Math 110A

Summation Notation

Sequences.
A sequence is a real-valued function whose domain is all integers greater than or equal to a some initial
integer.

Examples.
l.a,=n!,n>0:a0=1,a1=1,a2=2,a3 =6, a4 =24, ...
2.0, =2(i—2)3i>1:a1=-2,a5=0,a3 =2, a; = 16, ...

A sequence may be defined inductively by defining one or more initial values and defining each subse-

quent value in terms of previous values.

Examples.

3. bi=1;bppr=bp+(k+1), k> 1:
by=1,a35=b1+2=142=3,b3=b+3=34+3=6,by=03+4=6+4=10,...

The sum of a sequence.
The (finite) sum of a sequence is the sum of all the terms of a sequence between two integers in its

domain. It is denoted with Z as follows:

n
Zai:am+am+1+am+2+"‘+an72+an71+an~

i=m

n n
If n = m, then Z a; = G, = an. By convention, if n < m, then Z a; = 0. The variable i is called the
i=m i=m

index variable or the summation variable.

Example.

5

4. For a general sequence b;, write out the sum Z b; using the plus sign.
=2
5
Solution: Z bi = ba + bz + by + b5. (Note that the i is a dummy variable in the ) notation, which is
=2
to say that i does not appear in the expanded sum.)

5
5. For a general sequence b;, write out the sum Z b; using the plus sign.
j=2
Solution: The answer is the same as the preceding problem. (It does not matter whether the index
variable is named 7 or j or whatever.)
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3
1
6. Write out the sum g 1 using the plus sign.
i
i=0

3
11 1 1 1
Solution: S ——— = = 4 — 4 — 4 -
oturion ;iﬂ 1tatg™y

7. Write 2% + 3% 4 4% 4+ 5% 4 6° using 3 notation.
6
Solution: 2° 4+ 3% +4° + 5% 4+ 6° = Z i
i=2

8. Write 2% 4+ 33 4+ 43 + 5% + 63 using 3 notation with the index variable starting at 1.

5
Solution: 2° + 3%+ 4% + 5% +6° =) (j+1)°.
j=1

Rigorous Definition of Sigma.
The Z notation can be defined inductively as follows. Fix a starting integer m. Let a; be a sequence
defined for i > m.

(1) Define Z A; = Q.

i=m
k
(2) Let k be an arbitrary positive integer. Assume Z a; is defined.
i=m

k+1 k
Define g a; = E a; + ag41.
i=m i=m

n n
This defines Z a; for all n > m. For convenience, if n < m, we define Z a; to be zero.

i=m i=m

Properties.
These are proved by induction except 9(b) which follows directly from the definition of Z Assume

n>m.

9. Additivity:

(a) Zai:am—i— Z a;

i=m i=m-+1

n—1
(b> Za‘izzai"’_an
: i=m
k n n
(¢) Um<k<n, Zaﬂ— Z ai:Zai

i=m i=k+1
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10. Linearity:

(a) If ¢ is a real number, Z ca;=c Z a;

i=m i=m

(b) i: a; + b;) Zal—l—Zb

() D (ai—b)= Zaﬁzbi

i=m
Examples.

n

11. Show » (i* —3i) = Y (i* — 3i).
i=0 =1

Solution: By additivity, » (i* —3i) = (0> = 3-0) + » _(i* = 3i) = Y _(i* — 3i).
=1 :

=0

n

12. Suppose iai = —1 and ibi = —4. Find i(Sai —2b;) = Z(ZQ — 3i).

i=1 i=1 i=1 i=1

ZSal ZQb 732%72217 =3(—

n
Solution: By linearity, Z (3a; —
i=1

Some Common Sums.
These are also proved by induction. Let n be a positive integer.

13. znzlzn; zn:c:cn; zn:c:c(n—m—i-l)
i=1 i=1 i=m
14, ii: n(nQ—l-l)

15. ZZQ _ n(n+1)(2n+1)

16. zn:zd = {"(";DT

" . ar—ar™  first — ratio x last
17. (G tri ) v = =
(Geometric sum.) ;ar T T ratio
Examples.
n
18. Find » (3j% —2j +4).
j=1
. n(n+1)(2n+1) n(n+1)
Solution: 377 — 2 4) = 3 -2 4 = 3 -2
obtion: 337" 2 + Zﬂ ZHZ ; 3

j=1
3,1,2,5
n—|—2n—|—2n.

—4) = 5.

+ 4n
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n—1
19. Find » (2i® - 3).
=0
n—1 n—1 n—1 n—1 (’I’L . 1) n 2
Solution: Y (2% —3)=2) i*-> 3=2) i*—3n=2 [2] —3n=3n*—n®+5n?-3n.
=0 =0 =0 i=1

n
20. Find ) 3(2'
i=1
Solution: First term is 6, the last term is 3 - 2" and the ratio between successive terms is 2. Therefore

n
. 6—2x (32"
23(21)2%23-2’”1—6.

n—1
21. Find Ze%.
i=0
Solution: First term is ¢’ = 1, the last term is 2= and the ratio between successive terms is e>.

n—1 2 2(n—1) e2n

. l—e“Xe
Therefore E e = = .
— .2 2 _
= 1—e e 1

3 3 -
22. Let =2%, 2, =2+ —, and Az; = =. Find ) Az,
et f(z)=2a% x + > and Az; = —. Fin Zf(x) x

i=1

122 ;2
Solution: First f(x;) = x = (2 + 31) =4+ el + 9% Therefore
n n

n n
122 937\ 3 12 36 27 12 36
Sorean =3 (12 ) 2oy (Re i B - 2 B i By
i=1 o n i "
12 1 2 1)(2 1 1 1 1)(2 1
:7n+§n(n+ )+in(n+ )(2n + ):12+ 8(n+ )+9(n+ )(2n + )
n n2 2 n3 6 n 212
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Exercises.

23.

24.

25.

Write out the first three terms:

1 . 2 n n—
(a) 22(2,’1) S Z;Q. © S3i2-2).

=2 i=1 =0

Find the following sums:

5 6 4 1000
(a) — Zz+1 (c) (Zi>+1 () > i (e)
10 n—1 n i—1 n
> s (g) > 47" (h) Z?’TZ i) > e’
=1 1=0 i=1 =1

i(3+2ii2).

Suppose » a;=—1,» bi=5,> a; =5, Y a;b; =—4, and Y b7 =13. Find the following.

i=1 i=1 =1 =1 =1

2": b —2a;). (b) (a? 4 0?). (c) (i ai> + <z”: bi> .
i=1 i=1

M-

En:al—i—b

7j=1 j=1 i=1
(e) (Z a; + Zbi) , () 2(2%‘ +b;)?
i=1 i=1 i=1
26. Let f(z) =2? — 2z, 2; = —1 + % and Az; = 2 Find if(a:-)Am
M - ? T n K v T n' Pt 2 (3
27. Let f(z)=22z—1, z;, =1+ A and Az 1 Find Zf(x ) Az
. = - [ R i= —. Il i it
’ " K i=0
" 3i 3
28. Let f(z) =¢"", x; = —, and Az; = —. Find Zf(xl) Az;.
n’ i=1
29. Let f(z) = 2%, z; = 2!/ and Awx; = z; — x;_;. Find Zf(scl) Ax;.
i=1
Answers.
1 4
23. (a) 4+%+§6 (b) 12+4+§. (c) —24+1+10.
24. (a) 25/2. (b) 14. (c) 11. (d) 500,500. () Bn+in>—1nd (f) 231
(8) 3(1—1/4m). (h) (220 —37)/22". i) Ve(e"?-1)/(Ve-1).
2 (n2 — 6n + 2)
25. (a) 7. (b)) 18.  (¢c) 26.  (d) 10.  (e) 16. () 17. 26. o
n
12/n (12 1 26 _1q 25/n 21/n -1
27. 20 — 16/n. ag, 3¢ e7 1) 29. | )27 )

n(el2/n —1) ° 26/n _ 1
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