Chapter 0. Prerequisites

0.3: Sum and Product Notation
Slides (Google Drive) Alex Tsun Video (YouTube)

0.3.1 Summation Notation

Suppose that we want to write the sum: 1 +2+3+5+6+ 7+ 8+ 9+ 10. We can write out each element,
but it becomes tedious. We could use dots, to signify this as: 1+2+---4+94 10, but this can become vague
if the pattern isn’t as clear. Instead, we can use summation notation as shorthand for summations of values.
Here we are referring to the sum of each element i, where ¢ will take on every value in the range starting
with 1 and ending with 10.

10
142434 +10=) i
i=1

Note that ¢ is just a dummy variable. We could have also used j, k, or any other letter. What if we wanted
to sum numbers that weren’t consecutive integers?

As long as there is some pattern, we can write it compactly! For example, how could we write 16 + 25 +
36+ - -+ 817 In the first equation below (0.3.1), j takes on the values from 4 to 9, and the square of each of
these values will be summed together. Note that this is equivalent to k£ taking on the values of 1 to 6, and
adding 3 to each of the values before squaring and summing them up (0.3.2).

9
16+25+36+--+8l=>) j (0.3.1)
j=4

6
=> (k+3) (0.3.2)
k=1

If you know what a for-loop is (from computer science), this is exactly the following (in Java or C++).
This first loop represents the first sum with dummy variable j.

int sum = 0
for (int j = 4; j <= 9; j++) {
sum += (§ * j)

}
This second loop represents the second sum with dummy variable k, and is equivalent to the first.
int sum = 0
for (int k = 1; k <= 6; k++) {
sum += ((k + 3) * (k + 3))
}

This brings us to the following definition of summation notation:


https://docs.google.com/presentation/d/1rd11Wtov56rvcH4tZHgW8vaZb5At0jBmS_Xdb0xxQA8/edit
https://www.youtube.com/watch?v=XLhlHcVzJXc&list=PLeB45KifGiuHesi4PALNZSYZFhViVGQJK&index=3&ab_channel=5MinuteAI
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Definition 0.3.1: Summation Notation

Let x1,z9,x3,... be a sequence of numbers. Then, the following notation represents the “sub-sum”:
b
ZTa + Tat1+ -+ Th-1+Tp Zzl‘i
i=a

Furthermore, if S'is a set, and f : S — R is a function defined on S, then the following notation sums
over all elements x € S of f(x):

> f@)
€S

Note that the sum over no terms (the empty set) is defined as 0.

Example(s)

Write out the following sums:
® 22:3 k1
* > ,cs(2¥ +5), for S ={3,6,8,11}
® Zf:e‘l
° Zi:g sin(z)
o > cr13z, for T'={-1,-3,5}.

Solution

e For, ZZ:S k19, we raise each value of k from 3 to 7 to the power of 10 and sum them together. That
is:

7
ZklO — 310 + 410 + 510 + 610 + 710
k=3

e Then, if we let S = {3,6,8,11}, for 3° 5(2¥ + 5), raise 2 to the power of each value y in S and add
5, and then sum the results together. That is

D> (@Y +5)=(2°+5)+ (2°+5) + (22 +5) + (2" +5)
yeS

e For the sum of a constant, Zf:e 4, we add the constant, 4 for each value ¢t = 6,7,8. This is equivalent
to just adding 4 together three times.

8
}:4:4+4+4
t=6

. . 1 .
e Then, for a range with no values, the sum is defined as 0, for ), _,sin(z), because there are no values
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from 2 to 1, we have:

Z sin(z) =0
z=2

e Finally, if we let T'={—1,-3,5}, for )
them up.

zer 13z, we multiply each value of z in T by 13 and then sum

> 13z = 13(—1) + 13(=3) + 13(5)
zeT
=13(=1+ -3 +5)

:132:(;

Notice that we can actually factor out the 13; that is, we could sum all values of x € T first, and then
multiply by 13. This is one of a few properties of summations we can see below!

O

Further, the associative and distributive properties hold for sums. If you squint hard enough, you can kind
of see why they’re true! We’ll also see some examples below too, since the notation can be confusing at first.

Fact 0.3.1: The Associative and Distributive Properties of Sums

We have the associative property (0.3.3) and distributive property (0.3.4, 0.3.5) for sums.

Yo f@)+ ) gl@) = (f@)+g(@)) (0.3.3)

T€EA z€A TEA
Z af(x) =« Z f(x) (0.3.4)
z€A z€A
(Z f(:v)> dogla) | =YD f@)ey) (0.3.5)
T€A yeB rEA yeb

The last property is like FOIL - if you multiply (z + 2 + 23)(1/y + 1/y?) (left-hand side) for example, you
would have to sum over every possible combination z/y + z/y? + 22/y + 2% /y* + 23 /y + 23 /y* (right-hand
side).

The proof of these are left to the reader, but see the examples below for some intuition!

Example(s)

“Prove” the following by writing out the sums:
7o T . T o s
o Yisit st =205+
5 . 5 .
> E:j:32]:::2§:j:3]

o (X0 fla)(Xio (b)) = iy 320y Flai)g(b)

Solution
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e Looking at the associative property, we know the following:
7 7 6
i+ P=0B+6+T7)+ (" +6"+7)=(5+5")+(6+6°) + (T+7°) = _(i+i°)
i=5 i=5 i=5
e Also, using the distributive property we know:
5 5
> 2j=2-34+2442-5=23+4+5)=2) j

=3 =3

e This one is similar to FOIL. Finally, we have:

2 3
(Z f(ai)> Zg(bj) = (f(a1) + f(az2))(g(b1) + g(b2) + g(b3))
= f(a1)g(b1) + f(a1)g(b2) + f(a1)g(bs) + f(az)g(b1) + f(az)g(b2) + f(az)g(bs)

>3

=137

f(ai)g(bj)

1

0.3.2 Product Notation

Similarly, we can define product notation to handle multiplications.

Definition 0.3.2: Product Notation

Let z1,29,23,... be a sequence of numbers. Then, the following notation represents the “sub-
product” Ty - Tgy1 - - Tp—1 - Tpt

b
[
i=a

Further, if S is a set, and f : S — R is a function defined on S, then the following notation multiplies
over all elements z € S of f(z):

II 1@

zeS

Note that the product over no terms is defined as 1 (not 0 like it was for sums).

Example(s)

Write out the following products:

O HZ:NL
o [[,cq8for S ={3,6,8,11}
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o TIL_,sin(2)

O H2:2 g1/b

Solution

e For HZ=4 a, we multiply each value a in the range 4 to 7 and have:

7
[[a=456-7
a=4
8, we multiply 8 for each value in the set, S and have:

[[8=58-88:8

zeS

e Then if, we let S = {3,6,8,11}, for [],.g

e Then for Hi:2 sin(z), we have the empty product, because there are no values in the range 2 to 1, so
we have:

H sin(z) =1

e Finally for Hz?:z 91/ we have each value of b from 2 to 5 of 9'/°, to get

5
Hgl/b — 91/2 . 91/3 . 91/4 . 91/5
b=2
— 91/2+1/3+1/4+1/5

= 922:2 1/b

O

Also, if you were to do the same examples as we did for sums replacing [| with 3, you just multiply instead
of add! They are almost identical, except the empty sum is 0 and the empty product is 1.
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