4 Euler-Maclaurin Summation Formula

4.1 Bernoulli Number & Bernoulli Polynomial

4.1.1 Definition of Bernoulli Number
Bemoulli numbers By, (k=1,2,3, ) are defined as coefficients of the following equation.
X & Bk K
= Z —X
k=0 k

e*-1

4.1.2 Expreesion of Bernoulli Numbers
X Bo B, B

= + + 2 83 3+ 4+
-1 0of T IrXT2rX T3k TarX @
ex_l _ 1 + X + X2 N X3 N X4 .
x 11 21 31 41 " 51 (1.2)

Making the Cauchy product of (1.1) and (1.1) ,

1= B, Bo B, B1 Bo 5
=Bo* | Tr1r Tor2r X T\ 2rar T 1iar Tonar /X T
In order to holds this for arbitrary x ,
Bl BO BZ Bl BO
Bo=l, i1t o121 0 Zi1r T 1121 T o131 O
The coefficient of Xn is as follows.
B, Bn-1 Bn_> B Bo B
. =0

NIl - (-DI121  (-2131 " " *Tint . 0l (+D1
Multiplying both sides by (N+1)1,

B,(h+1)! B,_(+D! B, ,(n+D! B,(h+1! By

nill ' (-DI21  (@-2131 T 1t or

Using binomial coefficiets,

n+1Cn B+ ne1Cn-1B,_; + n+1Cn-2B,_,+ =+ +141C1B; +1+1CoBy =0
Replacing N+1 with N,

nCn-1B,_; +nCn-2B,_, +nCh-3B,_3+ = +nC1B; +1CoBy =0 1.3)

Substituting N =2, 3, 4, - for this one by one,

=0

1
2C1B; +2C0By =0 — 82:_5
1
3C2B,+3C1B; +3CoBy =0 — B, = 5
Thus, we obtain Bernoulli numbers.
The first few Bernoulli numbers are as follows.
B-1p-—~pg=_-t g2t pg__1 o _5
07 72F27 6747 T30 6T 42787 T30 107 66
1
Bl: _E ’ 83: BS: B7: - =0



4.1.3 Calculation of Bernoulli number

(1) Method of substitution one by one

Generally, it is performed by the method of substituting N =2, 3, 4, - for[(1.3)] one by one. Since it is

necessary to calculate from the small number one by one, it is difficult to obtain a large Bernoulli number
directly. This method is suitable for the small number.

(2) Method by double sums.
It is calculated by the following double sums of binomial coefficients

— $ 1 k r n
By = X 157 2 CDLCr

If the first few are written down, it is as follows.

1
BOZT Cooo
1 1
Bl = T Cool + 5(16001_10111)
1 1 1
B, = 1 Co0? + 5( Co0?-1C11%) + 5(20002—2C112+26222)

Using this, a large Bernoulli number can be obtained directly. However, since the number of terms increases
with accelerating speed, this is not suitable for manual calculation.

4.1.4 Bernoulli Polynomial

(1) Definition
When B, are Beroulli numbers, polynomial B, (X) that satisfies the following three expressions is called

Bernoulli Polynomial .

Bo() =1

LB, =nB,,00 (=D

/0 "B ()dx = 0 (=D

(2) Properties
The following expressions follow directly from the definition.

B,() =n /0 B ®dt+B, (=1

B, CO
B.(0) =B,

B,(D =B,0) (hz2)
B,&x+D) -B,) =nx"* (zD)
B,(1-x)=C-D"B, () (hzD

n n K _ QO (n) -k
kgo(k)Bn_kX =& |k B



Furthermore, the followings are known although not directly followed from the definition.

For arbitrary natural number m and interval [O,1],

|BZm(X)| = |BZm|
|BZm+1(X)| = (2m +1) |BZm|

Examples
1 1 3 1
Bi1(X)=x-+5, B,(x)= x2—x+§, Bs ()= x3—§x2+§x,
1 5 5 1
_ 4 3,2 + _ 5 24,2 3 +
B,(x)=x"=2x"+x 30 Bs(x)= x > X +3x 6x,
5 1 1 7 7 7 1
_y6 o 5,2 4 L o L1 7l 5 1 3, 1
Bs(X)=x"-3x +2x > X +42 , B, (x)=x > X +2x 5 X +6x,
14 7 2 1
_ 8_ T4, — 7 6__ 4, = 2__
Bs(x)=x"-4x"'+ 3 X ~3X +3x 30

9 21 3
Bo ()= x- 5 x8+6x - —x>+2x3-—=x,

2 5 10
15 3 5
—,10_,9 8 5,64 2 2
B1o(X)=x"-5x"+ 5 X 7x°+5x 5X"* 56

4.1.5 Fourier Expansion of Bernoulli Polynomial
Bernoulli Polynomial Bm (X) can be expanded to Fourier series on O < X = 1. This means that Bemnoulli

Polynomial B,,(X—[X ]) can be expanded to Fourier series on X = 0.

Formula 4.1.5
When M is a natural number, | X | is a floor function and Bm are Bernoulli numbers

00

mz
- = -2m! 27X = =0
B(X=1X1) m ;1 s mcos( SX=—% ) X
Proof
According to Formula 5.1.2 ("| 05 Generalized Bernoulli Polynomials|") , the following expression holds.
e mrmz
=-2m! 27TSX——— O=x=1
B,&) m Sgl (zﬂs)mcos( X~ % ) X
Since B,(x=I1x1) =B,(x)on 0=x<1,
o mz
—Ix]) = -2m! 2 7SX -~ 0=x<1
B, (X=1x1) m sgl )" cos( X~ % ) X
onlsx<2,
Left B (X+1-|x+1]) =B,(Xx+1-|x|-11]) =B,(Xx=[x])
e mz oo 1 mz
ight: =2m! {2 +1 _—}:_2 1 (2 __)
Right m Sgl (Zﬁs)mcos s(X > m Sgl (Zﬁs)mcos X =
0 mmz
- = -2m! 27SX——F— l=x<2
B(X=1X1) m ;1 )" cos( X~ % ) X


http://fractional-calculus.com/generalized_bernoulli_number.pdf

Hereafter by induction, the following expression holds for arbitrary natural number N .

% 1 mz )
- =-2m!y — 2 - =x<n+1l
B, (X=1x1) m sgl (zm)mcos( X~ % n=x<n

Q.E.D.

Examples
If the left side and the right side are illustrated for M=1, 2 , it is as follows. Blue is M=1 and Redis m=2.
Left side

Right side

0.6

. A
. & 5 3.




4.2 Euler-Maclaurin Summation Formula

Formula 4.2.1
when f(X) is a function of class C™ on a closed interval [@,b], X | is the floor function, B, are

Bernoulli numbers and Bn(X) are Bernoulli polynomials, the following expression holds.

b-1 b m B,

210 = | 16ddx+ X 1y — T Po)- @)} +R, (L.1)
_1 m+1
R, = LG il ) / B, (x—1x NF™ () dx (L.11)
=D" 2/ {i sy COS(ZESX—%)}f(m)(X)dX (L.1r)
=1 (2rs
1l
When nlqlg}O|Rm| =00 m is a even number S-t. @ )m = minimum for xe[a,b]
T

Proof
When B, are Bernoulli numbers and Bn(X) are Bernoulli polynomials,

Bo=1 . [ B,00d= 7 {Br (O-Byui)
Bn+1(1): Bn+1(o) = Bn+1

Using these,

1 1
/ FGOdx = / By GO (O dx
0 0

= T [B@IL - [
1B, (x) .
o1 | K

TrBOI I 57 8001 ], +

1

S2r
1

S2r

BT TE ~ 57 [Bo0OF @

1 ; 1B3(X) ..
+37 [ Ba@Of ], _/o Z(!X)

m( x) f(m)(x)dx

m 1 r-1
- $ S (8,001 D], + " [

r=1
Here,

[B1 GO ] = (1-% )f(l)—(o-% )f(O) = %{f(1)+ f(0)}
And
DB = D™'B, o = -B, for r=2

Therefore,



_ _ 1 _ _
DB, P ], = -B TP @- PO}
Substitutin these for the abowe,

/o 1600 = S 1+ 1)) - 22%{#“1)(1)— (PO}

Replacing f(X) with f(x+Kk) ,

/olf(x+k)dx = %{f(k+1)+ f(k)} - i%{f(r—l)(k_,_l)_ f(r—l)(k)}
B GO G+ kdx

That is,

k+1 1 m B
[ 00 = S UG+ 00) -5

(DD - 1P )

r=2 I 2

+ (;11!) k+1Bm(x—k)f(m)(x)dx

k

Accumulating this from k=a to k=b -1,

/bf(X):IX = %:gl{f(k+l)+ f(k)} _ 22% b- 1{f(r—1)(k+1)_ f(r_l)(k)}
l) b-1 [k+1

2 B -k (X

Here,
S{CDED- 1D} =1 PE)- 1@
S (HGHD+100) + @G = 2 X100
Bn(x-k) =B (x-1x1) (k =x =k+1)

Therefore,

b m Br re r—
[t = £100-5 1@+ - £ T (100~ 1D @)
(_1)m / Bm(X~1x 1™ (X

Transposing the terms,

éfﬂo= / "FGx + = {f(a)+f(b)}+z r{f“ Yo)- P @)}
_C )m/ B, (X=X ™ Gdx

Subtracting f(b) from both sides,



zmo f(x)dx-z{be) @+ r{f“ PO- @)
(—1)

/ B, (x—1x F™ (dx

Since B, = -1/2 , including the 2nd term of the right side into 2, we obtain

zmo f(x)dx + Xy i T UHPO-1P@) +R, @)
1 m+1
R, = ) / B, (x—1x D™ ) dx (L.1r)
Last, substituting Formula 4.1.5
s 1 mz
B(X-1Xx]) = -2m! X —COS(Zﬂ'SX—_) x=0
(b =1 @ras)" 2
for (1.1r) , we obtain
-DM2 2 COS(ZﬂSX——)f(m) x)dx (L.1r)
=D a s=1 (27rs) 2 © r
™)
When Rm is divergent , the amplitude is almost determined by —————— . Therefore, at this time,
@n"
[ f ™0

even number M should be chosen such that becomes minimum for X € [a,b] .

@n"

Q.E.D.

Removing the terms of larger odd number than 1 in the Formula 4.2.1 , we obtain the following formula.

Formula 4.2.2
When f(X) is a function of class sz on a closed interval [a , b], | X | is the floor function,

Br are Bernoulli numbers and Bn (X) are Bernoulli polynomials, the following expression holds.

100 = [t - i{be)— ‘@)

+ 3 AT (2r)' (@ Dp)-fC-D@)) +R,, 1)

Rom = _W/a BZm(X—LXJ)f(zm)(X)dX (2.1r)

_ 1o [P & C0s@7msX) | cam) |

- (-D)"2 /a { D }f GO dx @11
1™ |

When n1qim |R2m| =00, M is natural number S.t. =minimum for xe[a,b]

(2 72_) 2m

Proof

Removing B3, Bs, B7, -+ from|Formula 4.2.1|, we obtain (2.1), (2.1r) . And, from{Formula 4.1.5|,



Bom(X=1x]) = -2(@2m)! i ﬁCOS(Zﬂ'SX—mﬂ')

=1 (27zs
= €0S(275X)

=-CD"z2@m)! X

S @rs)?"
Substituting this for, we obtan (2.1r) .
f(2m)(x)
When Rzm is divergent , the amplitude is almost determined by — om Therefore, at this time,
@)
RG] y
natural number M should be chosen such that — om becomes minimum for X € [a,b] .
@)
Q.E.D.
Formula 4.2.2'
When f(X) is a function of class sz on a closed interval [@,b7], X is the floor function,
Br are Bernoulli numbers and Bn (X) are Bernoulli polynomials, the following expression holds.
b b 1
210 = | fCdx + §{f®)+ f@)}
m
fr-1 fe D@} +R 2.1
rzl (2r)' { (b) ( )} 2m (2.1
— 2
Rom = - (2m)! / B, (X=X 1)FE™ () dx 2.11)
= c0S(@2rsx
= l)m2/ > Cos(275%) ™ ) dx (2.17)
= @)™
. AR | —
When lim |Rom| =, M is natural number s.t. ————=—=minimum for xel[a,b]
m — (272_)

Proof
Adding f(b) to both sides of |Formula 4.2.2 (2.1)|, we obtain the desired expression immediately.

Q.E.D.



4.3 Sum of Elementary Sequence

4.3.1 Sum of Arithmetic Sequence

Formula 4.3.1

n-1

3 (a+kd) = S {2a+(-1d) @)
Proof

{Sn.1} =a,a+d,a+2d, a+3d, - ,a+(n-1)d
From this,

f(x) =a+xd

f(l)(X): d, f(2)(x): f(3)(X): =0

Substituting these for ,
n-1 n 1
S @+ka) :/0 @+xd)dx - 5 {@+nd)- @+0d)}

torld-drt 2

n

2
ST0-0} + Ry

| xa x°d nd
“lartar |, 72 FRem

_ha nZd nd
=711 T 21 T2 TRem

1 n
Rop = _W/O BZm(X—LXJ)'O dx=0

Thus, we obtain the desired expression.

4.3.2 Sum of Geometric Sequence

Formula 4.3.2
n-1 m B
kgor" =(r"-1) s;()S—;'(Iog Nt +R, 2.1)
.1 Qog )™ [n
R,=CD" l(lr?1—')/() Bn(X=1X 1) ridx (2.1)
n-1 0 B _ rn_l
Sk =(r-1) 8 <y og 0™t = @)
Proof
{Sn_l} — rO’ rl’ r2’ r3’ . rn—l
From this,
fG)=r"
n _ rX ]” ~ r.n_l,_O
/o o = [ logr 1o~ logr



fE D =r*dog r)s'1 G=1, m+1)
Substituting these for

ogr & _!{ r"Qog N - r’Cog N} +R,

m+1
R, = h - ) /Bm(x X1 r*dog r)™dx

Including the 1st term of the right side into 2 , we obtain

n-1 m B
kgor" =(r"-1) s;()S—;'(Iog N +R, @.1)

=~ S
i [
fi{aoky
=
e
I

log r)™
=DM S ¢ g ) / Bn(x-1x1) r'd (2.1
This is the sum of geometric sequence by Euler-Maclaurin Summation Formula.
o By
Here, substituting X = Iogr for Z S_ 1 ( definitional identity of Bernoulli numbers )
s=0 e —
B log r lo
s s — g _logr
sgo S!(Iog ) elogr_1  r-1
From this,
» B
s s-1 —
sgo S!(Iog ) r-1
Furthermore,
. (og )™
i 409 D™ ) -0
m - -
Then R, = 0. Thus,
n-1 0 B n_l
k — (,.n s s-1 _ I
r* =(r-1) Y —dogr =
2 =(r"-1) 3 sy Qog ) ==
4.3.3 Sum of integer powers of natural numbers
Formula 4.3.3 (Jacob Bernoulli)
n-1 1 m (m+1
m — m+1-r
= 3.1
2K~ el 2( r )Br” @
1
T m+1 {Bm+1(n)_ Bm+1(0)} (3.1)
Proof
{Spa} =0 1" 27 3, - (n-D)"
From this,
foO=x"

n — n m — 1 m+l_Am+1
/Of(x)dx—/ox dx——m+l(n o™1)

-10 -



|
(0@ = G @=L meD)

Substituting these for Formula 4.2.1

Bf m! ( m-r+1 _ 0m—r+1) + Rm

"Som o 1 m+l Am+1
= —— - +3
kgok m+1(n ™) Zir! (m-r+)!

L Bf m! m-r+1 m-r+1
27 (m—r+1)!( - 0T+ Ry,
_ 1 (m+1)! m+1-r m+1-r
T m+l 5 r!(m+1—r)!B (n - 0" 4R,

1 m+l ., I
R, = %/0 Bm(x—[x])%xodx

ie.
n-1 1 Zm m+1 + +
k=0km - |||+1 r=0 ( ) Br (nm - om 1_r) + Rm

L
R = 2 "B BD)

Here,

n n- 1
/ Bn(x-IxDdx = 21 B,0)dx =0
0 r=0J0

Then R =0. Therefore
m

n-1 1 m [m+l - +1-
k;Okm: — ;O( i B, (n™*"- o™ ) @E.w)
1 m (m+l e
" m+l I;O( r )B,nm - ey
Furthermore
m+1
0_ %) =
(m+1)Bm+l(n 0°) =0
Then, (3.w) is rewritten as follows.
"om o med (m+1 m+l-r _ AmM+1-r
k"= m+12( . |Bedn o™ )
Expressing this with the Bernoulli polynomial,
n-1 1
kM = 1 {Bms1 ()~ B 1 (0} 3.1)
Example: m=3,n=101
101-1
2 k3= 03+13+23+ - + 100° = 25502500
1/ 3060299999 1
m{83+1(101)—83+1(0)} =7 30 + 30 ) = 25502500

-11-



4.3.4 Sum of alternative integer powers of natural numbers

Formula 4.3.4
Sevre=gg 877 o (o -2 5]
= {Bri @ Boa- 27 B ([ 5] ) Baa )
Proof

When N is an even number,

1"-2"+ 3"-4"+— - +(-D"-n"
= 1™+3™+5M -+ (=DM - (2"™+4™+6™++n™)
= 1M+2"+3M 40 M= 2(2M+4M+6M+ - +n ™)

m

= 1M42M4 3Ny M 2m+1{ 1m+2m+3m+___+( % ) }

n n %

Y ED KM = Y™ - 2™y

k=1 r=1 r=1

Adding (n +1)m to both sides,

n+1 n+1
|(Zl(_:l_)k—lkm — erm _ 2m+1 erm

n+1

Let N+l - n ,

> DK = Rrm - 2
k=1
When m#0,

n n 2
Y DKM = M - 2™y
k=0 r=0

Replacing N with n+1,

n-1 n
n-1 n-1 2 n-1 [7W -1
2 (_1)k—1km — 2 rm - 2m+1 2 M= 2 rm - 2m+1 E rm
k=0 r=0 r=0 r=0 r=0

Applying |Formula 4.3.3] to this,

IS __ 1 & m+1 me1-r _ 1
;orm T m+l ;o ( r ) B, n T m+1 {Bm+1(n)_ Bm+1(o)}
"%—‘ -1 1 m+1-r 1

D P LR A L IFAI R C)

Using these,

-12 -



| =

=t ke m_ L oo m+1 QML= _ omtl
D= e ) Be - [

1 n
= m+1 {Bm+1(n)_ Bins1~ 2m+1{ Bm+1( ’77

)
)- B

— 0 N

Example: m=3,n=101
101-1

1 + 101
31 {Ba+1(101) Bui- 2° 1{Bg+l( [ -] )-Bau}} = -507500

Especially in the case of M=2, the following interesting formula holds.

Formula 4.3.4'

Z( D2 = (D™ 1Zk D™ 1”(”"‘1)

Proof
When N is an even number,

12-2%+ 3%-4%+- - +(n-1?%-n?
= - {@+D?-17} - {@E+D?*-3%} - ~ - [{(-D+1}*-(-D?]
~(2:1+1) - 2:3+1) - 2:5+1) - ~ - {2(-D+1}
= -2{1+3+5++(n-1D} - (A+1+1-+1)
= - {1+3+5+-+(n-1)} - Q+4+6+--+n)
= -(A+2+3++n)

ki D% = - k= - ”(”2+1)

k=1

When N is an odd number,
_0%412-22432 42452 _4 ... 40?2
= -{@-D*1*} - {@E-D*-3%} - ~ - {(@-D*-n?}
=-(-2'1+1) - (-2:3+1) - (-2'5+1) - - (-2n+D)
= 2{1+3+5++n} - (1+1+1-+1)
= 1+3+5+-+n + 0+2+4+--+(n-1)
= 14+2+3+++n
n n +1
P D2 = Yk = n(n+1)
k=1 k=1 2

Combining both, we obtain the desired expression.

-13-



Exam ple n=999

z D" k2= 12-22+32-4% +- -~ +9992 = 499500
999-1000
D%t (@+2+3+-+999) = ———— =499500

4.3.5 Sum of Trigonometric Sequence

Formula 4.3.5s

ZS| k————(cosn 1){1+2( 1)'r(2)l}+R2m (5.5)
_1 m+1 )
Rom = %/ Bom(X=1X]) sinx dx (5.s1)
n-1 i 1
kgosink = —ﬂ - (cosn - )( coti) 5.s)
n-1 n 1
=sin Tsm / sin— > (5.s")
Proof
{Sp_1} =sinl, sin2,sin3, -, sin(h-1)
From this,
f(x) =sinx

n
/ f(x)dx = [-cosx}, = —cosn + cosO= -cosn + 1
0

fC D = D teosx =1, ,m)
fC ) = -1D)Msinx

Substituting these for Formula 4.2.2 ,

n-1 1
kZosink = —cosn + cosO —E(sinn - sin0)

m
+2
:

BZ" r-1
. @D (-1 “{cosn -cosO} + R,
1 n .
R,y = _W/o Bom(X—1x 1) (-1)Msin xdx

ZS| k= —-— - (cosn - 1){1 + Z( Df (2r)' +Rom (5.5)
1 m+1
Rom = %/0 Bom(X=1X]) sinx dx (5.1

This is the sum of sine sequence by Euler-Maclaurin Summation Formula.
Here, let M — . Then,
m or 1 Bom(X=1X])sInX
limy1+) D' }2— t— lim =0
im1* 2 DG 202 - AT em)!

[EEN

-14 -



Therefore, becomes as follows.

n-1 sinn 1
> sink = % - (cosn - 1)( cotf) 5.s)
k=0

Moreower, using formulus of trigonometric functions,

1 1 1
Zsmk = ——cot— (cosn - 1) - Esmn

k=0 2
1 1 1 . 1
=-3 {cos -(cosn - 1) -sin= > smn} /smi
1 n-1 _n 1
= _5{ ZSIHTSIH > } /smE
i.e. 1 1
=t n-
kgosmk sstm / sin— > 5.s")
n-1
This is consistent with the result of having applied Trigonometric Addition Formulas to Z sink directly.
k=0
Formula 4.3.5¢
W = sinn- r } =L eosn -
kgocosk =sinn {1 + Z D (2r)' > (cosn -1) (5.c)
_ (_1)m+1
Rom = W/o Bom(X—=1x 1) cosx dx (5.cn)
n-1 i 1 1 1
I(;ocosk =sinn-5cot> - E(cosn -1 (5.c)
B n-1 . n N, 1 )
COS—2 sin—+ 2 SIn > (5.¢c")
Proof
{Sn_1} =cosl, cos2, cos3, -, cos(n-1)
From this,
f(x) = cosx

n
/ fG)dx = [sinx}y, =sinn —sinO=sinn
0

fC D = Dsinx  ¢=1,-,m)
fCM ) = (-1 cosx

Substltutlng these for Formula 4.2.2,

Zcosk =sinn ——(cosn cosO)

k=0
Z (2r)' {¢D'sinn - D'sin0} + R,
=sinn —%(cosn— cos0) +sinn 21('1)r @ ). + R,

~ (_1)m+1
Rom = W/O Bom(X=1X]) cosx dx

-15-



By 1

Z cosk = smn{l +Z D' (2r)' } - i(cosn -1 +R,, (5.c)
R _ (_1)m+1 B _ d

2m ~ cmer om(X=1X) COSX dX (5.c)

This is the sum of cosine sequence by Euler-Maclaurin Summation Formula.
Here, let M — 0 . Then,
Bk 1 1 Bom(X=1X]) COSX
hm{1+ Df = }:— = lim =
I+ CD BT T30t . In Sy

Therefore, (5.c) becomes as follows.

nil K = si 1 ‘ 1 1 G 1
COSK =SInh-—=cot—= - = (cosn - 5.c'
el 209 77 5.¢)
Moreower, using formulus of trigonometric functions,
nil " n-1 . n /i 1
- ——SIN—= InN—= 5.c"
|(zoCOS Cos > S 2 S > (5.c")
n-1
This is consistent with the result of having applied Trigonometric Addition Formulas to 2 cosk directly.
k=0

-16 -



4.4 Sum of Harmonic Sequence & Euler-Mascheroni Constant

4.4.1 Sum of Harmonic Sequence

Formula 4.4.1
When y is Euler-Mascheroni Constant,
n-11 1 B,
= + - — +
klk -7 Iogn rzlzrr]r R2m
0 Bzm(X_LXJ)
R2m :/ 2m+1 dx
n X
Where, 2 = m < ©
Proof
11 1 1
{Sho1} = 12" 3 -1
From this, 1
f(X) = Y
h
/ fGOdx = [Iogx]} =logh-logn (1<n<h, h,n are integers)
a1 @r- 1) §@m (@Zm)!
) = y 2+

fe D6 = D
Substituting these fo,
m Boy ( 1 1

h—1£_| e | i(i 1) ‘R
kZ:nk_Og _Ogn_z h_n _r:12r h2r_n2r) 2m

h BZm(X_LXJ)
Rom = _/n omer OX

X
From this,
n-1 1 h-1 1 h-1 1
Ak TAK AKX
h-11 1 1 m By 1 1
=y = - + += | =-=
2 logh+ logn 2( T ) rzl o ( R
When h = o0 | since r=1,
C(nal 1 1
%lm(klk |Ogh) AI—WF_O’ %@OF—O
Then,
n-1 1 1 B
—_ = + —_ —_
kgl k 7+ logn r21 2r- n ~ Rem
0o Bzm(x LXJ)
Rom = _/ 2m+1 dx
n X

Reversing the sign of the remainder term, we obtain the desired expression
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100

Example: ' 1/k
k=1

When m =2,

( B, B,
2.101 >t 4
2-101 2-101° 4-11

This all digits (14 digits below the decimal point) are significant digits. Furthermore, if the X is calculated to
M=8, the significant digit reaches 34 digits below the decimal point.

y +1og101 - ) =5.18737751763962

c.f.
If [Formula 4.2.2| is applied straight to f(X)= 1/X, itis as follows.

w1l 1,1 1 m By 1 1
kgl_k —Iogn—logl—i(F—T) _r=1 2r ( r]2r_ 12r) + Ry
n Bom(X=1X1)
Rom = _/1 y 21 dx

However, the degree of the approximation of this formula is very bad. If X is calculated to M=3 in the above

example, the significant digit reaches 2 digits below the decimal point. And, it is the best approximation of the
above example by this formula.

4.4.2 Calculation of Euler-Mascheroni Constant
Transposing the terms of [(1.1)], we obtain as follows.

n-1 71 1 m BZI’
= _ - + + +
4 k;l k logn 2n ;1 or-n2" Rom (2.1)
e BZm(X_LXJ)
Rom = —/n 2 dx .1r)

Where, M =N : (number of significant digits +?) / 2

That is, we can calculate Euler-Mascheroni Constant ¥ conversely from (1.1) . When M =N , the number of

significant digits is roughly given by 2n-"?.

Example: m=n=10
10-1 1 10

B
>, —-log10+ 2
k=1 k

+ Y —
2:10 =1 2r 107
This all digits (18 digits below the decimal point) are significant digits. (2.1) is a quite good approximate

= 0.577215664901532860

expression of . Howewer, regrettably n%irrgoRzm # 0O for definite N . That is, (2.1) is only an asymptotic

expansion.
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4.5 Sum of Zeta Sequence & Zeta Function

4.5.1 Sum of Zeta Sequence

Formula 4.5.1
When §(p) is the Riemann Zeta Function and B(P,() is the beta function, the following expression hols
for pz1.
e 1 m [(1-p 1opor
kglﬁ —C(D)Jfl—g( . )Brn +Rpy, (1.1)
(X LXJ)
_ m
Ry, = m B, p)/ dx (1.1r)
Where, M is an even number s.t. FpT =m< o0,
Proof
{Spa} =172, 3% - (1-D7 (@>D)
From this,
fQ) =x7P
/ [ le] h*P-n'?
fx)dx = = 1<n<h, h,n are integers
€9 ol 1-p ( gers)
It 1
(D) = -1y B2 TN 7 =1 me)
Substituting these for,
il hiP-pl?P B, F(p r-1)
- - " 1r 1p—r_n1—p—r +R
=1, T 46D OB ) * Ry

oy B S@tr=1 B D7 (1+r+(-2)
GD rt I'(p) =D IA+r) (p-1) I {1+(p-2)}
_ B (DT {1+r+(-2))
1-p 1A+ {1+(-2)}

=T ('l)r( pr—J2-2I-r
n [ -p+1
) _ﬁr;l( pr+ )Br
Using this,
:ZI%’ hl‘i:gl‘p ' 1:0 gl(l;p)Bf(hl_p_r ') + R,
A ame(X-LXJ) rgp(;;n) PMdx

-19 -



et l 1 o (1-p 1-p-r 1-p-r
P —_ +
kgnkp 1_p§0( r )Br(h n*™") +R,
1 h Bp(X=1X1)
Ry, = n dx
mB(m,p) /n X"
From this
n-1 1 _ hl 1 h-1 1
k=1 kP = kP = kP
_hr 1 1 o (1-p 1-p-r 1-p-r
_k=1ﬁ_rp§o( )Br(h n ) - R,
h Bp(X=1X1)
Ry, = dx
mB(m P)Jn X
Here, let h —> o . since p>1, r]liligohp_l_r = 0. Therefore,
-1 1 1 m(1-p 1-p-r
kglﬁ _é/(p)-krp;o( ; )Brn -Rn, 1.2
(X LXJ)
_ m
Ry, = mB(m p)/ dx (L.1)r
Rewersing the sign of the remainder term, we obtain the desired expression.
Example: 1iollkl'1
k=1
When m = 1.1t =2,
o 1 2 (1-11\ .
2 S¢QD oy a| BT =4.278024023
k=1 - r=0

This all d|g|ts (9 digits below the decimal point) are significant digits. On practical use, it seems that this is
enough. When M=6, 14 digits (13 digits below the decimal point) are significant digits.

c.f.

If Formula 4.2.1 is applied straight to f(X) =X, it is as follows.
n-1 1 1 nm 1—p ) 1
— = B,(n"""-1) +R
kgl kP 1-p ;—o( r r< ) m

n Bp(X—=1X1)
mB(m p) J1 xP+m

However, the degree of the approximation of this formula is very bad. If X is calculated to M=4 in the above

Ry = -

example, the significant digit reaches 2 digits below the decimal point. And, it is the best approximation of the
above example by this formula.

4.5.2 Calculation of Riemann Zeta Function
Transposing the terms of, we obtain as follows.
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-
r

1-p-r
) B.n- P +R, 2.2

B 1 /OO Bm(X_I_XJ)
~ mB(@m,p) xPm

Where, M =N : number of significant digits + ?

(2.1n

That is, we can calculate Riemann Zeta Function g“(s) conversely from (1.1) . When M =N , the number of

significant digits is roughly given by N —="2.

Example: £(1.3)

When m=n=10,
10-1 1 1 10 /1-13
233 T 1-13 Zo( ‘

This all digits (13 digits after the decimal point) are significant digits. (2.1) is a quite good approximate

) B, 10*°" = 3.9319492118095 -

expression of (D) . Howewer, regrettably n}i_I)IgORm # 0 for definite N . Thatis, (2.1) is only an

asymptotic expansion.
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4.6 Sum of real number powers of natural numbers

Formula 4.6.1
When £(p) is the Riemann Zeta Function and B(p,() is the beta function, the following expression hols

for p#-1.

n-1 1 nm l+p
P — _ 1+p-r
g%k cC-p) + Tip Z}( ; )Brn +R,,

/ Br(X-1X1)
mB(m —p) x P

Where, M is an even number s.t. [P ] =m < o,

dx

Rn =

Proof

Rewersing the sign of P in |Formula 4.5.1|, we obtain the desired expression.

Example 1 : 1§0k0.1
k=1
When m = 2,
2 (1+0.1 1+0.1-r
( )BrlOl 7 =144.456549944 - -

kz k01_ é/(_o 1)+ 1+0. 12

This all digits (9 digits below the decimal point) are significant digits. On practical use, it seems that this is

enough. When M=6, 15 digits (12 digits after the decimal point) are significant digits.

100 3
Example 2: ' Kk
k=1

When m = 2,

101-1 2

3 . 1+3 1+3-r
2 K= D) + 1+3 S| B = 25502500

This result is consistent with[{the example by Formula 4.3.3].

100 -1.1
Example 3: Y k™™

k=1
When m = 2,
101-1 1 2 (1-1.1
ks dADr Y ( r )Brloll‘“‘r =4.278024023 -
k=1 —+=Ltr=0

This reduce to [the example of Formula 4.5.1].

c.f.

If [Formula 4.2.1 | is applied straight to f(X) =X p, it is as follows.

n-1 1 1+p
- 1+p-r _ +
kglk Tp 20( i )Br(n 1) +R,,

Ry, = - A(x=1x1)x""dx

1 n
mB(m,—p)/l °

-22-



However, the degree of the approximation of this formula is very bad. If X is calculated to M=6 in

the significant digit reaches 4 digits below the decimal point. And, it is the best approximation of Examplel by
this formula.
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4.7 Sum of alternative real powers

4.7.1 Sum of alternative positive powers of natural numbers

Formula 4.7.1
When £(p) is the Riemann Zeta Function and B(p,() is the beta function, the following expression hols
for p#-1.

S D = (1-227)¢ ()

1 o (14p L+por Lep[ N 1+p—r)
o) I N [ A A PYH

_ 1 © Bm(X_LXJ) 1+p/oo Bm(X_LXJ)
Ry, = mBG.-p) {/n NI dx - 2 o T dx

Where, M is an even number s.t. [P ] =m <

Proof
The following equation was obtained in |the proof of Formula 4.3.4|.
n
n-1 n-1 (7—‘ -1
k-1 - m+1
SEDTKT= XM -2 > or"
k=0 r=0

r=0

This equation holds even if the natural number M is extended to the real number P . That is,

27-1

n-1 n-1 2

SED TR = FrP -2y P

k=0 r=0 r=0
Applying to this

n-1 1 m 1+p to_
r;orp:é'(—p)+ > ( i )Brnlpr"'le

1+p r=0
(3] 1 m (1+p 1+p-r
P = ~(- n
r;or é’(p)+1+p ;o( r )Brlrz—‘ +Rm2
_ 1 @ Bm(X_LXJ)
R = mB(m,—p)/n N

1 o Bn(X—=1X]

Rno = ul )dx

mB(M,-p) Jinp,  x7PM
m l+p _
Z( r )Brnl+p r

(77 )e 3] R

= (1-2P) s (-p) + 1ip 20 ( 1.:p )Br' (n1+p-r_ 21+p[%_‘l+p_r)

Then

n-1 1
DT =LEp) + Trp

+ 1
- 2! p{g(—p) * Ti5

+ le - 21+pRm2
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S D = (1-20)¢Cp)

1 o (14p ( 1+p-r _ ol+p[ N 1+p_r)
T Top rgo( r )Br' N2 {7W *Rm

_ 1 = Bpn(X=1X1) p+1/°0 Bm(X=1X1)
R = mBG@.-p) {/n NI dx - 2 o T dx

Where, M is an even number s.t. [P ] =m < o,

Example : p=0.6,n=1001
n-1
£l[p , n ] := Z (-1)*1 kP
k=0
frip , mn ,m ] := I{l —21+F}| Zeta[-p]
1 = leper 1+m I q1l+p-r
1 ZBinomial [1+ p, r] BernoulliB[r] |[n *F~F - 2°*F Ceiling[ E] )
+ B
= w=0

+

SetPrecision[{f1[0.6, 1001], fxr[0.6, 1001, 4]}, 15]
{-31.202652069c204%0 , —31.202652060862127

In this case, M=4 gives the best approximation (11 digits below the decimal point) .

c.f.

n-1
If [Formula 4.2.1] is applied straight to Y, (- l)k_lkp , itis as follows.
k=0

n-1 1 m (1+p { ~ n 1 te-r ]
_1VK-L P — . l+p-r _»l+p | T _ _nl+p
> D 1+p§o( r )Br NP2t [ 2] (1217 [ 4R,
B, (X-]X m21 B, (X-|X
Rm=——1 /n—m(_ : J)dx—ZlJ"”/ —m(_ : J)dx

However, the degree of the approximation of this formula is very bad. If X is calculated to M=6 in the above

example, the significant digit reaches 3 digits below the decimal point. And, it is the best approximation of the
above example by this formula.

4.7.2 Sum of Eta Sequence and Dirichlet Eta Function

Formula 4.7.2

When é’(p) is the Riemann Zeta Function , 77(p) is the Dirichlet Eta Function and B(p ,q) is the
Beta Function,

the following expression hols for P 7 -1.

n-1 (= k-1
$ED - (120

k=1
1 m (1-p lopr  o1-p[ N 1—p—r)
" Top E( r )Bf'(” -2 3] R
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1 © Bp(X=1X1) 1-p [© Bm(X=1X1)
R, = ——— / —————dx - 2 p/ —d
m mB(m’p) { n XID+m X /2| Xp+m X

Where, M is an even number s.t. [P ] =m <

Especially, when N =0 |
n@) = (1-2"7) @)

Proof
Rewersing the sign of P in [Formula 4.7.1], we obtain the desired expression.

When N = o, since the range of the integral is from © to ©, R = O forany m .

Examples : p=1.7,n=1001, n=x

n-1

—1yE-1
£l[p , n ] := ZL

E=1 k®
fr[p ,n ,m] := |{1 —21'?'} Zeta[p]
1 = nqi-p-r
+ 1. ZBinomial[l - p, r] BernoulliB[r] nl=P-7 _gl-p Ceiling[;] - )
SetPrecision[{f1[1.7, 1001]  £r[1.7, 1001, 4]}, 15]

f0.T7BOT721725383435 , 0.TBO9T21T25383434

SetPrecision[{f1[1.7, =] s Er[1.7, =, 4]}, 30]

[0.789725693648715920680558610011 , 0.789725693648715920680558610911 |

Reference
Let

YW | 6= X" cosmx |, E.() = / " e
k=1 1t

-tx .
—dt , 7' () :/ e 't* dt
0

Then the following formula also holds.

n-1 1+p
k;l DFtkP = L 5 {Ep(-n7i) +E,(n7i)} - %{E_p(—ﬁi) +E_, (i)}

g ()

- 1o r-1-s
{CD" P+ 1) 2 T Gt 3 +R,,

= O =R I'(1+p-s) 2
_ (_1)m/n oo (M 1(1+p) p-s _m-s 7(m-s)
Rm = mv 1 Bm(X—LXJ) S;o s mx 7T "COS 7Z'X+T dx

Howevwer, this is too complicated and does not have a great merit, either..
2013.08.26 Renewal

K. Kono

Alien's Mathematics
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