ages, I can expect the
results to give me different values of the standard
deviation. 1 agree with him. From experience I have
found that for any one mix on the site the standard
deviation is lower at 7 than at 28 days.

Now if it is true, as I have always been led to
believe, that in the application of statistics to the
quality of concrete the standard deviation could be
used as a measure of the degree of quality control, it
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is absurd to suggest that out of one batch of concrete
the control which I exercise is ** better than excellent ”’,
* good 7, or ““ fair 7, according to whether I test the
resulting cubes at 7 or 28 days or one year, and yet
Dr Neville goes on to state (p. 83) that ““ it would
seem, therefore, that it is not the degree of homo-
geneity of the concrete at the time of making the
specimens that determines the scatter of the strength,
but merely the value of the strength at the time of
testing . If, as is most likely, the standard deviation
continues to be used as a measure of the site control,
wherein lies the anomaly ? In Dr Neville’s experiments
we are dealing with one standard of control so that
his results can be summarized quite simply as follows:
on any one site with any one type of concrete the
scatter of results increases with increase of 28-day
strength. This immediately becomes recognizable as
site experience. Furthermore, the standard deviation
as a measure of control between different sites is
usually applied to the 28-day strength only and this
is usually recognized in the practice of basing the
design of the mix on the 28-day strength.

Consider, however, the question of designing con-
crete for one site to give minimum strengths of 1,000,
3,000, and 6,000 1b/in? at 28 days. Table I shows the
results that I would normally expect.

TABLE 1

Required | Practical average Standard Coefficient

minimum | for which concrete | deviation of of
would be designed previous variation

column

(1bjin?) (1b/in?) (Ib/in?) (%)

1,000 1,500 215 14-3

3,000 4,000 430 10-7

6,000 7,500 645 86

The second column shows the average strength for
which the concrete would, in practice, be designed,
provided the control was good; from our experience,
for site work concrete required to have a minimum
strength of 1,000 1b/in? would be designed to have an
average strength of 1,500 1b/in? and so on.

According to Himsworth’s Table®), if the standard
deviation means anything, then from the third column
of Table I it is possible to say that control ranges from
* better than excellent ” to *“ medium ** (fair to good),
but according to Stanton Walker, if the coefficient of
variation means anything, control ranges from *“‘good”
to ““ better than excellent” in the reverse direction.



Our normal practice is therefore not to assume a con-
stant standard deviation or a standard coefficient of
variation. Below 3,000 to 4,000 ib/in? the method
based on the coefficient of variation has more to
recommend it than that based on the standard devia-
tion; above this range the latter method is of greater
value. In practice we use neither.

I am not convinced, however, either by Dr Neville’s
tests or by his interpretation of the site test data, that
there is any justification whatsoever for his last para-
graph, especially as this would be against my exper-
ience. I would not expect to obtain a coefficient of
variation for ““ run of the mill ” 3,000 Ib/in? concrete
onea site and apply that coefficient to the design of
6,000 1b/in? concrete for the same site.

Notwithstanding the logic displayed in the statistical
analysis of his results, I am surprised that Dr Neville
has summed the matter up by saying that a standard
coeflicient of variation can be used for concrete where
there is a constant degree of control, especially so
when he uses almost the same example as that used
by Himsworth®) who pointed out that, if a coefficient
of variation derived from 3,000 !b/in? concrete is ap-
plied to 6,000 Ib/in? concrete, the difference between
the minimum and the mean strength for the 6,000
Ib/in? concrete is twice what it is for the 3,000 Ib/in?
concrete. This is a result which Himsworth suggested
is impracticable and if this means that one would not
use it in practice 1 agree.

Incidentally, it is a pity Dr Neville did not carry out
the present series of tests before he investigated and
presented his paper on the effect of cube size on mean
strength and standard deviation, for in that paper he
assumed to be true what he has now “ proved ™ to be
untrue.

Contribution by H. C. Erntroy, M.Sc.(Eng.),
A.M.I.C.E.
(Cement and Concrete Association)
Dr Neville has produced some additional laboratory
results and has re-analysed reported data to prove his
contention (p. 83) that “ the standard deviation [of
site-made cubes] is proportional to the mean strength,
for the same degree of control of manufacture of con-
crete ”’, so that * the present practice of mix design on
the basis of a constant coefficient of variation . . .
appears to be satisfactory . I do not intend to dispute
Dr Neville’s conclusion (p. 77) from his laboratory
tests that for strengths above 1,500 1b/in? the coeffi-
cient of variation is “ sensibly constant ”, although
results based on 12 specimens only are naturally sub-
ject to some inaccuracies, as indicated by the widely
differing values in Table 1 for nominally identical
pairs of batches (e.g. with aggregate/cement ratios of

6-0 and 4-0).

While I agree with Dr Neville that it does not seem
that either the age at test or the type of cement affects
the relation between standard deviation and mean
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Discussion

strength, T must regard the subsequent conclusion as
somewhat doubtful since the specimens for the new
“ concrete cube test” for cement testing are made
individually, as are the standard vibrated mortar
cubes, and not in the sets of 12 on which Dr Neville
apparently bases his comparison.

His interpretation of the Road Research Laboratory
data obtained on 58 jobs is claimed (p. 82) to offer
“ very strong evidence of proportionality between the
standard deviation and the mean strength of site-
produced concrete for a constant degree of control .
A critical study of Figure 9, however, would hardly
support this assertion. The range of mean strength for
 fair > and ** poor ”’ control is limited to about 2,000
to 5,000 Ib/in? and neither of the regression lines as
drawn passes through the origin; this is particularly
true of the results for ““ good ™ control which cover a
somewhat wider range of mean strength. (It may also
be noted that the variation for * poor ™ control is
lower than that for “ fair > control.)

The conclusions drawn from Figures 10 and 11
would also have been modified had Dr Neville recalled
his own remark (p. 81), made when considering the
data provided by Himsworth and Murdock, that
varying degrees of control in one set of data introduce
* an additional vital factor in the relation between the
standard deviation and mean strength” and must
therefore be treated separately. If the three different
symbols in Figure 10 are considered independently it
will be noted that there is little justification for drawing
only one regression line through them.

Any study involving comparative variabilities of
site concrete is complicated by the fact that a large
number of * individuals > is required to establish an
accurate measure of the standard deviation, and
Dr Neville’s requirement (p. 83) that “ a full confirma-
tion . . . can be obtained only from test data on con-
cretes of widely differing strengths made on the same
site, with the same control and under the same super-
vision ” is not likely to be satisfied frequently. How-
ever, by accumulating a large amount of data obtained
under known degrees of control from a wide range of
sources, a good estimate of the real relation can be
obtained. To this end, the Cement and Concrete
Association has conducted a survey 5+°) since 1953 of
the variation of works test cubes on about 300 con-
struction sites where a study of the degree of control
has been made. An analysis of these results indicates
that neither the standard deviation nor the coefficient
of variation is linearly related to the mean strength
over the entire range but that the standard deviation
is approximately proportional to the mean strength for
mean strengths of up to about 3,000 1b/in? and approx-
imately constant for mean strengths of about 5,000
Ib/in? and over. As Dr Neville has pointed out, from
a mix designer’s point of view the relation between the
mean and minimum strengths is required, and the
C & CA work has shown that, although these
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strengths are not related in a simple way, the water/
cement ratios required to give these strengths bear a
constant proportion for any one standard of control;
this leads to a modification of the Road Note No. 4
method of estimating the required mean to give a
specified minimum strength. The mean strength given
by this modification to satisfy a minimum strength
requirement of 6,000 Ib/in2, quoted by Dr Neville (p.
76), is of the same order as the 7,160 1b/in? obtained by
the * standard deviation method . It is of interest to
note, however, that for concrete of low mean strength
this modified method gives a result approaching that
obtained by the ‘“ coefficient of variation method ™.

It seems all the more surprising that Dr Neville
maintains (p. 83) that the method of Road Note No. 4
* appears to be satisfactory ” when, as revealed in his
own example (p. 76), it calls for a mean strength of
9,800 Ib/in? to satisfy a minimum strength of 6,000
Ib/in%. Since he admits (p. 76) that it is ‘* generally
assumed that the distribution of concrete strength
follows the normal distribution . . . although only
approximate[ly] , this would lead to a maximum
strength in the region of 13,500 Ib/in?. These values of
mean and maximum strength are hardly ever attained
in practice with normal concreting techniques, al-
though the specified minimum strength of 6,000 1b/in?
is often satisfied.

Dr Neville states (p. 83) that the method based on
the coefficient of variation is inapplicable to *“ very
low strengths (less than, say, 1,500 to 1,200 1b/in?). . ..
Fortunately, these extremely low strengths are not of
practical importance . He has, however, not estab-
lished that it is appropriate for strengths of about
4,000 Ib/in? or over. It would thus seem that this
method has a severely limited range of application and
could well be superseded by the C & C A method.

Contribution by W. J. Larnach, M.Sc,,
AM.1CE.
(University of Bristol)

Dr Neville has performed a service in examining and
rationalizing site test data on concrete strength. With
this reinterpretation, and the support of his experi-
mental results, it seems that the basis given in Road
Note No. 4'2 for assessing the design strength, when
the required * minimum  is known, is sound. Hither-
to, one has been rather confused by the divergent
views inherent in Road Note No. 4 and in the work
of Himsworth and Murdock (mentioned by Dr
Neville) and of Wright").

With regard to Table 2 o1 the paper, it would be
interesting to know the age of the mortars at test, and
the number of specimens per batch. In an investigation
such as that described in the paper, when a large range
of variables is to be investigated, the number of repli-
cate specimens must be kept small. The degree of
uncertainty, however, in an estimate of the standard
deviation of a population from the results of a small
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sample could be significant. Tests on larger samples
in a few instances might therefore prove worth while
as a check on the trends observed in the paper.

Such tests on large samples seem to have been
rarely reported. Williams®' presents the results for
two series each of 54 mortar cubes, but their mean
strengths differed only by some 10%,. Some years ago,
I carried out similar tests, and the results are sum-
marized in Table II.

TABLE 11
Number | Age at Mean Range | Standard
Series of test strength deviation
cubes (days) (Ib/in?) (Ib/in?) (Ib/in?)
1 54 3 2,000 700 200
2 54 3 3,150 1,060 230
3 48 7 4,660 1,100 250

The specimens were standard mortar cubes of 1:3
composition, with a water/cement ratio of 0-4. Series
2 and 3 were compacted with a B.S. mortar cube
vibrator, and Series 1 with a Westool Stewart table
vibrator. Each series was manufactured from a single
batch of ordinary Portland cement which was not
used for any other series.

On the evidence of these three ‘ large sample”
series, it appears that the same trend of increasing
standard deviation with increasing mean strength
occurs. Clearly, however, it would be interesting and
informative to have further results from samples of
this size, and having a wider range of mean strength.

Contribution by F. A. Sharman, B.Sc.(Eng.),
A.C.GI,M.ICE.
(Sir William Halcrow & Partners)

It was high time that somebody attempted, as
Dr Neville has done, to answer experimentally the
question of whether there is any inherent change in
standard deviation with strength. The results given
challenge some of the existing data and form a valu-
able addition to information on this subject, but I
doubt whether they truly support all the conclusions
Dr Neville has drawn.

I was surprised to find that, in the experiments des-
cribed in this paper, standard deviation has been com-
puted from the results of only 12 tests—or 6 to 12
tests for ‘ between-batch ” variation. It is generally
supposed that at least 30 results are needed to establish
the variation parameters with any reliability. With 12
results only, there is a 5% chance of any of the stan-
dard deviations—which look so accurately determined
in Table 1—being in fact more than 41 % out, and it is
therefore only to be expected that the corresponding
coeffictents of variation should be rather wildly scat-
tered, as they are indeed in Figure 2. What is not to be
expected is that we should be told (p. 77) that “ the
significance of an approximately linear relation > for



the points plotted in Figure 2 is * considerably better
than 0-19% . This sort of thing brings statistics into
disrepute.

But, however the results are interpreted, they are in
clear contradiction to those of the ASTM series‘®,
which are quoted by Himsworth'® and form a vital
link in the reasoning of his paper. Dr Neville implies
that Himsworth relied entirely on site data, and ignores
the ASTM results altogether. These American results
may of course be wrong or misleading in some un-
disclosed particular, but at least they were based on
sets of 100 tests, and form a convincing consistent
series. They clearly point to constant standard devia-
tion. I hope that Dr Neville will clear up this curious
conflict of evidence for us.

What matters to the designer and specification-
writer, however, is the type of variation to be expected
on site. Dr Neville’s argument, that better control is
generally exercised on stronger concrete, thus masking
in some of the previously published data any increase
in standard deviation with increased strength, is per-
fectly valid. But it hardly leads to the conclusion that
this observed fact of life should be ignored, and that
mixes ought to be designed on a constant coefficient
basis.

There is in fact no single rule for mix design. Some-
times it must be done before a contractor is chosen,
and in ignorance of the plant and general supervisory
system which will be used. Sometimes the control
possibilities of the machinery for producing the con-
crete are fully known: sometimes they can be dictated
within limits. The importance of cement economy
varies, as does the tolerance of the design to a few
sub-standard batches. As at Woodhead New Tun-
nel*V) the distribution of results may not be sym-
metrical about the mean, and it becomes necessary to
study the pattern of distribution. In all this there is
room for far more diversity than there is in the dis-
puted constancy of deviation or coefficient. But it
would certainly be nice to know exactly what happens
in the laboratory.

Contribution by P. J. F. Wright, B.Sc.
(Road Research Laboratory)

Dr Neville has made a very useful examination of
the variations that occur in concrete cube strengths.
In general his discussion assumes that the variation is
a single quantity which might be expected to bear a
very simple relation to the average cube strength. It
seems more likely, however, that the variation is com-
pounded from several sources and, whereas some of
the component variations may be constant, others
may increase with the average strength. It is useful to
consider the various sources in turn.

Most of Dr Neville’s laboratory investigation is
concerned with what may be termed testing error.
This includes such variations as arise from differences
in compaction between one specimen and another,
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slight departures from planeness in the moulded sur-
faces, and variations in the rate of loading or other
characteristics of the testing technique. It might be
expected that the errors arising in this manner would
be proportional to the strength, as Dr Neville’s work
indicates. This has also been the general experience at
the Road Research Laboratory although, in general,
the coefficient of variation is found to decrease slightly
as the strength increases. This effect may be observed
in the figures for variation within batches quoted in
Table 1b of my paper dealing with variations in the
strength of Portland cement.(?

For cubes made on the site the largest errors prob-
ably arise in batching. The batching errors affect the
strength largely through variations in water/cement
ratio, whether these are due to variations in moisture
content of the aggregate, to uncontrolled variations in
the amount of water delivered by the measuring tank
or metering system, or to changes in the amount of
water being used to counteract some other variation
such as a change in grading. The changes in water
content will be similar whether the concrete is of high
or low average strength and, if the cement is batched
without appreciable error, the percentage variations
in water/cement ratio will also be independent of the
average strength. Table I11 shows the effect of a given
percentage change in water/cement ratio on the crush-
ing strength and indicates that this type of variation
would tend to give a relatively constant error in crush-
ing strength, irrespective of the average strength of the
concrete.

A third source of variation arises from sampling
errors, and in the experience of the Road Research
Laboratory these errors can be very considerable.
Their nature, however, is similar to that of batching
errors in that the water/cement ratio of the sample
may differ from that in the batch as a whole and it
would therefore be expected that sampling errors
would also lead to a constant component in the varia-
tion of cube strength.

A fourth source of variation in field strengths, which
is not normally allowed to arise in laboratory work,
is that of variation in the characteristics of the cement.
Table 1¢ of my paper previously referred to!”’ shows
that the standard deviation arising from this cause
decreases approximately in proportion to the average

TABLE II1: Approximate change in crushing
strength to be expected from a 109, change in
water/cement ratio, based on data in Road Note No. 4.

Average Change in crushing strength
Water/cement crushing caused by 109, change in
ratio strength water/cement ratio
(Ib/in%) (Ib/in2) L% of average)
04 6,900 650 94
06 4,100 650 16
0-8 2,400 500 21
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Figure I: Results of crushing strength tests at Llangyfelach.

strength with different mixes, but is practically un-
changed as the strength increases with increasing age.

On the assumption that the over-all variation will
consist of several components, some being propor-
tional to the average and some being constant, a linear
relation would be expected between the variance of
the cube strengths and the square of the average
strength. Dr Neville makes a plea in his conclusion
for data referring to mixes of different average
strengths made in the field with identical degrees of
control. Such data are available from a full-scale ex-
periment carried out by the Road Research Laboratory
at Llangyfelach in Glamorgan, although the number
of results is rather limited. On this site seven different
mixes were used for the various experimental sections
of the road, but the control and attention given to
each of them was exactly the same. About 30 speci-
mens prepared from each of these mixes were tested
at the age of 28 days and the coefficients of variation
and standard deviations of these are plotted against
the average strengths in Figure 1. The specimens were
4 x 4 x 20 in. beams which were tested both for flexural
strength and for crushing strength by the equivalent
cube technique, but it is unlikely that the use of beams
in place of cubes would affect the present discussion.
These data strongly support the suggestion that the
coefficient of variation decreases with increasing
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average strength. The curves shown correspond to the
regression line between variance and square of average
strength and, although there is considerable scatter
among these results, the regression coefficient is signi-
ficant at the 19 level of probability. The relation
represents a constant standard deviation of 620 Ib/in?
combined with a variable component equal to 10-7%
of the average crushing strength.

Reply by the author

I am grateful to Messrs Akroyd, Erntroy, Larnach,
Sharman, and Wright, for their thoughtful contribu-
tions which clearly show the importance of the topic
under consideration. It seems to me, however, that Mr
Akroyd has rather missed my argument about the
lack of influence of age per se on the standard devia-
tion.

Mr Wright is correct in stating that the variation in
strength is compounded from several sources but, as
he himself points out, I investigated ‘‘ laboratory
errors ” only.

1 subscribe fully to his comments on the effect of
the error in the water/cement ratio. May I add that his
data are virtually the same as those given by me in
195412 which of course is not surprising since we
both based our calculations on Road Note No. 4. In
the present investigation this source of error would
have been a very minor factor.

Mr Wright’s study of different sources of variation
would go a long way towards explaining the difference
between my experimental results and those of Mr
Erntroy, or between laboratory and site behaviour in
general. I feel that although laboratory investigations
on the variability of concrete are clearly of only limited
interest they may be of help in analysing site data.
Mr Wright’s Figure —a particularly valuable example
of site data—suggests that the increasing part of the
standard deviation, quoted by him as some 10-79% of
the mean strength, is probably due to the same causes
which were responsible for the increase in the standard
deviation with strength in my tests.

The regression coefficient for this graph of Mr
Wright’s is significant at the 19 level of probability,
and if Mr Sharman compares the scatter of results in
this Figure with the scatter in my Table 1 he will see
better how my analysis of variance has produced the
result of a 0-19% significance level for the linear
relation suggested.

May 1 draw Mr Erntroy’s attention to the fact that
my regression lines in Figure 9 are not the only ones
that do not pass through the origin: neither does
Mr Wright’s regression line in Figure I.

There is no doubt that the size of the sample affects
the accuracy of the resulting data, but the trends in
the variation of the standard deviation can be clearly
seen even with samples of 12 cubes, and the significance
of the observed variation can be tested by the usual
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Figure 11: The relation between the standard deviation and the
mean strength for the data of Crum and Leavirt'®.

statistical methods for the appropriate number of
degrees of freedom.

This brings us to the subject of the four large
samples of Crum and Leavitt'®). Their tests were made
some 30 years ago and, although this does not decrease
their validity, it is difficult to know the precise condi-
tions of their tests. A plot of the standard deviation
against mean strength (Figure II) does not lead to any
obvious interpretation. Furthermore, Fisher’s variance
ratio test of the variances at the strengths of 2,566 and
1,784 Ib/in? shows that they differ at the 19 signi-
ficance level so that we cannot interpret the data of
Crum and Leavitt to mean that the standard deviation
in their tests was constant. We should also remember
that the range of strengths tested was between 1,784
and 3,504 1b/in? only and three out of four tests were
within a range of 938 Ib/in? whereas 1 reported tests
on concretes with cube strengths between 500 and
13,000 Ib/in2.

While on the subject of large samples may [ say that
1 was most interested to read of Mr Larnach’s tests on
samples of 48 to 54 cubes each: the results of his test
are in very close agreement with those reported in my
paper.

In answer to his question the cubes of Table 2 were
cast in batches of 12 and were tested at 28 days.

It is also particularly pleasing to hear that Mr
Erntroy does not dispute my conclusions regarding
laboratory tests, for his experimental resources are far
greater than could ever be hoped for in a university
laboratory. Regarding his comments on Figures 9, 10,
and 11, I think I ought to repeat that classification
into various degrees of control is perforce arbitrary
when applied years later to sites in different parts of
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the world where different contractors have worked
during some 30 years. It is not even possible to have
the 'subjective judgement of a man who had seen all
the jobs in progress.

1 am not sure that Mr Erntroy’s numerical example
is one that would occur on site because concrete with
a minimum strength of 6,000 lb/in? would not nor-
mally be manufactured with the degree of control
implied by the figures quoted on p. 76. This point was
made in the paper and is, of course, borne out by
contracting practice, as mentioned for instance by
Mr Sharman.

The practical design recommendations of Mr
Erntroy seem both interesting and simple and I am
looking forward to hearing details of them.
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