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GENERAL SUMMATION FORMULAS FOR THE KAMPE
DE FERIET FUNCTION

JUNESANG CHOI"* AND ARJUN K. RATHIE

ABSTRACT. Very recently by employing two well-known Euler’s trans-
formations for the hypergeometric function, Liu and Wang established
numerous general transformation formulas for the Kampé de Fériet func-
tion and deduced many new summation formulas for the Kampé de
Fériet function by using classical summation theorems for the series 2 F}
due to Kummer, Gauss and Bailey. Here, we aim to establish 176 inter-
esting summation formulas for the Kampé de Fériet function in the form
of 16 general summation formulas based on the transformation formulas
due to Liu and Wang. The results are derived with the help of gener-
alizations of Kummer’s summation theorem, Gauss’ second summation
theorem and Bailey’s summation theorem established earlier by Lavoie
et al. The 176 formulas for the Kampé de Fériet function are pointed
out to contain 16 known formulas, which are also recalled as corollaries.
Keywords: Gamma function, Pochhammer symbol, Gauss’s hyperge-
ometric function 2 F', Generalized hypergeometric function ,F,, Kampé
de Fériet function, Generalization of Kummer’s summation theorem,
Generalization of Gauss’ second summation theorem, Generalization of
Bailey’s summation theorem.
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1. Introduction and Preliminaries

The natural generalization of the Gauss’s hypergeometric function o F} is
called the generalized hypergeometric series ,Fy, (p, ¢ € Ng) defined by (see,
€.g., [ ]7 [ y P- 73] and [ y PP- 71_75])

O @i 1 o (@)n e (ap)n 2"
(1.1) »Fy {51, oy By z] _nz:() (B1)n - (Bgn
= qu(ah ceey Qip; 51, chey Bq; 2)7
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where (), is the Pochhammer symbol defined (for A € C) by (see [10, p. 2
and p. 5)]):

(A +n) _
(1.2) {1 (n=0)

AA+1)...A+n—1) (n € N)

and I'(\) is the familiar Gamma function. Here an empty product is inter-
preted as 1, and we assume (for simplicity) that the variable z, the numerator
parameters o, ..., a;, and the denominator parameters 31, ..., 3, take on
complex values, provided that no zeros appear in the denominator of (1.1),
that is,

(1.3) (Bi€C\Zy; j=1,...,9).

Here and in the following, let C, Z and N be the sets of complex numbers,
integers and positive integers, respectively, and let

No:=NU{0} and Zj:=Z\N.

For more details of ,Fj including its convergence, its various special and
limiting cases, and its further diverse generalizations, one may be referred,
for example, to [2,3, 14, 15,29,38 40,42, 13].

It is worthy of note that whenever the generalized hypergeometirc func-
tion ,F, (including oF}) with its specified argument (for example, unit ar-
gument or % argument) can be summed to be expressed in terms of the
Gamma functions, the result may be very important from both theoretical
and applicable points of view. Here, the classical summation theorems for
the generalized hypergeometric series such as those of Gauss and Gauss sec-
ond, Kummer, and Bailey for the series o F1; Watson’s, Dixon’s, Whipple’s
and Saalschiitz’s summation theorems for the series 3F5 and others play
important roles in theory and application. During 1992-1996, in a series of
works, Lavoie et al. [21-20] have generalized the above mentioned classical
summation theorems for gF5 of Watson, Dixon, and Whipple and presented
a large number of special and limiting cases of their results, which have
been further generalized and extended by Rakha and Rathie [31] and Kim
et al. [22]. Those results have also been obtained and verified with the help
of computer programs (for example, Mathematica).

The vast popularity and immense usefulness of the hypergeometric func-
tion and the generalized hypergeometric functions of one variable have in-
spired and stimulated a large number of researchers to introduce and inves-
tigate hypergeometric functions of two or more variables. A serious, signifi-
cant and systematic study of the hypergeometric functions of two variables
was initiated by Appell [I] who presented the so-called Appell functions
Fy, F5, F3 and Fy which are generalizations of the Gauss’ hypergeomet-
ric function. The confluent forms of the Appell functions were studied by
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Humbert [17]. A complete list of these functions can be seen in the stan-
dard literature, see, e.g., [141]. Later, the four Appell functions and their
confluent forms were further generalized by Kampé de Fériet [19] who intro-
duced more general hypergeometric functions of two variables. The notation
defined and introduced by Kampé de Fériet for his double hypergeometric
functions of superior order was subsequently abbreviated by Burchnall and
Chaudndy [4,5]. We recall here the definition of a more general double hy-
pergeometric function (than one defined by Kampé de Fériet) in a slightly
modified notation given by Srivastava and Panda [14, p. 423, Eq. (26)].
The convenient generalization of the Kampé de Fériet function is defined as
follows:

FH:A;B (hH) : (CLA), ( B)’ T
1.4 G:0:D (gG) : (cc); (dp); ™7
' ) <hH o (@), (b)), 2™ 4"
mZOZ% o (e (@p)),, I I
where (hp) denotes the sequence of parameters (hi, ha, ..., hg) and ((hg)),,

is defined by the following product of Pochhammer symbols
((hu)), == (h1), (h2), ---(hu), (n€Np),

where, when n = 0, the product is to be interpreted as unity. For more
details about the function (1.4) including its convergence, we refer, for ex-
ample, to [12].

When some extensively generalized special functions like (1.4) were ap-
peared, it has been an interesting and natural research subject to consider
certain reducibilities of the functions. In this regard, the Kampé de Fériet
function has attracted many mathematicians to investigate its reducibility
and transformation formulas. In fact, there are numerous reduction for-
mulas and transformation formulas of the Kampé de Fériet function in the
literature, see, e.g., [6—13,18,20,21,23 28 30,32-37,39,41,45,46,48]. In the
above-cited references, most of the reduction formulas were related to the
cases H + A =3 and G+ C = 2. In 2010, by using Euler’s transformation
formula for 9 F7, Cvijovic and Miller [13] established a reduction formula for
the case H + A =2 and G + C = 1. Motivated essentially by the work [13],
recently, Liu and Wang [27] used Euler’s first and second transformation
formulas for o F} and the above-mentioned classical summation theorems for
pIy to present a number of very interesting reduction formulas and then de-
duced summation formulas for the Kampé de Fériet function. Indeed, only
a few summation formulas for the Kampé de Fériet function are available in
the literature.

In this sequel, we aim to demonstrate how easily one can obtain as many
as 176 new and interesting summation formulas for the Kampé de Fériet
function, which contain 16 known formulas, in the forms of 16 general sum-
mation formulas based on the summation formulas obtained by Liu and
Wang [27]. The results are established with the help of generalizations of
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Kummer summation theorem, Gauss second summation theorem and Bailey
summation theorem due to Lavoie et al. [20].

2. Results required

In order to make this paper self-contained, we recall the deduction for-
mulas for the Kampé de Fériet function established by Liu and Wang [27].

L2 | a6 B—e€7;
F1:0;1|: ’ , 7£C,IL':|

(2.1) B —; v+ B;
:(1_m)6_6_a2F1[6_67fy"i‘B—Oé;’y—FIB;x];
: : — 1.
e A NPT
(22) /B 0 Qaa
| 1 1
:(1—1’)560‘21“1[5 671+25;25;4;
1:0;2 1 ats ,
(2.3) B —; 2a71+ PR
=(1-2)f R 5_675—a71+a+5; 7
2 2
0:2:2 a, € B—en; x
FlO;O[ﬂ _. 7;33, _1]
(24) :F3<aa5616,7;5;x,$f1>
=1 —-2) "2k {B—e,awy;ﬁ; x};
rz—1
F2:0;1 o,y —; €; B
(25) 1:0§1|: ﬁ: 7’ 5+6;x, X
| x
rz—1
2:0:1 | @, Y —; 1_|_17;
F1:0;1[ B _: $, —x]
(26) ’ 21 1 1
x
=(1—-2x)"“oF 14+28:-28: -+ _|.
( x) 21{04, +2/B’26’x—1}’
202 | a, v —; 1+l%ﬂ;
F1:0;2[ B: —; 1773+ﬁ;$, -
(2.7) 2 B 2 /8
- -7 Y+ T
=(1- 2, F 1 LTP '
( ZE) 21[04, 5 + 5 ’x_J
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In addition, we also need the following generalizations of Kummer sum-
mation theorem, Gauss second summation theorem, and Bailey’s summation

theorem due to Lavoie et al. [24-26]. Here and in the following, [z] is the
greatest integer less than or equal to x and |z| is the absolute value (modu-
lus) of x.
Generalization of Kummer’s summation theorem is given as follows:
a, b; 1<_TﬂF@)Fﬂ+a—b+®F@—®
Tllta-b+i; - U (1—b+Li+ i)
2.8 X As
(28) FGa—b+ it 1) T (Ja+ I+ L [B1)

B;
TTGab ki 5 T (ardic [é])}’
for i = 0, £1, £2, £3, +4, +5. The coefficients A; and B; are given in the
Table 1.
Generalization of Gauss’ second summation theorem is given as follows:
(2.9)
a, b

; L(3) T (o o+ di+ D) (o= do—4i+})
2471 -

1
1 9 .

CZ DZ
: + : ,
X{r@w;)r(;m;w;—wn r<;a>r<;b+;z’—m}
for i = 0, &1, 42, 43, 44, +5. The coefficients C; and D; are given in the

Table 2.
Generalization of Bailey’s summation theorem is given as follows:

Ly [a’ 1-a+i; 1} :21+i7br(%) F(b)fv(l;.a)
b; 2 I'(1—-a+ i+ 5i)
(2.10) X{ &
' E(Jar DT e (50

+ i }
1 1 1 1 1 ; ’
(36— 30) T (30+ 30— 35— [3])
for i = 0, 1, £2, +3, 44, £5. The coefficients &; and F; are given in the
Table 3.

3. General summation formulas for the Kampé de Fériet function

Here, we establish many summation formulas for the Kampé de Fériet
function in the following theorems, each of which contains 11 results (except
in Theorems 3.5, 3.8 and 3.26) in a single form.
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Theorem 3.1. Leti =0, £1, £2, £3, +4, 5. Then

2la: € B-egl-a—et+i; 1 1
B: —  l-a—ef+f+1i; 272
s D) T -0t 4T (01

I (e = 5i+ 3il)

(3.1) .
’ {r<;5—;e+;> (i jetba+i-[5])

D
+r<;ﬂ—;e>r<;—a—;e+;ﬂ+i—[;‘1>}’

where the coefficients C;; and D; are obtained from the Table 2 by replacing
abyB—eandb byl —2a—e+ S+ inC; and Dj, respectively.

Proof. Setting x = % andy=1—a—e+i(:=0, 41, £2, £3, +4, £5) in
(2.1), we get

pliz | o € B—e,l—a—e+i;} 1
Lol g l—a—€e+B+1; 272
(3.2)

_ getat_p [5—6,1—204—6—1-54-2'; 1}

l—a—e+pB+i;2

Now, the 9F} in the right side of (3.2) can be evaluated with the help of the
result (2.9) by taking a = f —e and b = 1 — 2a — e + § + i. After some
simplification, we get the desired result.

O

The particular case ¢ = 0 in Theorem 3.1 yields a known result due to
Lin and Wang [27, Corollary 5.1 (2)], which is recorded in the following
corollary.

Corollary 3.2. The following summation formula holds.
a: € B-el-at+e; 11
B: —; l—a—€e+p5; 22

:2a+e—5 F(%) F(1+/8_a_€)
F(3+38-36) T(1—a—ze+36)

It is noted that setting i = +1, £2, £3, £4, £5 in (3.1) yields 10 new
results.
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Theorem 3.3. Leti =0, £1, £2, £3, +4, 5. Then

pliz | a6 B-el+a—-2B8+e+i; 11
POl B —; l+a-f+et+i; 272

T3 TA+a—B+e+i)
T T(1-Bte+lit i)
(3.4) &
AT +3a—B+eti) T+ 3atLi— [])

F,
+ ‘ . )
[(z+g0—B+etyi) P(éﬁ%%’-[%])}

where the coefficients 5; and F, are obtained from the Table 3 by replacing

2

abyfB—eandbbyl+a—pB+e—1iin& and F;, respectively.
Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
z=1andy=1+a—28+e+i(i=0, +1, +2, +3, +4, +5) in (2.1) with
the help of the result (2.10). We omit the details.

O

The particular case ¢ = 0 in Theorem 3.3 yields a known result due to
Lin and Wang [27, Corollary 5.1 (3)], which is recorded in the following
corollary.

Corollary 3.4. The following summation formula holds.

a: € B-el+a—-28+e 11

6. —; l+a—pFB+e€; 272

sT(3+3a—38+3e) T (1+ 50— 38+ 1)
I(3+3a)T(1+ia-B+e)

1:1;2
Fl:O;l

(3.5)
— 2a+e—

It is noted that setting i = +1, £2, £3, £4, 5 in (3.4) yields 10 new
results.

Theorem 3.5. Let i =0, +1, +£2, +3, +4, +5. Then
1; D B—2+414; 241, ta+1;
F121?2 [ a: B ) » 2 T, _1}
HOL B —; 30
1 1 :
_gtaipn () T(EA) T(-1—4)
[ (=1 = gi+ 5lil)

’

A

)

X{F@ﬂ—é—&)FQB+L+¥—V?D

5,
*r@ﬁ—l—y>r@ﬂ+;+;wwﬂ>}
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where the coefficients .A; and B; are obtained from the Table 1 by replacing
abyl—+ %B and b by 2 —1i in A; and B;, respectively.

Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
z=-1lande=p—2+i (i =0, £1, £2, £3, £4, £5) in (2.2) with the help
of the result (2.8). We omit the details.

O

Remark 3.6. By using I'(z 4+ 1) = 2I'(2), the expression
I'(—1—14)/T (=1 — 3i+ 3|i|) in Theorems 3.5, 3.8 and 3.26 should be eval-
uated as follows:

I(—1—1) (—1)°

(3.7) I (—1— i+ 3i]) T (1 +9)! (ieN).

The particular case ¢ = 0 in Theorem 3.5 yields a known result due to
Lin and Wang [27, Corollary 5.2 (1)], which is recorded in the following
corollary.

Corollary 3.7. The following summation formula holds.

1 C B—2; 2, ia+1; 27 (8 -2
3.8 phli2 [ a: f T2 -1, —1} ="
(3.8) Lol | 3. . %a; 3

It is noted that setting i = +1, £2, £3, +4, £5 in (3.6) yields 10 new
results.

Theorem 3.8. Leti =0, £1, 42, £3, +4, +5. Then

plil2 Qa: %5+2+i; %ﬁ—?—i,l—i—%a;l}
1:0; B: — 504; 272

(3.9) c®
’ {F(iﬁ—%—%i) LB+ 1+ 5= [5])

where the coefficients CZ.(Q) and DZ@) are obtained from the Table 2 by replacing
a by %ﬁ —2—dandb by 1+ %ﬁ in C; and D;, respectively.

Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
v=3tande=3B8+2+i(i=0, -1, —2, =3, —4, —5) in (2.2) with the help
of the result (2.9). We omit the details. O
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The particular case ¢ = 0 in Theorem 3.8 yields a known result due to
Lin and Wang [27, Corollary 5.2 (2)], which is recorded in the following
corollary.

Corollary 3.9. The following summation formula holds.

plil2 | @ 38+2; %6—2,1—#%04;11
LOsL 3 —; sa; 27 2

(3.10)

It is noted that setting i = +1, £2, £3, £4, £5 in (3.9) yields 10 new
results.

Theorem 3.10. Let ¢ =0, +1, +2, +3, +4, +5. Then

s [ o at+B—i; i—a, 1+ ta, 92
Flzo;z[ﬁ. . 1y 14 eds —L-1
: ) Phat) )

1
T T'(1+a-3i+1li)
F(1A+ 30—+ 1) T (36— jaty+5i-[F])

B

1

+ : o,
F(iﬁ+ia—§l+5)F(iﬂ—i%%%—[g])}

where the coefficients .AEQ) and BZ@) are obtained from the Table 1 by replac-
ing a by %5 — %oz and b by i — « in A; and B;, respectively.

Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
x=—-lande=a+ -1 (i=0,=+l, +2, £3, +4, £5) in (2.3) with the
help of the result (2.8). We omit the details.

O

The particular case i = 0 in Theorem 3.10 yields a known result due to
Lin and Wang [27, Corollary 5.3 (a)], which is recorded in the following
corollary.

Corollary 3.11. The following summation formula holds.

. — Loy o=B.
plis | a: a+p; —a, 1+ 350, 5555 1 -1

(3.12) e pon 1+ 237
D40t 39 T(+18 k)
F(1+4i8—1a)T (14 18+ 3a)
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It is noted that setting i = +1, +2, £3, +4, £+5 in (3.11) yields 10 new
results.

Theorem 3.12. Let ¢ =0, +1, +2, 43, +4, +5. Then

(3.13)
plils | a %B—%a—l—i—i; %[3—1—%04—%1 1, 1—|— %5711
Nk — la, 1+ﬂ 22
1 1 1
_gta-tg D) T +za+58) T(L+a—i)

I'(1+a—1i+1)

c?
X{ruﬁ+za—y+»>ruﬁ—;a+;+;w—[ )

-
w‘-l—
AN

D
T2 a—ﬂ+»>r@ﬁ—1a+h—wﬁ>}

where the coefficients Ci(s) and DZ@ are obtained from the Table 2 by replacing
a by %B + %oz +1—4dandb by %B — %oz in C; and Dy, respectively.

Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
r=3ande=3B—3a—1+i (i =0, %], £2, £3, +4, £5) in (2.3) with
the help of the result (2.9). We omit the details.

O

The particular case i = 0 in Theorem 3.12 yields a known result due to
Lin and Wang [27, Corollary 5.3 (b)], which is recorded in the following
corollary.

Corollary 3.13. The following summation formula holds.

s[a: 39—famti do+dartiedo 2211
SNE — o, 1—|—iﬂ;2’2

r)r(1+eg)
P(1+38+30) T (3+18—1a)

(3.14)

It is noted that setting i = +1, £2, £3, £4, £5 in (3.13) yields 10 new
results.
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Theorem 3.14. Let i =0, £1, +2, £3, 4, +5. Then

(3.15)

pugf e J-ja—l-ii ja—gB+1+ilsge 5011
1:0;2 B . 2a 1_‘_& 9’ 9

y { 52‘(2) . ]_—i(?) }
F+30) T(a+38-[%]) TG+ TEA-[]))
where the coefficients 5(2) and ]-"<2) are obtained from the Table 3 by replac-
ing a by 25 aandbby1+a+’8

3]
Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
r=3ande=38—1a—1—1i(i=0,+1, £2, £3, +4, £5) in (2.3) with
the help of the result (2.10). We omit the details. O

The particular case ¢ = 0 in Theorem 3.14 yields a known result due
to Lin and Wang [27, Corollary 5.3 (c)], which is recorded in the following
corollary.

Corollary 3.15. The following summation formula holds.

F}:é;g{ar -g0-1 Ja—jB+11+5a 50 11
- B -3 204 1—}-—;2’2

s

(3.16)

It is noted that setting i = +1, +2, £3, +4, £5 in (3.15) yields 10 new
results.

Theorem 3.16. Let i =0, +1, £2, 43, +4, +5. Then

22 | —: ; —¢l—a—e+i; 1
o2 o, €5 f—g 1
OO B —; —; 2’

1
:F3<a,ﬂ—e : 6,1—a—e+i;ﬁ;§, —1)

_ 2a—,3+e (%) 6 — Z)
@1 ST

{
X . ‘ . i
T (36436 —31) T (36 — e+ 3+ = [%])

B }
+ : : 5
F(3B+3e—3-2) T (38— 2e+ 15— [3))
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where the coefficients Agg) and BZ@) are obtained from the Table 1 by replac-
inga by B—eandb byl —e+iin A; and B;, respectively.
Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
r=2%andy=1-—a—e+i(i=0, £1, £2, £3, +4, +5) in (2.4) with the
help of the result (2.9). We omit the details.

O

The particular case ¢ = 0 in Theorem 3.16 yields a known result due to
Lin and Wang [27, Corollary 5.4 (a)], which is recorded in the following
corollary.

Corollary 3.17. The following summation formula holds.

022 | —: a,€; B—el-—a—e; 1
F1:0;0[ 3 . . —1]

1
(3.18) :F3<Oé,,8—626,1—01—6;/6;2,—1)
o DT (143539
F(1+B8—€e T (38+4e)
in (3.17) yields 10 new results.
Theorem 3.18. Leti =0, £1, £2, +3, £4, +5. Then

022 | —: a,€e; B—€B+e—a—i—1; 1
F1:0;0|: L . —175

B
—F3<a,,8—e e, Bte—a—i—1;8; -1, 1>

2
:z_ar(%) LB)r1-—e
I (1—e+ i+ 1i])

c
’ {F(%ﬁ—%6+§) I (36 + e - [F])

pY }
+ ] ] ’
P(EA=ge+3) P(B8+3e—35 -5 [5])

where the coefficients CZ.(4) and DZG) are obtained from the Table 2 by replacing
abypB—eandb by f+e—i—1inC; and D;, respectively.

Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
r=—-landy=0F+e—a—i(i=0, £1, £2, £3, +4, +5) in (2.4) with the
help of the result (2.9). We omit the details.

O

The particular case ¢ = 0 in Theorem 3.18 yields a known result due to
Lin and Wang [27, Corollary 5.4 (b)], which is recorded in the following
corollary.
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Corollary 3.19. The following summation formula holds.

9.9 | : — —a—1: 1
F0.2.,2 «, €] B 67ﬁ+6 «Q 1. =
1:0,0|:/8: — — 52
1
(3.20) =F3<a,ﬁe:e,ﬁ+ea1;ﬁ;1,2)
o L(3) L)

T(3+38-36) T(38+36)
It is noted that setting i = +1, +2, £3, +4, £5 in (3.19) yields 10 new

results.

Theorem 3.20. Let i =0, &1, £2, 43, £4, +5. Then

(3.21)
F?ségé[ﬁ. w e e lan et —1,2}

1
= Fj <a,ﬂ—e e l—a—pF+e+i; B —1, >

2
_gl-a—p+i L (1) LB TA-B+e
T(1-B+e+ Ji+3lil)

y { 52(3) . ]_—i(3) }
1 1 1 1+i 1 1 1 i ’
P(ze+3) T(B-2e-[F]) TGE)TB-3e—3-1[3])
where the coefficients Ei(g) and .E(g) are obtained from the Table 3 by replac-
inga by B—eandb by B in & and F;, respectively.
Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
r=—landy=1—-a—pF+e+i(i=0, 1, £2, £3, +4, £5) in (2.4) with

the help of the result (2.8). We omit the details.
(]

The particular case ¢ = 0 in Theorem 3.20 yields a known result due
to Lin and Wang [27, Corollary 5.4 (c)], which is recorded in the following
corollary.

Corollary 3.21. The following summation formula holds.

2o —: aye; foel-a—fte; 1
F0:2.’2 Q, €] 5 €, 1. =
1:0;0 /8 . — —: ' 9

1

(3.22) IPEQL5€361QB+65;L2>
o TGAT(38+3)
F(B=3¢) T(3e+3)

It is noted that setting i = +1, +2, £3, +4, £5 in (3.21) yields 10 new
results.

=2
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Theorem 3.22. Let i =0, +1, £2, 3, +4, +5. Then
201 | @y —; a—fB-—v+1+i;
F1;0;1[ B: —; a—y+1+1; L 1}

PO TA+a—y+i) T (y—1)

= 2—0(
T (y—%i+ 1))

(3.23)

where the coefficients CZ.(S) and DZ@ are obtained from the Table 2 by replacing
abyaandb byl +a—2vy+1 in C; and D;, respectively.

Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
z=-lande=a—B—y+1+i(i=0,+1, £2, +3, £4, +5) in (2.5) with
the help of the result (2.8). We omit the details.

O

The particular case i = 0 in Theorem 3.22 yields a known result due to
Lin and Wang [27, Corollary 5.7 (b)], which is recorded in the following
corollary.

Corollary 3.23. The following summation formula holds.
(3.24)

F2:0;1[047’YI —i a=fB-y+1;y 1]:2—61 () TA+a—) :
ST S e T e i b

It is noted that setting i = +£1, +2, £3, +4, £5 in (3.23) yields 10 new
results.

Theorem 3.24. Let ¢ =0, &1, +2, +3, +4, +5. Then
201 | @, 7: —; l—a—-0+v+i;
F1:o;1[ B: _. l—a+y+i; 1,1]
LT TU-at+y+i)T(1-a)
I(1—a+3i+1i])
@

I3

’ {ra—aﬁwwr<;+;v+;z’—m>

=2

(3.25)

7 }
+ :L . 'L )
TE—a+tiy+1) T (v +5i-[3))

where the coefficients 51‘(4) and fle) are obtained from the Table 3 by replac-
ingabyaandb byl —a+v+1iin & and F;, respectively.
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Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
r=-lande=1—a—B+7+i(i=0, +1, £2, £3, +4, +5) in (2.5) with
the help of the result (2.10). We omit the details.

O

The particular case ¢ = 0 in Theorem 3.24 yields a known result due
to Lin and Wang [27, Corollary 5.7 (c)], which is recorded in the following
corollary.

Corollary 3.25. The following summation formula holds.
1 I R TSR
[ (3 —z0+37) (1= 50+ 39)
P(v+3) Tl-atyy)
It is noted that setting i = +1, +2, £3, +4, £5 in (3.25) yields 10 new
results.

(3.26)
=9«

Theorem 3.26. Leti =0, +1, 42, +3, +4, +5. Then

(3.27)

2:0;1 a, v —; 1+%’73 11
LOL 90y +4 4270 —; 375 ’
:27QF(%)F(04+2+Z')F(—1—Z')

T (—1— i+ 1)

{ o® NG }
X ! . 1 + L . 4 )
Fa+s) DGat+2+i-[5]) TGa)TGa+s+i-[35])

where the coefficients Ci(6) and Dl@ are obtained from the Table 2 by replacing
a by a and b by a+ 3+ 1 in C; and Dy, respectively.

Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
z=-1and B=2a+4+2i (i =0, £1, £2, £3, £4, £5) in (2.6) with the
help of the result (2.9). We omit the details.

O

The particular case ¢ = 0 in Theorem 3.26 yields a known result due to Lin
and Wang [27, Corollary 5.8], which is recorded in the following corollary.

Corollary 3.27. The following summation formula holds.

ay: —i gytly ) 2et])

3.28 F201
( ) 1:0;1 200+ 4 : —; 375 ) a+2

It is noted that setting i = +1, +2, £3, +4, £5 in (3.27) yields 10 new
results. It is also interesting that the right side of the summation formula
(3.27) is independent of the parameter ~.
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Theorem 3.28. Let i =0, £1, £2, £3, &4, 5. Then

202 o, —a+1i: —; 1—§a+2, 05—,6’;1 1
1:0;2 8. _: _§a+ 1+za+ﬁ 9" 9

g U (3) F(1+%5—§0‘+§ )T (1-a)

=Yy

(3.29) 4@
g {ruﬁ—zmm Mo+ 18+ 5i+5- [

B }
=+ . : . 7 )
(45 "“"41‘"%) (%O‘WL%ﬁ‘i’%Z_[i])

where the coeﬂicients A(4) and 6(4) are obtained from the Table 1 by replac-
ing a by s+ Qﬁ l and b by o in A; and B;, respectively.

Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
r=3%and y=—a+i (i =0, 1, £2, £3, £4, £5) in (2.7) with the help
of the result (2.8). We omit the details.

O

The particular case ¢ = 0 in Theorem 3.28 yields a known result due to
Lin and Wang [27, Corollary 5.9 (a)], which is recorded in the following
corollary.

Corollary 3.29. The following summation formula holds.
o, —a: —; l—foz —O‘Zﬂ, 1
B —; —%04,1+6 %5 2

2:0;2 1

FI:O;Q 9
o T(L+ga+38) T (1458 50)

i

2

(3.30)

F(1+ia+38) T (1+18-3a)

It is noted that setting i = +£1, +2, £3, +4, £5 in (3.29) yields 10 new
results.

Theorem 3.30. Let i =0, 1, £2, 43, +4, +5. Then

202 [ 3B+ 3y +1—i,v: —; 144y, 52,
o 1 25 - 1,1
| Be = gv1+75
e L@ T +57+38) Ty +1-1)
D (v +1-gi+5lil)
3.31
(3.31) X{ e
1 1 1, 1 1+:
F(ﬁ-i- 7+1_*)F(Zﬂ—17+§z+§—[72])

w\)—‘
\/
—~
=
Q
I
2
+
| =

~.

|

—
N[
Pt
SN—

T(i8+ 3y +3— 5
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where the coefficients Cim and DZ(?) are obtained from the Table 2 by replacing
a by %ﬁ + %’y +1—4dandb by %ﬁ — %’y in C; and D;, respectively.

Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
z=-landa=3B+3vy+1—i(i=0, £1, £2, £3, 4, +5) in (2.7) with
the help of the result (2.9). We omit the details.

O

The particular case ¢ = 0 in Theorem 3.30 yields a known result due to
Lin and Wang [27, Corollary 5.9 (b)], which is recorded in the following
corollary.

Corollary 3.31. The following summation formula holds.

202 WALy = 1+4y, 5

Ho B — gy L+ 158,

1 1 1
o L(z) T(1+38+37) _
F(EB+ 37+ 1) T (38— 37+3)

It is noted that setting i = +1, +2, £3, +4, £5 in (3.31) yields 10 new

results.

~1,1
(3.32)

Theorem 3.32. Let i =0, 1, £2, 43, £4, +5. Then

(3.33)
pro2 [ 1=3B+5y+iv: — 1437, 5%
1:0;2 . .1 8. ’
6' — 5771—’_ 2

— 2i—a—%ﬁ—%7 r (%) r (1 + %B + %7) r (1 - %5 + %’Y)
U (1-1+3iy+dit i)

S9!

i() ]__i(g,)
AT T T )

where the coefficients 51-(5) and ]-"2-(5) are obtained from the Table 3 by replac-
ing a by %B — %'y and b by %ﬁ + %7 + 1 in & and F;, respectively.

Proof. The proof would run parallel to that of Theorem 3.1, here, by setting
r=-landa=1-318+21y+i(i=0, £1, £2, £3, +4, £5) in (2.7) with
the help of the result (2.10). We omit the details.

O

The particular case ¢ = 0 in Theorem 3.32 yields a known result due
to Lin and Wang [27, Corollary 5.9 (c)], which is recorded in the following
corollary.
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Corollary 3.33. The following summation formula holds.

v [ 1=38+ 3y, v —; 141y, 58,
F1:0;2 B: _; %7’1+ _5 : 1,1
_gatp- TR T(L+58+57)
L (1+37) T(36+3)

ISy

(3.34)

It is noted that setting i = +1, £2, £3, £4, £5 in (3.33) yields 10 new
results.
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TABLE 1. Table for A; and B;

L i A; | Bi |
-5 4(a—b—4)2 —2b(a —b—4) —v? 4(a—b—4)??+2b(a—b—4) —b?
—8(a—b—4)—T7b +16(a —b—4) — b+ 12
—4 2@—b—3)(a—b—1)—b(b+3) 4(a —b—2)
—3 2a — 3b— 4 20— b — 2
-2 a—b—1 2
—1 1 1
0 1 0
1 —1 1
2 1+a—-0 -2
3 3b—2a—5 20 —b+1
4 2(a—b+3) 1 +a—0b)—(b—1)(b—4) —4(a—b+2)
5] —4(6+a—0)2+2b(6+a—0b)+b> |4(6+a—b)?+2b(6+a—b)— b
+22(6 +a — b) — 13b — 22 —34(6 +a —b) — b+ 62
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TABLE 2. Table for C; and D;

i || Ci D;
-5 (b+a—4)—(b—a—14)? (b+a—4)>—3(b—a—4)?
~lb+a—-4)(b—a-4) +ib+a—4)(b—a—4)
+4(b+a—4)—L(b—a—4) +8(b+a—4)—L(b—a—4)+12
—4 sb+a-3)b+a+1) 2b+a—1)
—(b-—a-3)(b—a+3)
-3 %1(3(1 +b—2) 3(3b+a—2)
-2 s(b+a—1) 2
—1 1 1
0 1 0
1 —1 1
2 s(b+a—1) —2
3 —5(Ba+b-2) 2(a+3b—2)
4 sb+a-3)b+a+1) 2(b+a—1)
—i(b-—a+3)(b—a—3)
5 —(b+a+6)?+5(b—a+6)? (b+a+6)2%—1(b—a+6)
+3(b—a+6)(b+a+6) +3(b+a+6)(b—a+6)
+11(b+a+6)—B(b—a+6)—20 | —17(b+a+6) — 1(b—a+6) + 62
TABLE 3. Table for & and F;
L il & | Fi
-5 40 — 2ab — a® +8b — Ta 4b? + 2ab — a® 4+ 16b — a + 12
—4 20% — a® + 4b — 6a 4(b+1)
-3 2b—a a+2b+2
—2 b 2
—1 1 1
0 1 0
1 —1 1
2 b—2 —2
3 a—2b—3 a+2b—7
4 20 — a® — 12b + 5a + 12 —4b+ 12
5 | —4b% + 2ab + a® + 22b — 13a — 20 | 46> + 2ab — a®> — 34b — a + 62
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