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ABSTRACT. Results which allow either the computation of symbolic solutions to first-order-linear differ-
ence equations or the determination that solutions of a certain form do not exist are presented. Starting
with a field of constants, larger fields may be constructed by the formal adjunction of symbols which
behave like solutions to first-order-hinear equations (with a few restrictions) It 1s in these extension fields
that the difference equations may be posed and i which the solutions are requested. The principal
application of these results 1s 1n finding formulas for a broad class of fimte sums or 1n showing the
nonexistence of such formulas.
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1. Introduction

1.1 BACKGROUND. This paper is concerned with the problem of finding formulas
for finite sums. The approach taken here is to pose the problem in algebraic terms
and then to derive constructive conditions for summability. While the motivation for
this research was to produce the algorithms implicit in the proofs, the theory itself is
of independent mathematical interest; the emphasis of this paper is on the overall
structure of the subject. An attempt has been made to avoid both theory which is
irrelevant to the algorithms and algorithmic details which obscure the theory.

Consider some “closed form” solution to a summation,

gn) = a§< f®,  hn)= KZLLnf(i)‘
From the classical calculus of finite differences [1] we know that we may apply the
upper (lower) difference operator A (V) and obtain

Ag(n) & g(n + 1) — g(n) = f(n),
Vh(n) & h(n) — h(n — 1) = f(n).

Thus, Ag = f= Vh. Furthermore, for any g or h such that Ag = = Vh,
2 i) = gn) — gla), 2 f@®) = hn) = h(a).

a=i<n a<u=n
Hence, given f, if we could solve the equation Ag = f or VA = f, we would have a
formula for the finite sum.
The obvious analogy between this situation and the fundamental theorems of
calculus has not gone unnoticed, and there is an extensive theory, “operator methods”
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or “symbolic methods,” which connects ordinary calculus with the calculus of finite
differences {1, 17].

The problem of integrating in finite terms has been solved now for several years
[14, 15]. Given the power and elegance of operator methods, one might think that
the problem of summation in finite terms would also have been solved. However, the
difficulty is that “finite terms” are not preserved under the transformations of
operator methods, and there appears to be no simple way to adapt the integration
work for summation formulas. More will be said about this issue in the conclusion.

Up to this point, I have been discussing “the” problem of finite summation as if
there were a widely accepted view as to what the problem is. This is not the case, as
a brief review of the literature reveals. In the algebraic symbol manipulation
literature, one of the first efforts is [9), which can be used to verify formulas for sums
(essentially by applying A) but does not consider the problem of finding formulas.
The problem of summing rational functions was considered in an earlier version of
this paper [10], as well as in [13]. The problem of exponentials and rational functions
was also treated in [10]. A decision procedure for a class of summands involving
indefinite products of rational functions was obtained in [6, 7]. Mention should also
be made of the lookup/transformation approach found in [2, 3].

This paper describes techniques which greatly broaden the scope of what is meant
by “finite terms”; consequently, the class of sums which can be meaningfully
simplified is considerably enlarged. Examples of sums for which formulas can be
produced by methods of this paper (and earlier ones) include

. 1 2mz . .
tgl b 2;02, tgll 2 xgl 12+2l lgl el
Similarly, these methods will show that the following sums have no formula as a
rational function of n:
1 1 =
.7 L@ L

=11 =]

27 z it 1)

=1

i

A glimpse of the additional power of the techniques presented here may be seen in
a small example. Consider the first sum of (1). This is known as the nth harmonic
number H,,. This symbol may then occur in other sums, for example,

n n n Hl
Z Hl, 2 iHH 2 -

=1 =] =1 i

The algorithms presented below yield formulas, as a rational function of » and the
symbol H,, for the first two of these sums; they also show that the third has no
formula of that type.
The techniques here do not cover such formulas as
> 1

1=0 Czl
Although one can probably extend the techniques of this paper to deal with ¢, this
has not yet been done. It should be noted that the techniques of this paper cannot be
extended to deal with a summation problem in which one of the limits is also
involved in the summand, for example,

()
=0

Such summations cannot be solved by inverting A g = f.
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The algorithms implicit in the proofs of this paper use features available in
algebraic manipulation systems, principally factorization and greatest common di-
visor calculations. Some of the techmques presented here have already been imple-
mented [4, 19].

The reader of this paper is expected to be acquainted with the concepts and
notation of modern algebra—a one-year undergraduate course in the subject, using
[8, 12, 18] as texts, should easily supply the required background. Given a basic
knowledge of algebra, this paper is self-contained, with the exception of the omission
of many proofs, particularly those not involving algorithms. These proofs may be
supplied by the reader or found in [11].

1.2 DrrrereNcE FIELDs.! When one studies integration procedures, the algebraic
object of interest is the differential field, that is, a field together with a map which is
linear over addition in the field, and obeys the familiar product rule for differentia-
tion. In studying summation, it seems reasonable to begin by studying the operators
A and V. These operators are clearly linear; the product rules, though simple, are not
as widely known as those for differentiation:

A(f-g)=f-Ag +Af- g+ Af-Ag,
V(f-8)=fVg+Vf-g-Vf-Vg
Hence, we might propose the following axioms for an upper (or lower) “difference
field,” in addition to the usual field axioms: Letting 6 = A, V and + be +, —,
respectively,

DIFF1  forall f g &(f+g)=8f+dg
DIFF2  forall f, g &(f-g)=f-8g+8f - g+df-dg.

These two axioms are not quite enough; the last remaining axiom may be stated in
a wide variety of ways.

PROPOSITION 1. Let F be any field, and let §:F — F be any map satisfying DIFF1
and DIFF2. The following conditions are equivalent (in their usual respective cases).

DIFF3
(a) 61 =0.
(b) 61 # F1.
(c) Of # Ff for somef.
(d) 8f # Fffor all f# 0.
(e) Letpf A f+ 8f. Then p is an endomorphism of F. (We use ¢ and 7 for the respective
cases of p.)
Definition 1. An upper (vespectively, lower) difference field is a field F together
with a map A (respectively, V) from Fto F, satisfying DIFF 1, DIFF2, and any of the
equivalent conditions of DIFF3.

The appearance of the endomorphism p from the product rule for the abstract
difference operators should not be viewed as mysterious. It is the algebraic vestige of
the shift operator. In the concrete case

ofx)=flx+1), 1f(x)=flx=D. @

Note that in the concrete case, o and r are inverses of each other. This leads us to the

' Throughout this paper all fields are assumed to have charactenstic 0.
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beautifully simple definition for a field which has properly related upper and lower
difference operators.

Definition 2. A difference field is a field F together with an automorphism o of F.

This seems almost too trivial to be useful, but it is the algebraic object which we
shall study throughout most of the rest of this paper, and it leads to summation
decision procedures.

Example 1. The complex numbers, with their automorphism o(a + b-1) =
a — bV—I, form a difference field. One should not artificially exclude this as
a difference field, since v—1 is algebraically indistinguishable from the function of
an integer n, I(n) & (— 1)"s/—-_l ; note that [I(n)J* = —1. Conjugation is then the shift
operator applied to I(n), as in (2):

sla+b-In)=a+b-In+ 1)=a—b-I(n). O

Conventions. In any difference field, we have

rdoh

Afoof=f Vfaf-1f
KA {f€ Flof=f} (the constantsof F).

If K = F, we have a constant difference field.

Observe that f € Fis a constant « Af = 0 = Vf; also, the set of constants K is
actually a subfield of F, called the fixed field of o.

Example 2. Continuing Example 1, if the complex numbers with conjugation are
considered a difference field, the field of constants is the field of real numbers. The
complex numbers can also be a field of constants for a (perhaps) larger difference
field, by letting o be the identity on this field. O

The subject of difference algebra is treated in [5], which has a number of references
to the mathematical literature. The problem of finding formulas has apparently not
received much attention by pure mathematicians.

1.3 OUTLINE OF THE PROBLEM AND SOLUTION. With the concept of a difference
field understood, it is possible to describe somewhat more precisely what it means to
find a sum in “finite terms.” Given f and a difference field F of which f'is an element,
we look for solutions g of Ag = f (or Vg = f) only in F. Thus the choice of field F is
the means by which “in finite terms” is given precise meaning. For example, in the
context of integration, “finite terms” usually means starting with the rational func-
tions over some constant field and allowing algebraic, exponential, and logarithmic
extensions, nested to arbitrary depth. This paper does not consider algebraic exten-
sions. The extensions which it does consider are analogous to exponential and
logarithmic extensions, but in fact are much more general than just these. A precise
definition of these extensions is postponed until Section 2.

We now reconsider the equations Ag = fand Vg = f. In terms of ¢ and 7, we have

og—g=f, g—18=/f

If F, o is a difference field, so is F, r. Thus we lose no essential generality in
considering only one of these equations; we arbitrarily pick the former.

Ideally, this paper would proceed as follows. We would first observe that
og — g = fis easy to solve in a constant field (a solution exists < f = 0; if a solution
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exists, any element of X is a solution). Then we would prove that if there exists an
algorithm for solving og — g = f in some field F, o, we could somehow use this
procedure to help us obtain an algorithm to solve the same problem in E, o, where
E, o is some difference field extension of F, a.

Unfortunately, things are more complicated than this. The solvability of the simple
equation og — g = f seems to be an inconvenient property to lift through the
extensions we are considering. In Section 3 we consider a more general problem,
which at least has the virtue that its form is preserved in the process of proof by
induction.

1.4 CONVENTIONS AND NOTATION. Consider Y n<<n f(i). If m < n, this has an
obvious meaning. If m = n, this is summation over the null set, which is customarily
defined to be zero. We shall follow this convention when m = n, but when m > n, we
shall say that

Definition 3
Y fHha- ¥ fO), where m > n.

m=i<n n=i<m
N.B. This abuse of notation means that “m =< i < n,” when written under a Y,
does not imply that m < n.

There is more to this than an attempt to ape the calculus convention; it is genuinely
useful in several places. For starters, we observe

PROPOSITION 2

(a) Ag =f=> Ym=<n f(i) = g(n) — g(m), regardless of the ordering of m, n.
0) Yimicn f(0) = Yimiem f() + Ym=icn f(), regardless of the ordering of I, m, n.

The same convention is used with the product symbol [], with the understanding
that reciprocation replaces negation in Definition 1.

It 1s sometimes convenient to introduce several variables which are determined
implicitly by some relationship. For example, given positive integers m and n, division
with remainder determines ¢ and r such that m = g-n + r, where 0 = r < n. We
would introduce these implicitly defined variables thus:

def g, r: m=g-n+r, 0=r<n.

We use the standard notation for the ring or field formed by adjoining an element
t to a ring R or field F: R[¢] or F(¢).

This paper is frequently concerned with transcendental field extensions, in which
case R[] is a ring of polynomials and F(¢) 1s a field of “rational functions.” The
numerators and denominators of elements of F(¢) are defined thus:

: _ num(f)
def num(f), den(f): f= don( /)’
num( f), den( /) € F[t], their ged is 1, and den(f) is monic.

A factor ¢of f € F(t) is a polynomial which divides num( /) or den( f). The power
to which occurs in f is defined to be the power to which it occurs in num( f) or the
negative of the power to which it occurs in den(f). The unique factorization of
polynomials extends to the unique factorization of any f € F(t):

f=u A0
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where

(F1) £ is monic irreducible, degree > 0, u € F,
F2) h# = A4 # fo;
(F3) n, # 0 (but may be positive or negative).

A tuple may be abbreviated by a boldface version of the same letter used for its
components: f & (fi, . .., fz); the length of a tuple may be written | f|. Concatenation
of tuples is done thus:

f"g.A_ (fl,--'9_f}e’gl’---)gl>-

This notation may be abused when appending a single element:
frglafa(g)=(fi. ... [ 0 8)-
If the components of f are drawn from a set S, we write
fe s
In other words,
S¥ = {null-tuple} USU S x SU ....

A more standard notation for $“ would be S*; but since S is often a field F, F* also
brings to mind the multiplicative group of F, which notation we in fact use.
We occasionally work in a module R™ where R is Z (the integers) or a field. We
use the standard inner product when |f]| = |g|:
If)

fg=73f g &)

=]
We also need the annihilator of an element:
Annz(f) & {g|g €R”, f.g = 0).

We let 0, be a tuple consisting of n zeros. For stating and proving certain results it is
convenient to allow the null tuple, denoted by 0 in certain examples, and to let
0o-0o = O (justified by |0y| = 0 and the summation convention). We use 0, for an
m by n matrix of zeros. Again, for convenience, there are situations in which m is
zero (the matrix has no rows) or 7 is zero (no columns). Certain obvious conventions
apply, for example, 0,000 = 0, and 0000, = O,

2. Extensions

2.1 DerFINING EXTENSIONS.  Suppose that one is faced with a complicated sum,

j-=1 .. 1]
+i- Y = 4
ls;<n [1521<1j2 +j ! 1szj<zj ( )

It seems unlikely that this will simplify to a rational function of n (and indeed it will
not). However, it is reasonable to ask if the sum can be expressed using the terms of
the summand with “i” replaced by “n,” that is, to ask if the sum can be expressed as
a rational function of the following:

nox il gl 5)

) ) T
1s<nj” +J 1<y<n J

The answer is yes, but that is getting ahead of the story. The purpose of this section
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is to completely formalize the question, both mathematically and computationally.
Given a constant field, we characterize those extensions in which we are interested.
These extensions include more than the adjunction of just formal sums and products,
but the extra generality comes at no extra expense—the techniques used appear to be
necessary to handle only sums and products. Extensions are to be “declared” one
step at a time, and algorithms which verify that the extensions satisfy the mathemat-
ical criteria are given. As an example of what can happen, consider the summation
in (4). One might naively try a three-level extension, successively including the three
terms of (5). But the algorithms will reveal that the last two terms are not independent
and that only a two-level extension is required (each of the sums of (5) can be
expressed in terms of the other). In order to apply the algorithms of this paper, the
summand of (4) must be rewritten so that this relationship is evident.

2.2 Types oF ExTeNnsiONs. All of the extensions considered in this paper have
the following properties.

Definition 4. Let F, ¢ be a difference field and E, ¢ an extension difference field.
We call this extension affine <

E = F(1), where o, BE F with of = a-t + 8.

Given a difference field F with computable field operations (including o), there is
a simple way to compute o for F(t), given a, 8, and some knowledge of the
representation of elements of F(¢). The representation and the extension of the other
operations from F to F(t) depend on whether ¢ is transcendental over F. This paper
concentrates on extension difference fields which are transcendental and have the
following additional property.

Definition 5. Let F(t), o be an extension difference field of F, ¢. This extension
is first-order-linear <

(a) the extension is affine;
(b) t1s transcendental over F;
() K(E)= K(F) (i.e., the constant field is not extended).

By condition (a), we may think of ¢ as a solution to the first-order-linear equation
ot — a-t = B. Conditions (b) and (c) have to do with the necessity of going to an
extension field for a solution. They are considered in more detail later.

Example 3. Let F = R, the real numbers, and let E = R((—=1)" v—1), the
difference field version of C, the complex numbers. The extension is affine, because
o(t) = o((—-D" \/—_l) = (=)' V-1 = —¢. But it is not first-order-linear,
because 1> = —1 € IR, violating condition b. O

Example 4. Let F be an arbitrary field and o the identity on F, so that K = F.
Let E = K(x), where x is transcendental over K, and ox 2 x + 1. We may view E as
the field of rational functions from the integers to F, in which case ¢ is the classical
shift operator. We later show that the constant field is not extended, so that the
extension is indeed first-order-linear. [l

Example 5. Let F = K(x) as above and a(x) € F be any nonzero element. We
may extend F by the “factorial” of a(x ), obtaining another function from the integers
to F:

x)& I ag).

O=i<x
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Thus
ot(x)= [l a@)=a) J[ a@) = ax)-t(x) (e, 8 =0).

O=r<a+1 O=i<x

Note that #(x) = x! = 1.2 ... x is of this type, with & = x + 1; similarly ¢t = ¢*,
¢ € K, is of this type, with a = ¢. When doing algebraic symbol manipulation, it is
convenient to think of adjoining a symbol “¢” to F and, in imitation of how [] works,
simply defining ot = a-t, where a € F(x) is viewed not as a function, but as a
symbolic expression. As long as conditions (b) and (¢) can be shown to be true (we
consider this problem later), we have an algebraic means of manipulating formal
products, namely, by first-order-linear extensions in which #=0. [

Example 6. Let F= K(x)and B8(x) € F be an arbitrary element. We may extend
F by the “indefinite sum” of B(x). Let
x)& ¥ BG).

O=1<x

Thus
ot(x)= ¥ B@O=Fx)+ X BG)=1(x)+ LX)

O=1<x+1 O=i<x
(Of course, Example 3 is a special case of this, where x = Yo<,<( 1.)
By analogy to the remarks made in Example 4, in the symbolic case we may think
of adjoining a symbol “¢” to F and defining of = 1 + 8. Once conditions (b) and (c)
are taken care of, we have an algebraic means of handling formal sums. [

The following facts are simple to prove but are used over and over.
LemMa 1. Let F(t), o be a first-order-linear extension of F, . Then

(a) o is an automorphism of F(t].
(b) Let f, g € Flt]. Then o gcd( f, g) = ged(of, og) (with the understanding that ged’s
are unique up to a factor from F).

We have seen in Example 5 that the case in which 8 = 0 is of special importance.
It would be natural to call such extensions “homogeneous” because ¢ is the solution
to the homogeneous equation of — «-¢ = 0. Our definition of such extensions will
certainly include affine extensions in which 8 = 0, but we wish to define the term for
all extensions, and in a manner which is intrinsic to the extension.

Definition 6. Let E, o be a difference field extension of F, 0. We say that g € E
is homogeneous over F < g & F but 6g/g € F. We say that the extension is
homogeneous < there exists g € E which is homogeneous over F.

Observe that homogeneous extensions include all those which extend the constant
field.

The following result gives various useful (both computationally and mathemati-
cally) criteria for determining whether certain extensions are homogeneous.

THEOREM 1. Let F(t), o be a difference field extension of F, ¢ in which ot =
a-t + B. The following conditions are each equivalent to the extension’s being homo-
geneous:

(a) There exists g € F[t], g & F, withog/g € F.
(b) The following equation can be solved for w € F:

ow—a-w=g.
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Condition (b) is important both mathematically, because it is used in many later
results, and computationally, because it reduces the question of the homogeneity of
an extension to a question for which Section 3 gives an algorithm. This condition
also allows us to provide a “change of basis,” so that extensions which are homoge-
neous can be written with 8 = 0: Given that ot — a-t = ow —a-w= B, we let t' =
t — w; so ot’ = a-t’. Because of this, we hereafter consider only the following type of
homogeneous extension.

Definition 7. We say that F(t), o is a [[-extension of F, 0 &

(a) the extension is first-order-linear;
®) ot = a-t (e, B = 0).

We now turn to the question of which homogeneous extensions are also first-order-
linear. In other words, we would like to know when the constant field is not extended,
and when ¢ is transcendental over F. Our first step in solving this problem is to define
a special subset of a difference field.

Definition 8. Given any difference field F, o, we have the homogeneous group,
H(F,0) 4 {og/g|0# g€ F}.

When the automorphism in question is understood, we simply write H (F); when the
field also is understood, we write H.

PrOPOSITION 3. The elements of H, together with multiplication from F, form a
group (a subgroup of F*, the multiplicative group of F). Under the assignment g —
og/g, H = F*/K* (in particular H(K) = {1}).

Using the homogeneous group, we are able to obtain a simple (though not yet
computational) criterion for the two “technical” conditions required by first-order-
linear homogeneous extensions.

THEOREM 2. Let F(t), o be a difference field extension of F, 6, and let ot = a-t,
o € F. This extension is first-order-linear (i.e., does not extend the constant field and ¢
is transcendental) < o" & H(F) for all n > 0.

It seems surprising that the properties of extending the constant field or being
algebraic are so closely tied, as the above result indicates; more surprising still is the
fact that, roughly speaking, the two properties cannot be cleaved within the confines
of difference field theory. To illustrate this point, let F = Q(2%) so that 2 € H(F); let
t = (7 + e)-27. Then F(z) is surely a homogeneous extension of F and either is
algebraic over F (with degree 1 if 7 + e € Q) or extends the constant field (7 + e€&
Q). But it is currently an open question whether ¢ is transcendental over F, that is,
whether 7 + e is transcendental over Q. Clearly, such a problem is outside the
domain of difference field theory.

In spite of the fact that the above result is not quite as precise as one might hope
for, it has great utility in proving the algebraic independence of factorials, as will
become apparent when we analyze the homogeneous group more closely.

Before studying the homogeneous group, we consider inhomogeneous extensions.
Here, the situation is much simpler.

THEOREM 3. Let F(t), o be an inhomogeneous extensiwon of F, ¢ in which ot =
a-t + . Then the extension is first-order-linear.

This paper considers a slightly restricted class of such extensions.
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Definition 9. We say that F(1), o is a Y-extension of F, 0 &

(a) the extension is inhomogeneous;
(b) forn##0,a" € H= a € H, where ot = a-t + 3.

Note that Y -extensions include all inhomogeneous extensions arising from the
adjunction of a sum, since in this case of = ¢ + B, that is, « = 1. As stated earlier,
no essential complications are added by considering Y -extensions as opposed to
only those extensions in which a = 1, that is, extensions arising from the adjunc-
tion of a ).

In summary, this subsection has studied extensions presented in the form F(z),
where 6 = a-t + 8. We have discovered that certain extensions are homogeneous,
that this property may be computed if we can determine whether a certain first-
order-linear difference equation has a solution in F, and that given this solution, we
may rewrite the extension in a form in which 8 = 0. Whether or not such an extension
is a [[-extension has been reduced to a question about the homogeneous group. We
have also seen that if an extension of the above type is inhomogeneous, then it is
automatically first-order-linear. Whether or not it is a }’-extension is again a question
about the homogeneous group. We can finally make a precise statement character-
izing the fields studied in this paper.

Definition 10. An extension F(7), ¢ is called a [[Y-extension of F, ¢ < itis a []-
extension or a Y-extension. Given a constant difference field K, o, we say that F, o
is a [[Y-field over K < there is a tower of fields,

K=FC..-CF=F,
in which F,, o is a [[Y-extension of F,—1, 0, fori=1,...,n

The basic result of this paper is that if we know how to compute answers to
questions about the homogeneous group and solutions of first-order-linear difference
equations in a [[}-field F, then

(1) given a, B € F, it can algorithmically be determined whether F(¢) with ot =
a-t + Bis a [[¥-extension of F;

(2) if F(t) described in (1) is indeed a [[}-extension of F, then the computations
concerning the homogeneous group and difference equations may be lifted to
F(1).

The construction starts with a constant field, in which certain computations are
possible, and is guided solely by the successive choices of the pairs a, 8 from ever
larger fields.

2.3 AN EqQuIVALENCE RELATION. In this section we consider the equivalence
relation of a difference field extension. This object plays a central role throughout
the rest of this paper.

Definition 11. Let E, ¢ be a difference field extension of F, ¢. For nonzero
/> g € E, we say that fis equivalent to g, written f ~ g, &

k
o—fEF forsome k€ Z.

The word “equivalent” is used throughout this paper for this purpose only.

PROPOSITION 4. The relation ~ is an equivalence relation.
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We are interested in computing whether two elements of E are equivalent, and, if
they are, we would like to know the possible values of k. The form of the solution is
described by the following definitions and result.

Definition 12. The period of a nonzero f € E,
er(f) & if of/ffgF, all p>0,
per(/ min {p > 0|6’f/f € F} otherwise.
Definition 13. 1f f~ g, a specification of the equivalence is an integer k such that
(a) o'f/g EF;
(b) per(f) # 0= 0=k < per(f).
We use the following convention, once we know the specification exists and is

unique:

spec(f, g) &

the specification of the equivalence  if f~ g,
otherwise.

The “+” is an arbitrary symbol meaning that f # g.
PROPOSITION 5. Iff~ g, then there exists a unique specification of the equivalence.

We next define certain functions which arise when dealing with iterated applica-
tions of o.

Definition 14. Fork€Z. f€ F,

Sioy & 0<Hk o'f (the factorial function),
=<,

‘f(k,a)é Z ﬁl,a)-

O=1<k

We let the summation/product convention (introduced in subsection 1.4) determine
the values for k < 0. If ¢ is clear from context, it is omitted.

Definition 15. Observe that if ot = a-t + 8, a*t will be a polynomial in ¢ of degree
at most 1. Then

defak, Bk: ar-t + ,Bk = Okt.
We collect in one place various equations involving the above-defined objects.

Identities. For k, | € Z (regardless of sign),

) (f 8w =fiy: gy (0 )y = o(firr)s
() farny = o™y~ farrs
3) fieray = (Siro)) atr;

1
@ fi-r)= F%’
) - (%)
) (o— =\—=):
f 3 f &)
(6) o — aw)- f= an)- 0<Z<k [ofa( j f]
< "

(7 ar = aw), Br = au): .
O<i<k A(+1)
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We now start to work on the problem of computing spec in [[3-fields. This is not
easy, and the path to this result is necessarily indirect.

Definition 16, We say that a difference field F, ¢ is [[-regular < given f, g € F,
with f not a root of unity (including f 5 1), there exists at most one k such that

Jo =g

We say that the difference field is computably [[-regular if there exists an algorithm
which, given f and g, determines k or declares its nonexistence.

Definition 17. A difference field F, ¢ is )-regular < given f, g € F, f # 0, and
/= L or fnot a root of unity, there is at most one k such that

Sy =g

We say that F, o is computably ¥ -regular < F, ¢ is Y ~-regular and there is an algorithm
which, given f, g € F, determines k or declares that no such & exists.

Definition 18. Let F, o be a difference field. Then H(F) is torsion-free < for all
k#0andfe€H, ff=1=f=1

Using torsion-freeness and (computable) [[- and ¥-regularity, we have the follow-
ing result, whose proof contains the algorithms for computing spec in []- or ¥-
extensions. The result also yields some important facts regarding the periods of
elements.

THEOREM 4. Let K(t), 6 be an extension of F, o.

(@) If the extension is a [|-extension, and if F is [[-regular, then the only elements of
the extension with nonzero period are of the form u - t", n € Z (which have period
). If F is computably [[-regular, then spec is computable.

(b) If the extension is a Y -extension, if F is Y -regular, and if H(F) is torsion-free, then
all the elements of the extension have period 0. If F is computably Y.-regular, then
spec is computable.

Proor. Some of the nonalgorithmic aspects of this proof may be found in the
corresponding theorem in {11]; these parts are labeled “Note 1,” etc.

The first step in this proof is to reduce the question to one of polynomials,
regardless of the type of the extension. It can be shown [11, Note 1] that

Y Few ot 2D g g den() o
g num( g) den(g)

If the period and specification of polynomials can be determined, we have a simple
means of determining period and specification in F(7), namely,

spec(num( f), num(g)) if per(den( f)) = per(den(g)) = 1,

_ Jspec(den(f), den(g)) if per(num( f)) = per(num(g)) = I,
spec(f; 8) k (see below),

* otherwise.

The condition for the third choice above is
per(h) =0 where k= num(f), den( ), num( g), den( g)

and

k & spec(num( f), num( g)) = spec(den( /), den( g)).
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We now consider the equivalence and period of polynomials in []-extensions. Let
[, g € F[t], and write

f=3 wt g= 3 wt', Vm 7% 0, w, 7 0.

=0 =0

Then

of =u€F= Z o*vi(amt) =Y u-wit' (Identity 6)

=0
=m =n and a*v, . ey = u-w, i=0,...,m (matching coefficients).

Thus the coefficients of fand g must be zero and nonzero in corresponding positions.
If only the leading coefficients are nonzero, then clearly f ~ g, and the period of each
is 1. Assume that there is some j < n with v, w, nonzero. Then, since vn, w, are
nonzero also, we conclude ({11, Note 2]) that

_, av w Wi Vm
"V e—] == where wiA— and vA—.
v v W, v

We would like to use [[-regularity of F, but to do so, we must show that ¢ - av/v
is not a root of unity. This is done in [11, Note 3]. Thus we may indeed invoke the
[[-regularity of F (computationally, if we desire to compute k) and try to find / such

that
a7, ﬂ = ! i
v v

@)

Note that J]-regularity leaves only one possible choice for /, thus proving that any
polynomial with more than one nonzero coefficient of ¢ has period 0. This concludes
the proof of part (a).

We next consider the equivalence and period of polynomials in Y-extensions.
Again, let f, g € F{], and expand them as above. It is immediately clear that if
f~ g their degrees are equal, call this degree m. Define the following:

—-v,n_l’ wA—wm_l, Zéov—a-v—ﬁ'
m- v, T mewn a

It is shown in {11, Note 4] that z # 0 and that
ﬁeF=<oz/z> _w-v

[44 z
J (&}

va

We must show that a - 0z/z obeys the necessary condition for }-regularity, that is,
that (0z/z)/a is either equal to 1 or is not a root of unity ([11, Note 5]). Thus we can
use (computable) Y -regularity of F to try to find / such that

wz) _wey
o I

¢}

If no such / exists, then k cannot exist, so f # g. Otherwise

I3
1 it Z8erF,
spec(f; g) = f

* otherwise.
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As in part (a), there is at most one value of /, proving that every polynomial has
period 0. OJ

To summarize this subsection, we have introduced an equivalence relation, whose
importance will become clear later, and have characterized it (and shown how to
compute it) in terms of torsion-freeness and (computable) []- and Y-regularity. The
concepts of regularity, particularly )-regularity, seem abstruse compared to the
innocent-looking equivalence relation, and it might seem that little progress has been
made. Realize, however, that regularity is intrinsic to a difference field, whereas the
equivalence relation was defined for an extension of difference fields. We shall see
that torsion-freeness and (computable) regularity can be lifted through []}-exten-
sions, so that they are properties of all [[}-fields.

2.4. [[-REcuLARITY. This and the next subsection do most of the work in proving
the eventual result that [[Y-fields are [[- and Y-regular. They are not easy, but
because they yield the computability of spec (Theorem 4), and because spec is the
key to computing answers to questions about the homogeneous group and to solving
difference equations, these sections contain the backbone of the theory (and algo-
rithms) of [[Y-fields. We start at the constant field, first by introducing a property
required for computability.

Definition 19. Let K be a field. We say that K has recognizable powers < there is
an algorithm which when given ¢, d € K either produces a k such that ¢* = d or
declares that there is no such k. If ¢ and d are roots of unity, the algorithm yields the
smallest positive k, if one exists.

LEMMA 2. A constant difference field is [|-regular, and computably so. provided
that it has recognizable powers.

PrOOF. In a constant field, fi, = f* (negative values too of course). Thus

fw=gandfy =g=fl=fl= =1
If k 5 I, then f must be a root of unity, proving [[-regularity. The fact that
recognizable powers implies computable [[-regularity is just a tautology, in light of

f(k)=fk. D

To obtain the results of these two subsections, it is convenient to extend the notion
of degree and leading coefficient from F[r] to F(r).

Definition 20. Let f € F(1).

deg(f) & deg(num( f)) — deg(den(f));  deg(0) = —oo;
le(f) & Ic(num( f)) (leading coefficient).

There are the following trivial facts regarding these functions.
Facts. Forf, g0,

(1) deg(f- g) = deg(f) + deg(g),

(2) deg(a’f) = deg(f),

(3) deg(fiw) = k- deg(f),

@ Ic(o”f) = o*(Ie(f))aliF'”,

(5) deg(f) = 0= lc(fw) = le(Nw,

(6) deg(f) = deg(g) and Ie(f) + Ic(g) # 0= le(f + g) = Ie(f) + Ic( g),
(7) deg(f + g) = max(deg(f), deg(g)).



Summation in Finite Terms 319

THEOREM 5. Let F(1), o be a [[Y-extension of F, o. Suppose that F is (computably)
[1-regular (and that polynomials over F can be factored). Then F(1), o is (computably)
[-regular.

PrOOF. Suppose f, g # 0, fis not a root of unity. We desire to determine whether
a k exists such that

Sy = g

If k exists, we wish to prove that it is unique. We shall follow the convention that if
k does not exist, k = *.

If f€ F, then fi,) € F. If g & F, then clearly k = *; otherwise the solution is
immediate by (computable) [[-regularity of F. Thus we may assume f & F.

Let m & deg(f), n & deg(g). Then

k#*x=k.m=n,

Case 1. m#0. Let

3>

If k exists, then k = . In other words,

k= l if I€Z and fu=g,
T ]« otherwise.

Case 2. m=0and n# 0. Then k - m cannot equal n, so
k= *

Case 3. m=0and n=0. Suppose the extension 1s homogeneous, and let r, s be
the powers to which ¢ occurs in f, g, respectively. Then k - r is clearly the power to
which ¢ occurs in fi, so

k-r=s.
Case 3.1. r# 0. Asin Case 1, let

la

~ |«

Then k may be defined from / as before.

Case 3.2. r=0and s# 0. Then k- r cannot equal s, so
k==

Case 3.3. f has no factors with period 1. Let ¢be an irreducible factor of f.
(Under computability hypotheses, an # may be calculated.) In the following definition
we use the convention that min & = + and max & = —oo,

A(h) A min{spec(Z #)|/~ # and 4 is an irreducible factor of #},
u(h) & max{spec(# 4)|/~ # and 4 is an irreducible factor of h},

PRS),  qauf) riAg. s2my)

(Under computability hypotheses, spec is computable by Theorem 4, so that A and
u are computable.) Note that p < 0 < ¢ and that r = 4+ & 5 = —o0; in this situation
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we clearly cannot have fi) = g for any k. Otherwise, both r, s €EZ and r < 5. It is
shown in [11] that the only admissible value for k is

s—q+1 if r=p and s=g,
layr—p if s=¢q—-1 and r<p,
* otherwise.

(Because of the ordering relations on p and ¢ and on r and s, the first two conditions
are mutually exclusive.) We obtain & from this / as before. This completes the proof
of []-regularity, since there has never been more than one allowable value for k. We
have also seen that under computability hypotheses of the theorem, F(¥), o is
computably [J-regular. [

2.5. ¥-REGULARITY. As with [[-regularity, we start with the constant field.

LemMa 3. A constant difference field is }-regular, and computably so, provided
that K has recognizable powers and that Z is a computable subset of K.

ProofF. The fact that recognizable powers implies (computable) ) -regulanty for
f# 1 follows from

k

f<k)=g=>j}—1 =g=/"=g(f- D+ 1L

If more than one value of k satisfies this equation, then clearly f is a kth root of
unity. If f = 1, fy = k and computability comes from being able to ask whether
g € Z, allowed by the assumption that integers are a computable subset of K. [

The next result is the crucial part of the induction proof; it shows that if F, gis a
[I X-field, then so is F, o* for k 0. This fact is used in the lifting of ¥-regularity.

LEMMA 4. Let F, o be [|- and Y -regular, and suppose H(F) is torsion-free. If F(t),
o is a [[-extension (respectively, Y-extension) of F, o, then for k # 0, F(¢), ¢" is a []-
extension (respectively, Y-extension) of F, o*.

THEOREM 6. Let F(t), o be a || Y.-extension of F, 6. Suppose that for all i # 0,

(a) F, o' is (computably) ¥ -regular;
(b) H(F, o') is torsion-free;
(¢) (polynomials can be factored over F).

Then F(t), o is (computably) Y -regular.

ProOOF. The proof of this theorem is long, so some guideposts to its overall
structure are given. We are concerned with the equation
Z (o ﬁl) =8
Ok
where ¢, € K and not all ¢, are 0. (The ¢, have other special properties which are
needed in [11].)

To show Y -regularity alone, we assume that X > 0 and g = 0 and try to show that
f € F, so that the desired condition regarding f follows by Y -regularity of F, o. This
proof consists of deriving a contradiction from the assumption that f & F. Most of
the details appear in “Notes” given under this theorem in [11]. This case is referred
to as the “g = 0” case.

To show computable Y -regularity, we assume that ¢, = 1 for all / but that g is
arbitrary, and try to determine a k or show that none exists. Note that if g = 0, then
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k = 0 is the answer; we hereafter assume g # 0 when proving computable ¥ -regularity
and call this the “g # 0” case. Note that

f € Fand g € F= k may be determined by computable ) -regularity in F,
JEFandg@& F=k = * (because f € F= fir, € F).

Thus we may assume that throughout this proof k # 0 in the g # 0 case and /& F.

In most parts of the proof, the technique is to narrow the possible values of & to a
single value /, as we did with computable [[-regularity. We again use the convention
k = *, and occasionally / = * or / is not an integer. Then

k=1 if /I€Z and fu, =g,
* otherwise.

The proof (and algorithm) is broken into its major parts by consideration of the
following degrees:

madeg(f), nadeg(g).

In Part 1 we consider the case in which m = 0. Here, after excluding various
impossibilities, we consider leading coefficients and use Y -regularity in F to obtain
I. Even this involves a slight twist however. In Part 2 we consider certain “easy” cases
for determining /, on the basis of those situations in which deg(}, fi)) becomes larger
as k becomes larger in absolute value. After Part 2 the sign of k is determined, and
certain relationships of m and » may be assumed. Part 3 involves examining factors
in den( f(#)) and matching them up with factors in den( g).

Part 1. m = 0. In the g = 0 case we derive a contradiction in Part 3. The
remainder of this part is concerned only with g # 0 (recall that ¢, = 1 in this case).
On the basis of the consideration that deg(}, f,)) < 0 (by facts (3) and (7), above), we
see that

deg(g)> 0=k ==

Thus we may assume that deg( g) < 0. Now let

v & Ie(f),
wa Ie(g) if deg( 2 =0,
=10 otherwise (i.e., deg( g) < 0).
By facts (5) and (6),
E Vo) = W.
O=i<k

Now if v is 1 or not a root of unity, we may use ) -regularity in F to determine that
the above equation is impossible or to determine the unique / such that v, = w. This
1 is then the trial value of k, and we proceed as in the introduction.

Thus the only remaining problem is when v is a root of unity other than 1. Using
recognizability of powers in K, we may determine the smallest positive p such that
v? = 1. Then we must have

vE—1 v—1

rekmodp=vy =——F=>—7=w

Again using recognizability of powers in K, we can determine r by the equation

vVi=w-(v—1)+ 1
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Of course,
r does not exist =» k = »,

Hence we have at least determined £ mod p, and we let k = p-g + r and set about
trying to find g. By the g = 0 case of Part 3 (using f & F), we will see that f; ,) # 0.
This allows the mysterious definitions,
U-r( g - Zﬂsz<rﬁu)/_f(r)

Jiey ’
jalwrdfin

f{pl

It is shown in [11, Note 1 under this theorem] that

Jip g =g =>flgom =g

lie

g

Thus we have converted the problem from one in F(¢), o to one in F(¢), o” for p >
1. This may not secem like a reduction, but actually it is. First, note that we have
assumed that F, o7 is computably []- and ¥-regular and that H(F), o7 is torsion-free.
Lemma 4 then says that F(f), 6” is a 2-extension of F, ¢, so that the hypotheses of
this theorem remain true with o substituted for p. Second, note that deg(fy) = 0, so
that when this proof (or algorithm) is used for f and g, it is still Past 1 that applies,
and we need not worry about what happens in the rest of this proof. Third, it is
shown in {17, Note 2] that le(f) is either equal to 1 or is not a root of unity, so that a
trial / is obtained earlier in Part 1—the proof (or algorithm) does not pass this way
twice.
Thus we can determine ¢ in F(¢), 6. Then

jalaptr if g exists,
= otherwise.

This completes the determination of kX when m = 0.

Part 2. m 5 0. The proof of the g = 0 case for this part may be found in [17,
Note 3]. Observe that the terms of ¥, fi,) have distinct degree. Tabulating the various
possibilities, we have

m-tk=1 if m>0, k>0,

K if m<0, k>0,
deg(Eﬂﬂ)— —m if m>0, k<0,
mek if m<0, k<.

Case L. m>0,n= 0. Ifk <0, then together with m > 0, deg(} fu)) = —m <
0 =< n. Thus if k exists, k > 0, and in fact,

m-(k—1D=n.

Accordingly, the only possible choice for & is

& —+1.

3=

Case 2. m < 0, n>0. If k> 0, then together with m > 0, deg(¥ fi.)) =0 < n.
Thus if & exists, k¥ < 0, and 1n fact,

m-k=n.
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The only possible choice for k is
122
T m
Case 3. m<0,n=<0. Ifk<0,then together with m <0, deg(}, fu)) =m -k >
0 = n. Thus k > 0. We shall worry about its exact value in Part 3.

Case 4. m > 0, n < 0. If k > 0, then together with m > 0, deg(}, f) = m-
(k = 1) = 0 > n. Thus k < 0. We may convert this into a case 2 or 3 problem by
substituting f & fi_;) and g & —a(g/f); observe that deg(f) = —deg( f) < 0 (by identity
(4) of Subsection 2.3). It is shown in [11, Note 4] that

2 fon=g® foon = @.
O=i<k O=<i<—k
Part3. k>0and(m=0(g=0case)ors=0,m<0,and n < 0 (g # 0 case)). In
this part we inductively consider the more complicated equation,
Y a-oh-fuy=g 05 h € F[t], all factors of h have period 0.

O=i<k

Given any irreducible factor Zof den( f), period 0, we give a procedure which has
one of the following outcomes:

(1) A contradiction is derived for the continuation of Part 1, or the possible values
for k are narrowed down to a single choice / for the continuation of Part 2.

(2) It is shown that h, f, g exist such that the above equation can be satisfied for a
given k < the same equation can be satisfied with h, f, g substituted in it.
Further, the hypothesis regarding A is maintained, deg f = deg f,and g =0 &
g = 0. A reduction occurs because

(a) deg(den(f)) < deg(den(f)), or
(b) deg(den(f)) = deg(den(f)) and deg h < deg A.

Note that if this reduction procedure cannot be applied, f € F or all of the factors of
den(f) have period 1, that is, the extension is homogeneous and den( f) is a power
of t. We worry later about what this means, first presenting the reduction (the first
time through, h = 1).

Step 1. Eliminate the possibility that 6™ #| 4. If it does, then let

fayz. ;_i:? (note that deg(den(f)) = deg(den(f)), deg f = deg f),
gé;:g—l}—/ (note that g = 0 & g = 0),

h
ha ﬁ (note that h € F[1], deg h < deg A, so outcome (2b) holds).

It is shown in [11, Note 5] that the equivalence is maintained. By repeatedly applying
this step, we may assume henceforth that

Flden(f)=> o672t h.
Step 2. Suppose /| den(f) and o’/|num( f) for some j > 0. Then let

fa ;E}é/_/ (deg(den(f)) < deg(den(f)), so outcome (2a) holds),
glg-fy (note that g = 0 & g = 0),
Ah-fip
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It is shown in [11, Note 6] that the equivalence is maintained. Again, the hypotheses
regarding A, f, and g remain true. Thus, by repeatedly applying this step we may
assume that
Ylden(f) and o’Z|num(f) « j <O.
Step 3. We use the definition of y from the proof of [[-regularity.

P & p(den(f)),

g & p(den(g)).
We also require

r A max{i|c % 0}.

By the assumption that the ¢, are not all zero, r = 0; when s = 0 in the g 0 case, r
is of course k — 1. We prove in [11, Note 7] that

u( > cl-a‘h-fm)=p+r— L.
O=i<k
For g = 0, the existence of k implies g € Z (as opposed to —x), and
ptr—l=p+k—-2=q (becauseg#0e=r=5k- 1)
Accordingly,
/a g—p+2 if g€Z and ¢>p-2,
s otherwise.
As for g # 0, the fact that ) ¢, - ¢'h - fi,) has a denominator contradicts the fact that
it is equal to 0. Thus step 1 or 2 must have applied.

End of reduction process. We now consider the impact of this reduction process.
As pointed out before, the only way that den(f) can have a nontrivial denominator
is if the extension is homogeneous and the denominator is a power of . Assume that
this power is p # 0 (different p from above). Then, since # £ h, ¢ occurs to the power
i- pin den(e’h - fi,)), and to the power r - p in den(} ¢, - 6'h - f,), where, as before,
r 1s the largest value <k such that ¢, % 0. If ¢ occurs to the power g (different g from
above) in den(g), then

r-p=gq.
For Part 2 we have as the only possible value of k,
14 ‘% + 1 (because r = k — 1 1n this case).
Since deg( f) <0, we must have p 7 0 in Part 2, thereby completing the determination
of k (at long last). The final contradiction for Part 1 is shown in [11, Note 8]. O

2.6 THe HOMOGENEOUS GROUP. In this subsection we answer various questions
which have arisen concerning the homogeneous group. We begin with a necessary
result about torsion-freeness.

LEMMA 5. Let F(t), o be a [[)-extenston of F, 6. Suppose

(a) F, ois [|-regular,
(b) H(F) is torsion-free.

Then H(F(1)) 1s torsion-free.
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We turn to computational questions. First, the problem of deciding whether an
extension where o7 = a - t is an [[-extension requires an answer to

Given f € F, does there exist a nonzero n € Z such that /" € H(F)?

Second, the problem of deciding whether an inhomogeneous extension is a Y-
extension requires answers to the above question and to

Isf€ H(F)

The fact that F is an arbitrary [])-field seems to force the consideration of the
following problem, the solution to which easily suffices to resolve the original
questions:

Given f, ..., fr € F, describe the set of ny, ..., nx € Z such that 7' ... f}* €
H(F).

Convention. "4 f1' ... f%. We do not reserve k for the length of f.

One might worry that there is an infinite set of n such that f* € H; however, the
set of these values has a convenient algebraic structure which makes a finite
description possible.

Definition 21. M, F) & {n|f" € H}.

LEMMA 6. Let f € F“. Then M(f, F) forms a submodule of Z'! (the underlying
ringis Z).

Since M(f, F) 1s a submodule of a finite-dimensional free module, it itself is free
(12, Th. X.12, p. 358] and can be described simply by giving a basis for its elements.
Thus we may further refine the above question as follows:

Given f € F*, compute a basis for M(f, F).
We shall be able to do this in arbitrary [} -fields.

We first consider the problem in a constant field. This paper does not consider
how to go about making computations in K, but it states precisely the requirements
for such computations. Since H(K) = {1}, we have the following.

Defimtion 22. We say a field K has recognizable powers < there is an algorithm
which, given ¢ € K*, produces a basis for the set of all n € Z* such that

)

We have taken the liberty of reusing the term “recognizable powers” of the
previous section, because the abulity required 1n Definition 22 above easily implies
the ability required in Definition 19. This problem 1s not difficult to solve in Q or in
any transcendental extension of a field in which 1t is already solved. Lifting this
ability through arbitrary algebraic extensions is an open problem.

The key to lifting the computability of a basis for M is a certain canonical form for
the elements of F(¢); this form relies heavily on the equivalence relation ~. We first
mtroduce this form, prove that it is canonical, and show how to compute it. Then we
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use it in computing a basis for M. Throughout this section, we assume that F(¢), ¢ is
a [[- or Y-extension of F, o.

Definition 23. Let f € F(t)°, and suppose that
(0F0) fi=u-t*-T] 6" /%, u € F, g, € F{t].
7k

We say that ({4 },, (., e, {e,r),2).} is a o-factorization of f &

(6F1) 4 is monic, has degree >0, and is irreducible;
(6F2a) t# g if the extension is homogeneous;

(6F2b) e = 0 if the extension is inhomogeneous;

©F3)  ji% = f * fos

(cF4) for all j, there exists some i, k such that e, # 0,

The idea behind this definition is that equivalent irreducible factors are grouped
together (with a special case made for the one possible factor with nonzero period).

THEOREM 7. Let F, o be []- and Y-regular. Then there exists a o-factorization of
every element of F(t)*, and it is unique up to the u,, permutation of the 4, and translation
of the last index of e,r. The o-factorization may be computed, provided that there is an
algorithm for factoring polynomials over F, and that spec for the extension is a
computable function.

ProoF. Uniqueness is proved in [11}; we examine here the existence (or compu-
tation) question. Consider (or calculate) the set of all irreducible factors of the f,.
Any factors of period 1 determine e, for f,. All other factors have period 0. Group
these into equivalence classes under ~, and pick an arbitrary representative of each
equivalence class, calling these representatives £ (this may be computed if spec is
computable). Once the set £ is fixed, all of the factors of period 0 may be written in
the form 0%/ (perhaps multiplying by an element of F). Then e, 1s simply the power
to which 6*4 occurs in f; (by convention, e is 0 if 64 is not a factor of f;). The u,
are determined by dividing £, by ¢* and ¢"/%* for appropriate j and k; this forces
u, € F, and guarantees oF0. The conditions ¢F1-6F4 are clear from the construc-
tion. [

We now come to the main result of this section, which characterizes M(..., F(1))
in terms of M(..., F) and various functions of the components of a o-factorization.

THEOREM 8. Let f € F () have a o-factorization, denoted as in Definition 22. Then

M@, F(1)) = My N My N Ms,

where

(@ M 2 M(u, F) in the case of a Y -extension,
"= lmn~dEMu~l/a, F)}  otherwise,

(b) Mz & Ann(e),
(© Ms;& NAnn <2 e,,k>.
J k 2

Furthermore, M\, M5, and M are each submodules of Z'*..

We do not discuss in this paper how to obtain the basis for an annihiiator, given
the elements to be annihilated; nor how to obtain the basis for M,, given that for
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M(u~(1/a), F); nor how to compute the basis for the intersection of two modules,
given the basis for each. These are problems in standard linear algebra, which do not
concern us here. Given techniques for those problems and the ability to compute o-
factorization, it is clear that the computability of a basis for M(f, ...) may be lified
through []>-extensions, which was the goal we set for ourselves in this section.

We now give several examples which illustrate the combined power of the above
theorem and Theorem 2.

Example 7. Consider the difference field Q(x), where ox = x + 1; let E =
Q(x)(p%, p%, ...), where p, is the ith prime. We show that {x} U {pf}, is an
algebraically independent set (not a surprising result, of course—what relationships
could there possibly be?), in particular, that pf is transcendental over Fp-; &
Qx)(pi, ..., pi-1). To begin with, if 2% is algebraic over Q(x), then 2" € H(Q(x)) for
some n, by Theorem 2. In Theorem 8, let f = (2), F = Q, and ¢ = x. In the o-free
factorization of f, j ranges over the null set, and we have u; = 2; also, e; = 0. Thus M:
and M; of the theorem are both Z (considered as a module over itself), and M, is
simply M3, in Q. But

{n|2" € HQ)} = {n|2" =1} = {0)}.

Hence 2" & H(Q(x)) for n > 0, and 2* is transcendental over Q(x). (We could arrive
at the same conclusion “analytically” because 2* grows too fast as x — ®.)

Inductively, assume that p7 is transcendental over Fi-, for I < k. By Theorem 2, pi
is algebraic over F,_, only if pi* € H(F;-,) for n, > 0. This leads to a contradiction.
Letp & (prety ..o, Pr)s B A (Mg, ..., ). Starting at / = kK — 1, we may inductively
assume that p" € H(F,). In Theorem 7 let f; = pi, F = F;.,. In the o-factorization of
f, j ranges over the null set, u = p, and e = 0. Thus M, = M3 = Z'! (i.e,, yields
no information), and M; = M(p(1/p;)). Thus there exists m; € Z such that
pr’ -p" € H(Fi_,). Thus we have decreased / by 1 in the induction process. When
=0 wehavep = (py, ..., pr), 0= {m, ...m), with p* € H(Q(x)). Here we use
Theorem 4 in the inhomogeneous case and obtain p" € H(Q), that is, p* = 1. But
since the p, are all primes, this forces n = 0, in particular nm, = 0. Thus pi is
transcendental over F,—,, so that {x, pi, ..., pZ} is an algebraically independent set
forany k. O

Example 8. Again consider Q(x), but this time extend Q(x) by x!, so ox! =
(x + 1)x!. This extension is algebraic only if (x + 1)" € H(Q(x)), for some n. Apply
Theorem 8 with f = (x + 1), t = x, F = Q. In the o-factorization of f,

/1=x+l, u1=l, €1=O, 811()=l.

Condition (c) of Theorem 8 requires that n-ei;0 = 0. Since e;;0 # 0, we conclude that
n = 0, that s, M(f, Q(x)) = M; N M, N {0} = {0}, without even calculating M; N
M. Thus x! 1s transcendental over Q(x).

Consider any extension F(x) which is inhomogeneous. Then using exactly the
same proof, we see that x! 1s transcendental over F(x). Since we showed in Example
7 that Q(p1, ...)x) 1s an inhomogeneous extension of Q(p{, ...) (because the set
{x, p1, p3, ...} is algebraically independent), we can conclude that {x, x!, p7, ...} is
an algebraically independent set, as one would expect. [1

2.7. Review. The purpose of this section has been to introduce [[Y-fields and
prove basic facts about them. We have seen that a constant field K is vacuously a
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[1X-field over itself. More important, given any [[Y-field F, o and elements «, 8 €
F, we have considered an extension F(¢), g, where ot = a-t + f3, and have been able
to characterize whether it is a [[-extension (possibly by a “change of basis™), a Y-
extension, or neither.

In the process of characterizing [[Y-fields it has been necessary to study various
properties which all such fields have. The crucial work in doing this has been
scattered throughout previous subsections; the following result concisely summarizes
these results, and its proof [11] ensures that all the pieces fit together as intended.
Note that all the results of this chapter are tied together in an inductive way along
the tower of a [[Y-field.

THEOREM 9. Let F, o be a [[Y-field over a constant field K. Then

(@) F, o" is a [[X-field over K whenever k # 0.

(b) F, ais [|-regular and Y -regular.

(¢) H(F, o) is torsion-free.

(d) Let F(t), o be a [[Y-extension of F, 6. All elements of F(t), o have periods of 1 or
0; the only elements of period 1 are either in F or, in the case of a [|-extension, are
of the form u-t", u € F.

Suppose that K has the following properties:
(i) Polynomials in several variables may be factored over K.

(if) K has recognizable powers (by Definition 22).
(#ii) The integers are a computable subset of K.

Then we can also conclude that

(e) F, ois computably [- and Y -regular.
(f) For F(t), 6 a []Y-extension of F, g, spec is a computable function.
(g) Givenf € F*, a basis for M(f, F) may be calculated.

The only question of computation which remains concerning [ Y -extensions is the
ability either to solve the first-order linear equation 6g — a-g = fin F, o or to declare
that a solution does not exist. This will be answered in the next section.

3. Solunions

3.1. THE GENERAL EQUATION. We mentioned earlier that g — g = fis not a
convenient equation to consider when we try to lift solvability through [] ¥-exten-
sions. There are two ways in which the equation must be generalized. First, we are
forced to consider general first-order-linear equations 6g — a-g = f; the need for
solving these arose anyway in the characterization of J]Y-extensions. Even more
generally, it is necessary to consider the following problem:

Givena € F,f€ F*,solve g —a-g=c-fforg€ F,c € K"

As part of the inductive process, we are interested in “all” solutions to g — a-g =
c-f. The first thing to notice about “all” these solutions is that they have a famihar
algebraic structure.

Definition 24. Let S C F, a € F, f € F°. The solution space for a, f in S,
V(a,f,S) A {c~rg€ K x S|log — a-g=c-f}.
Observe that f is not necessarily in S*.

PROPOSITION 6.  If'S is a vector space over K, then for any a, f, V(a,f, S) is a vector
space over K, with dimension <|f| + 1.
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Definition 25. Let S be a vector space over K, a € F, f € F“. A solution basis for
a, f in S is by definition a basis for V(a, f, S). Elements of this basis are usually
denoted ¢, ~ g., and the totality of the elements may be written C ~ g where C is a
matrix whose ith row is ¢,, and g a column vector whose ith element is g, (note abuse
of “a” notation). If V(a, f, S) = {0}, then a basis for it is Oy ¢ ~ 0o.

Thus section has many worked examples in which we need conventions for matrices
and vectors. Matrices are written with parentheses in the usual fashion; I, is the
identity matrix of size n; for example,

I =), 12=((1) (1))

Vectors are throught of as column vectors (for convenience in multiplying by
matrices), but the tuple convention may be used for typographical convenience.

(1,2) = (;)

When the vector has a length of one, the notations are interchangeable: (1) = (1).

In the midst of all this generality, it might be well to point out how knowledge of
the solution basis tells us whether f is summable. Suppose we have a basis
for ¥(1, (f), F). This space will always include (0, 1) (because 61 — 1.1 = 0.f)
and so will be at least one-dimensional. If and only if the dimension is two, we
will have nonzero ¢ and some g such that og — l.g = c-f. Since ¢ is nonzero,
o(g/c) — 1-(g/c) = f, and fis summable.

Our first result concerning solutions is for the constant field, where the recursion
must stop.

THEOREM 10. Gwena € K, f€ K°,
V(a, f, K) = Anng(f~ (a — 1)).

Given a vector, there are well-known ways to produce a basis of its annihilator;
these will not be discussed here.

It is convenient to introduce at this time a method for transforming the a in the
equation 6g — a-g = c-f.

LEMMA 7. Leta € F,f € F*, and let ay € F be nonzero. Then

C ~ g is a basis for V(a-(oao/a), oao-f, F)
= C ~ g/ao is a basis for V(a, f, F).

In words, we may modify an equation by multiplying a by an element of H(F)
and adjusting f accordingly, and thus obtain the basis for the original equation from
that for the modified equation.

3.2. RepucTioN TECHNIQUES. In the language of solution spaces, the problem
we are trying to solve is: Given the ability to find a basis for V(u, v, F), given
arbitrary u, v, € F, devise a method to find a basis for V(a, f, F(¢)). This problem
breaks down naturally into a series of smaller problems of the following type. Note
that there are infinitely many vector spaces U over K lying between {0} and F(r).
Depending upon a and f, we judiciously pick a finite number of these and consider
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the following tower:
F(t)= Ung Un_lg cen 2 UO= {0}

Then, fori=n, ..., 1, we reduce the problem of finding a basis for V(..., ..., U)
to that of finding a basis for V(..., ..., U.;), perthaps using a solution from
V(..., ..., F). This subsection considers various general properties of the reduction
process, and the rest of Section 3 is concerned with particular U..

Our first result describes what happens at the end of the reduction process.

ProrosiTiON 7. Given a € F(¥), f € F(1)",
V(a, 1, {0}) = Anng(f) x {0}.

The techniques of this section rely on some measure of the “complexity” of an
element of F(f). There are many such measures, depending upon the particular
U./U.-, in which we are interested. These measures can be defined so that they all
have certain general properties.

Definition 26. Let W be a vector space over a field K, and let || || be a map from
W to the integers. We say that || || grades W <

(GD) ||f+ gl = max(|f], | gll) for /, g € W
G2 lefll=lflforce K, fEW.

Given such a function, the grades of W are
Wn s (f€ WIIf]=m}.
We use the following notational convention for f € W*:

Ifll & max || ]}

Typically, the range of || || is the set of all integers greater than some given integer.

ProPOSITION 8. Let || || grade W. Then the grades of W form an ascending chain
of vector spaces whose limit is W, that is,

e C Wm—-lg ng vee — W,
Conversely, given such a sequence of vector spaces, let
1/ & min(m|f € Ww).

Then || || grades W.
We have the following additional properties for any grading of a vector space:
@ |c-fll = |fll forc €E K, f € W,
@) WAL= 1Ll = 1A + L0l = Al for fi f2 € W™
Our first reduction result is the simplest; it tells when two solution spaces are the

same, even though one of them may be relative to a much larger W than the other.
This result is used to “bound” || g||.

TueOREM 11.  Let W be a vector space graded by || |, let f € W, and suppose there
is some m such that

og—ag=f=|gl=m
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Then
Via,f, W) = V(a, I, Wy).

Let W) 2 W: be vector spaces between F(f) and F. There are infinitely many ways
of choosing a subspace of W, isomorphic to the quotient space of W, by W-. In this
section, we use the symbol W,/ W: to refer to both the quotient space and to a specific
(but arbitrary) subspace, with the distinction made clear by context. We use the fact
from linear algebra that

W,=W; &b Wl/Wz.
Once a specific Wi/ W, C W is fixed, the = may be replaced by equality.
In this section, it will always be the case that there exists some I € Z such that for
any g,
log —a-gl=zgll+1.

This number is known in any given application and is used in defining the object at
the heart of the reduction process.

Defimtion 27. Let W, D Win-1 be vector spaces over K; let a € F(t), f € Wit
The incremental solution space for q, f relative to a fixed W,/ Wn_1 is

Via,f, Wi/ Wny) & {cAg|c € K, geE W/ Wi, 3g1 € W
with o(g + g1) —a-(g + g1) — ¢-f € Winara).

Observe that this object depends not only upon the choice of W,/ W1 C Wy, but
also upon /, which is too much to bother with notationally.

PROPOSITION 9.  Let m, I, a, f be as in Definition 27. Then V(a, f, W,/ Wn-1) is a
finite-dimensional vector space over K.

Since an incremental solution space 1s a finite-dimensional vector space over K, it
can be represented by its basis, just as a solution space may be. The following result
shows how to compute a basis for a solution space of a larger space, given a basis for
a smaller space and a basis for the incremental solution space between the two
spaces.

THEOREM 12. Let m, I, a, f be as above. Perform the following construction.

(i) Let C g be a basis for V(a, f, Wy/ Wn_1).

(ii) Let £,y & Cf — (0g — a-g) (observe that £, , € Wi 1-1).
(iii) Let D1 ~ hr—1 be a basis for V(a, fn—1, Wn-1).
(IV) Dm 4 Dm—lc, h, A Dm—lg + hy.

Then
Dpabn is a basis for Via, f, Wa).

In some cases an incremental solution basis may be particularly easy to compute.
One such example is the following.

THEOREM 13. Let m, l, a, f be as above. Suppose that for g € Wp/ W4,
log—a-gl<m+lieg=0.
Suppose also that there exists g € (W,/ Wn_1)" with
If—(og —a-g)lf<m+1L
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Then
I~g is a basis for Via, f, Wi/ W),
where I is the identity matrix.

3.3. Tue PoLyNOMIAL PART. In this subsection we consider a vector space W
with the property that

Flt]c WC F(1).
The goal is to “eliminate” the polynomial part of the solution. The reduction process
for doing this is based upon the following obvious grading.

Definition 28. Let f € F(r), and let fo be the polynomial part of £. Then

20 ss  orhicarise
= |degfo  otherwise.

The first two results of this section are concerned with bounding || g|| in the case
where [|a|| = 0. In most cases, Theorem 11 may be used in bounding | g||, but here
the problem is more subtle, and we must use other means of finding a bound. It is
necessary to treat [[- and }-extensions separately.

THEOREM 14. Let F(t), o be a Y-extension of F, ¢, and let a € F(t) with ||la|j = 0
(i.e., the polynomial part of a is a nonzero element of F). For any f € W, if there exists
g € Wsuch that g — a-g = fand || gl > || f]l + 1, then
(a) a & F, so we may write

P+t 4
Pt uptP

a=u where p>0, u,u, € F,

(b) w5 uy;
(¢c) there exists a unique m € Z, m > | f|| + 1, such that for some w € F,

ow— a-w= a(ty — tz) —m-f;
@ lgll=m

Furthermore, the existence of the m of part (c), and its value if it exists, may be
calculated provided that

(i) a basis for V(..., ..., F) may be computed; and
(i) Z is a computable subset of K.

ProoOF. Most of the proofis in [11]. We examine here only the issue of calculating
m. To do so, first calculate a basis C ~ w for V(a, (a-(u2 — 1), —f8), F). Without loss
of generality we may assume that C ~ w is in reduced row echelon form. If the only
row of the matrix is of the form (0 0 w), then the equation of part (c) cannot be
satisfied for w € F, m € K, let alone m € Z . If the matrix has a row of the form
(0 1 w), then o(—w) — a-(—w) = B and the extension is homogeneous, by Theorem
1, contradicting our assumption. We may thus assume that C ~ w has a row of the
form (1 ¢ w), c € K, where the other row, if any, has zeros in the first two columns.
If ¢ € Z, part (c) will be satisfied © ¢ > ||f]| + 1, and of course, m=c. If c &€ Z,
then no such m exists. [

Realize what a strange thing is going on here. The ability to find a solution basis
in a smaller field is being used not to find “part” of the solution (e.g., a basis for
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some incremental solution space), but rather to find (or disprove the existence of)
the integer m satisfying part (c). Note that what we would ordinarily think of as the
solution to the difference equation, w, is not used anywhere else in the result.

Using this result, we can calculate an m such that

og—a-g=f=|gl=m,

namely, m is either determined in part (c) above, or m & || f|| + 1. Thus, for ||a]j =0
and inhomogeneous extensions, we have reduced the problem of W to W, for a
finite m.

Example 9. Let F = Q, the rational numbers, and let F(r) = Q(x), the rational
functions of x, so that ox = x + 1. Leta = (x* + 4x + 7)/(x* + 1) and f = 1, s0 we
are considering the difference equation,

x*+4x+7

x*+1 g =13

g

Applying Theorem 14, observe that

(i) Part (a) is satisfied since a € F. The definitions require
u=1, u; = 4, u, = 0.

(i) Part (b) is satisfied since 4 # 0.

Using the proof of the result, we want a basis for V(1, (4, —1), Q). By Theorem 10
we need Ann((4, —1, 1| — 1)). Linear algebra algorithms yield the following basis in

the required form:
1 40
00 1)

Using the notation from the proof of Theorem 14, ¢ 4 4,50 ¢ € Z and ¢ > ||f]| +
1 = 1. Thus we let m A 4, and by part (d) we know that the polynomal part of g has
degree <4. [

This example shows why the generality of Theorem 14 is required (we will
eventually see that the difference equation has a polynomial solution of degree 4).
When dealing with the difference equation arising directly from a sum, the following
result suffices.

CoROLLARY L. Let F(t), 0 and F, o be as above. If there exists a g € W such that
og—g=fthen|gl=lfl+1

PrOOF. In this case, a = 1 € F, and we may use Theorem 14(a). [

We come to the corresponding result in [[-extensions.

THEOREM 15. Let F(t), o be a [[-extension of F, 6. Let a € F(r), with ||la}l = 0
and u € F the polynomial part of a. For any f € W, if there exists g € W such that

og — a-g =fand|g| > ||fl, then
(@) there exists a umque m € Z, m > || f||, such that

2 € H(F);
o

®) lgh=m
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The existence and value, if any, of the m of part (a) may be calculated, provided that a
basis for M(..., F) may be calculated.

Proor. We consider here only the problem of calculating m; the rest of the proof
is in [11]. Given a basis for M({(u, 1/a)), we may assume that there is at most one
row which is nonzero in the first column. If this row has *1 in the first column
(without loss of generality, say +1), and if the value in the second column is >|| £/,
then the value in the second column is necessarily m. If there is no such row, m does
not exist. [

Again, we have succeeded in reducing the problem from W to W,, given the
ability to perform certain calculations in F, o.

Example 10. Let F = Q, and think ¢ = 2% so ot = 2 . . Consider the equation
og — 1048576 - g = 0.

The method of Theorem 15 requires a basis for M((1048576, 1/2}). By the results of
Section 2, this is a problem of recognizable powers in Q; the module has the basis
(1, 20). Since 20 > [|0]| = —1, m = 20 (and obviously g = t*° is a solution in this
case). [

COROLLARY 2. Let F(t), 0 and F, ¢ be as above. If there exists a g € F(t) such that
og = g =f, then || g|| < max(0, || f])-

Proor. Since u = | in this case, assuming the contrary would force o™ € H(F),
m > 0, contradicting Theorem 2 concerning [[-extensions. [

By Theorems 14 and 15, when ||a]| = 0 we need consider only the problem of
finding a basis for V(..., ..., Wy) for m = —1. The reduction to F(f)-; also handles
the case in which | a|| = —1, for which we first find a bound for m.

Lemma 8. Ifllall = =1, then Jog — a- gl = I gl

In particular, g — a-g = f = | g|l = | fl, so we may choose m & ||f|| in
Theorem 11.

Convention. Let m = 0. Then
W) W1 & {vt"|v € F}.
It is clear that this is a legitimate choice for a quotient space.

THEOREM 16. Suppose F(), ¢ is a []Y-extension of F, 0. Let a € F(t) have
polynomial part u € F (so ||a|| < 0). Note in this case that |leg — a-g|| < ||g. so
I=0.Letfe Wi, m=0.

def v i+ ... =f, VEF, |---|<m,
C~w & a basis for V(u/a™, v/o™, F).

Then
Cwt™ is a basis for Wa, £, Wa/ Win).

By repeated application of this result, we may henceforth assume that the poly-
nomial part of g is zero when trying to solve 6g — a - g = f, where [la]| < 0. This is
one of the most important reduction techniques, so several examples of its use are
given. The examples are preceded by a result which is useful in short-cutting the
reduction process.



Summation in Finite Terms 335

ProrosiTION 10. Let F, ¢ be a difference field and W C F a vector space over K.
Then a basis for V(1,0,, W) is,

Iniy if WNK=K,
I,~0, if WnKkK= {0},

where 1, is the identity matrix of size n. (These are the only possibilities.)

Example 11. We consider an extremely simple sum, Y=, 1. This leads to the
difference equation in Q(x) (as usual, ox = x + 1),

og—g=1
By Corollary 1, |lgl = |1}l + 1 = 1. Thus we are looking for a basis for
(1, (1), Q(x)1). Apply Theorem 12 with m = 1. It first requires a solution basis

for ¥(1, (1), Q(x)1/Qx)e). For this, we apply Theorem 16 (where m = 1, f = (1),
v = (0)), which requests a basis C:~w, for ¥(1, (0), Q). By Proposition 10,

() =-()

Letting g, & wix, Theorem 16 yields C,~ g as a basis for the incremental solution
space V(1, (x), Q(x)1/Q(x)o). Then Theorem 12 requires the computation

mcr-e-n()-[(2)- ()] ()

The next step is to obtain a basis for V(1, fo, Q(x)o). This is done by a “recursive” use
of Theorem 12, this time with m = 0. This use first requires a solution basis for
V1, fo, Q(x)o/Q(x)-1). For this, we again apply Theorem 16 (where m = 0, f =
(1, =1), v = f), which requests a basis for ¥(1, (1, =1), Q), for which Theorem 10
and a little linear algebra yield

(1) ~-(0)

Letting go = wox° = wo, Theorem 16 yields Co~go as a basis for the incremental
solution space. Then Theorem 12 requires

c-caon-()-(0)-()

By Proposition 10, a basis for (1, (0, 0), Q(x)-1) is (Q N Q(x)_; = {0}):

et ) w()

We may now finish the recursive use which Theorem 12 has made of itself. For
m=20,

I
Do =D_Co = (0 (l)), ho=Dogo+ hy = <(1))

Then, for the original use of Theorem 12, where m = 1,

D, =D, = <é), h; = Dogi + he = <J(Y)> + (?) = (JIC)
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This is the solution basis for (1, (1), Q(x)). Since it is two-dimensional, we know
that Y71 1 is a rational function of n:

Zl= Z I = Xevaluated at n — Xevaluatedato =1 — 0 = n. ]

=1 O<i<n

At this point the serious reader will go through the same exercise for the sum
Yi=1 i. The computation is essentially the same as in Example 11, except the recursion
goes one level deeper (see [11, Exer. 1]).

In Example 11 and the suggested exercise, the results are familiar, as are more
efficient techniques for their derivation. The following example, though somewhat
lengthy, reveals more subtle aspects of the procedure.

Example 12. Let us continue Example 9. In this case, # = 1, « = 1, and we have
already seen that we may start with m = 4. For conciseness, the example is presented
in tableau form, with many details suppressed.

Use Theorem 12 withm =4, f = (—13).
(1) Use Theorem 16 with m = 4, f = (—13):

(o) w=(i) wmwr= ()
| 0 0 ~13
) faé(o) (-13) - [a(x4> —a.<x4)]= —8x% — Tx? —dx — 1

x2+1

(3) Use Theorem 12 withm = 3, f = f,.
(3.1) Use Theorem 16 withm = 3,f = 3, v = (0, 0):

1 0 0 0
C={0 1}, ws={0} g=wx’=[0 |}
00 1 x?

fs

4 3 2
32 22 Chs—(ogzs—a-g)=| = +3x° —4x*—3x -1
xZ+1

(3.3) Use Theorem 12 withm =2, f=f,.
(3.3.1) Use Theorem 16 withm =2,f=f,, v= (0,0, —1):

1 0 O 0 0
C:=[0 1 0}, wy=1{0]|, g=wxi={0 |
000 1 x?

f3
(332 fiACofo—(oga—a-g)=| 2x*>+5x* = 2x — 1
x2+1

(3.3.3) Use Theorem 12 withm =1, f=1,.
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(3.3.3.1) Use Theorem 16 withm =1, f=f;, v= (0, =8, 2):

1 0 0 0 0
C1= 0 1 4, W = 0, g1 = Wix = 0]
0 0 0O 1 X

-13
1Bx?—12x -5
(3332 fo=Cif, — (og — a-g) = x*+1
IxZ+6x—1
x*+1
(3.3.3.3) Use Theorem 12 withm = 0, f = f,.
(3.3.3.3.1) Use Theorem 16 withm =0, f = fo, v = (—13, 13, —3):

10 g 0
C0= 0 1 —]3?' N Wy = 0 . g0=wx°=w0.
0 0 0 1

26x — %
(3.3.33.2) fo1 = Cofo — (0g — a-g) = — T -38x—% |
xo+ 4x + 6

(3.3.3.3.3) We see later that V(a, fi, Q(x)-1) = V(a, fi, {0}). By Proposition 7 we
determine a basis for Anng(f-;) x {0}:

Ca=( 1 3)g,=(0).
(333.3.4) Do =C_,Co=(1 1 0), ho = C_1go + g1 = 3.
(3.3.3.4) Dy = DoCy = (1 1 4), hy = Dog, + ho = 3.
(3.34) Do=DiCa = (1 1 0), hy = Dygy + hy = 4x> + 3.
(34) D3 = DyCs = (1 1), hy = Dogs + hy = 4x% + 3.

(4) Dy =DyCs = (1), hy = Dags + hs = x* + 4x% + 3.

Thus a solution basis for V(a, —13, Q(x)) is (1, x* + 4x® + 3); in other words,
x* + 4x® + 3 is a solution to the original difference equation in Example 9. [0

In Examples 11 and 12, we have considered the Y -extension Q(x) of the constant
field Q. We give an example of the [[-extension Q(x, x!) of the nonconstant field
Q(x); recall that ox! = (x + 1)-x!.

Example 13. Consider the difference equation arising from Y ju; i-i:
og—g=x-x\.
In this case || /|| = 1 (the degree as a polynomial in x!), so by Corollary 2, |ig]l < 1.
Use Theorem 12 with m = 1, f = (x.x!), F= Q(x), t = x!.

(1) To obtain a basis for V(1, x-x!, Q(x)(x!):1/Q(x)(x!)o) use Theorem 16 with
m=1v=(x).
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(1.1) We require a basis for V(1/(x + 1), x/(x + 1), Q(x)). To obtain it, note that
llall = —1; so by Lemma 8 we may use m = ||f|| = 0. Thus, use Theorem 12 with
m=0,f=(x/(x+1D),a=1/(x+1),F=Q,t=x.

(1.1.1) To obtain a basis for V(a, f, Q(x)o/Q(x)-1), use Theorem 16.
(1.1.1.1) Because v = (1), we require a basis for ¥ (0, (1), Q), which by Theorem 10
is’
Co=(1), wo= (1.
(1.1.1.2) The required basis is thus Co ~wox® = Co~ Wo, 50 go = Wo.
(1.1.2) f-1 = Colx/(x + 1)) — (ol = (1/(x + 1))- ) =x/(x + 1) — x/(x + 1) = (0).

(1.1.3) A basis is required for V(a, (0), Q(x)-1), which will later be seen to be
V(a, (0), {0}), which by Proposition 7 is Anng((0)) x {0}. Thus

D_l = (1), h-—l = (O)
(1.14) Do=D_;Co = (1), hg = D_;go + h_, = (1).
(1.2) A basis for V(1, x-x!, Q(x)(x"):1/Q(x)(x)o) is thus C, ~g;:
Ci=Do=(l), g =hx!"=(x).
2) fo=Cf — (og1 — g) = (x-x! = ((x + 1)-x! — x)) = (0).
(3) A basis is required for ¥ (1, (0), Q(x }(x1). By Proposition 10,

D, = ((l)), ho = (?) {(other Dy, hy now inactive).

4) Dy = DoC; = (§), hi = Dogy + ho = () + () = (3). Thus

Yiil= ¥ iil=(@m+1—1 0

=1 I=i<n+l
Example 14. To show that Y., i! has no formula in Q(n, n!), examine
og—g=x!
The process begins as in Example 13, but with f = (x!), v = (1) in line (1).

(1.1) We require a basis for V(1/(x + 1), (1/(x + 1)), Q(x)). Note that ||a| = —1,
so by Lemma 8 we may use m = | f]| = ~1. Thus a basis is required for V'(1/(x + 1),
(1/(x + 1)), Q(x)-1). We will see in Example 23 that this solution space is equal to
{(0, 0)}, so the basis is null:

Ci = 0o, w; = 0o.

(1.2) If wy = @y, so is gy = wix!.

(2) fo = Cif — (0g, — g1) = 0o.

(3) A basis is required for V(1, 05, Q(x)(x!)). By Proposition 10,
Dy = 0y, ho = (1).

(4) Dy = DoC; = (0), hy = Do-g; + ho = (1).

n

Since this basis is one-dimensional, Y - /! is not summable in Q(n, n!). O
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The reader is invited to use these results to find formulas for Yk, 2, Y7, i%2
({11, Exer. 2, 3]). It may be assumed (see Example 15 below) that V(1/2, 0, Q(x)-1)
equals ¥(1/2, 0, {0}).

We now return to the main point of this subsection, which is to eliminate the
polynomial part of the solution. We consider the case when a has a nontrivial
polynomial part; that is, ||a]l > 0. As in the case where ||al|| = —1, it is simple to find
a bound on the | || of a solution.

LemMa 9. If|all >0, then
log —a-gl<ligl+lal.  with equality when | g} 2 0.

Accordingly, for this case, | & ||a\|. A direct consequence of this is

0g—a-g=f="g"={“_f1“—l Z;htjll‘{v‘liSfl,

Thus, Theorem 11 may be applied with m & || f]} — ||a|| or —1 as appropriate. The
only remaining case in which g might have a nonzero polynomial part is when
I/l = |la]l > O. This is handled by the following result.

THEOREM 7. Let a be as above and f € W, for m = 0. Perform the following
construction:

fo & the polynomial part of f,
ao & the polynomial part of a,
def g, h: ga+h=—f, g h€F] |rl|<l|aol
(division with remainder).

Then

If=(eg—a-gll<m+1L
For0## g € Wn/Wn, | gl =0, and by Lemma 9, |log — a-gll = | g|| + /, and
[60 — a-0|| = —1 2 m + [ for any m = 0. This fact, in combination with the above
theorem, allows Theorem 13 to be used to reduce ||f]} until [|f|] < /. Then, by the
other part of Lemma 9, the polynomial part of any solution must be zero. Examples
of Theorem 17 are not very interesting; readers may construct their own.
In summary, this subsection has reduced the problem of computing a basis for

V(..., ..., WYto V(..., ..., W_1). Furthermore, we have the following bound
on f:

Ifll = max(~1, [al| = D).

3.4 FACTORS OF PERIOD 1 IN THE FRACTIONAL PART. The analysis of the frac-
tional part proceeds by examining various possible factors of the denominator of a
solution. This subsection is concerned with the factor ¢ in [[-extensions; this restric-
tion is implicit throughout the subsection. We are concerned with vector spaces W

such that
T =
=0 t !

Defimition 29. Let f € W. In this subsection,

£l & -1 if t{num( 1),
=l m otherwise, where f occurs to the power m in den( f).

v, € F} C WC F().

As with the polynomial part, we have a case analysis depending upon | a||.
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THEOREM 18. Let a € F(t), |a| = 0. Write

_u+...

a=
1+...0

where u € F and “- . . consists of terms with degree >0 ( perhaps none). (The fact that
a can be written this way uses the fact that || a|| = 0; observe that u # 0.) For any f€ W,
if there exists g € W such that 6g — a-g = f and || g|| > || fIl, then

(@) there exists a unique m € Z , m > || f||, such that
u-oa™ € H(F),
®) lgl=m.

The existence and value, if any, of the m of part (a) may be calculated provided that a
basis for M(. . ., F) may be calculated.

As usual, this reduces the problem to W,, when | a|| = 0. There is an even easier
case when | a] = —-1.

LemMa 10. If|la)| = —1, then|og —a-g|l = gl.
Again, a simple bound for m has been obtained using Theorem 11.
Convention. Let m > 0. Then

W)/ W1 & {v/t™ | v E F}.

We now have the result which allows us to compute the incremental solution space
when | a]| = 0.
THEOREM 19. Let a € F(t) have || a|| < 0, and write a as in Thearem 18:

u+t .-

¢=ETF

, where u € F (perhaps u =0).

In this case log — a- gl < | g, so I = 0. Let f € W;, where m > 0.

der! l+...=f, ve F, ||“'“<m’

tm
C~w & a basis for V(u-a™, v-a™, F).
Then
C w/t™ is a basis for Via, £, Wi/ Wp—1).

Repeatedly applying this result, we have reduced the problem to W;. In other
words, we may assume that ¢ is not a factor of the denominator of g when lafl < 0
and the extension is homogeneous. There is a remaining case to consider, when
lla]l > O. First we bound the grade of g.

Lemma 11. If|a| > O, then
log—a-gll=lgl+al, with equality when | g|| = 0.

Accordingly, for this case, | A || a||. A direct consequence of this 1s

IA-r o IA=s

-1 otherwise.

og—a-g=f=|gl= {
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Thus the grade of any solution can be bounded. Finally, we show how to get
to Wo.

u
defu: a=—+---, u€F |- <l
Vv
defv: f=zmmt e, vEF |-|<m+l,
L (v/w)

t
Then

If = (g —a-)l<m+1.

Thus we may apply Theorem 13 until ||f]] </, so || g]] =< 0. This is the final step in
showing that henceforth we may assume that ¢ is not a denominator of g in the
homogeneous case. Observe that the reduction of this subsection and that of the
previous subsection may be applied in any order; only in the second reduction does
the zeroth-order term u-t° = u = u/(° actually have to be eliminated.

3.5. FACTORS OF PERIOD O IN THE FRACTIONAL PART. As a preliminary to
studying nonhomogeneous factors of the fractional part, 1t is convenient to consider
only equations whose a’s have the following property.

Definition 30. Let a € F(¢). Then a is pure « for any 4, # which are factors of a,

A= ht fo
For example, if ox = x + 1, then x-(x + 2) is impure; x-(2x + 1) is pure.

LEMMA 12. Let 0 % a € F(t). Then there exists an ay € F(t) such that a-(cao/ao)
is pure. Given the a-factorization of a, ao may be computed.

PROOF. Let ({ £),, u, e, {e;1),z) be the o-factorization of a (the “i” index may be
dropped, because a 1s only a one-tuple). It is possible to choose /4 so that ¢, = 0 for
k < 0 and ¢, # 0. Assuming that this is done, let

dri—-Ye, for k=0,
=k
a & [ o"pd,
7:k=0
A simple calculation [11] shows that

021 t€
ao HJ/JdI“'

Since the #’s of the original set are pairwise inequivalent by definition of o-
factorization, it is clear that all the factors of a-(oao/ao) are pairwise inequivalent.
Thus a-(oao/ac) is pure [

By Lemma 7, we lose no generality in assuming that a is pure.

In this subsection we consider an irreducible polynomial # with period 0; that is,
¥ is not equal to ¢ in a [[-extension. We show that algorithmically, only a finite
number of such polynomials need be considered. The vector spaces W in which we
are interested have the following property:

(2%

k pt
l>0,kEl o /

deg fir < deg /} C WCFQ@).
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Several different grades of W may be necessary for the complete reduction; the first
of these is
Definition 31. Let f € W. Then
(7l & max {i| 3k with ¢*¢* dividing den(f)}.
N.B. This grade depends upon ¢ but the notation suppresses this.
LemMa 13. Let a be pure and ||a|| = 0. Then ||og — a-g| = | gl

By Theorem 11, if £ has the property that ||a| = 0, then we know that || g| =< |if|);
in particular, if | f|] = 0, then ¢*/cannot be a factor of the denominator of g for any
k. This is a crucial result for the construction, because it eliminates all but a finite
number of equivalence classes for £

Example 15. It was claimed in Subsection 3.3 (regarding the summation of
Ni-1i%2%) that ¥(1/2, 0, Q(x)-1) = V(1/2, 0, {0}). This is an immediate consequence
of Lemma 13 and the above remarks, since for any # || 1/2| = ||0| = 0. Thus g must
have a trivial fractional part. [J

For those ¢ for which ||f|| > 0, a reduction may be used. First we define the
quotient space for this process.

Convention. For m > 0,

W) Wi & {;fk/dk/m | fx € Flt], deg fr < deg/}.

In the following reduction process we use the fact that if */ + den(a), then for any
g» € F[t], deg g» < deg # there exists (by the theory of partial fraction decomposition
and per(¢) = 0) a unique h; € F[t], deg h: < deg # such that

he gk
a4 0 s EE (0 ——
ak/m a 0,k)/m’

THEOREM 21. Let a € F(t) be pure and ||a|| = 0. Let f € W, be written

where “...” € Wp-1.

étokf—;m+---=f, degfr <deg f; “-+.” € Wi
Choose i so that
k <i=> o*/* num(a). (6)
Note that f, may well be zero. Next, perform the following construction:

g1 A a—lfjv
h: gr
def hy: =t e = a5,
/ o'/ o’/ isk<j
gr-1 & 67 '(f: + hy),
This is done in the order j— 1,j — 2, ..., i so that g is defined before hy, and h;, before
gr-1. Let

J—1
Sk
a s
g = k{:[ ok/m

C be a basis for Ann(g.-1).
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Then
Cl~g) is a bass for V(a, f, Wi/ Wn-1).

Example 16. One of the simplest applications of this result is the demonstration
that H, (see Subsection 1.1) is not a rational function of n. Consider

og—g=1/x.

To calculate ¥ (1, (1/x), Q(x)), we begin with Corollary 1, which reduces Q(x) to
Q(x)o. To apply Theorem 12, we must obtain a basis for V(1, (1/x), Q(x)o/Q(x)-1).
Theorems 16 and 10 give this basis as C~g, where

~(l) w-e-()

Theorem 12 also needs the calculation,

o) = Cof - (og - g) = <l(/)x> - <g> = <l(/)x>.

Then Theorem 12 requires a basis for V(1, f-;, Q(x)-1), which is where the methods
of this subsection come in. Applying Lemma 13 with any / € Q[x], where 7 # x, we
further narrow Q(x)_; to

Crk

Wé {1>20,k (x + k)j

or € Q}

Fixing # = x, Lemma 13 narrows this choice further to

Cr
Wl—{§x+k C]EQ}.
Since W, = {0}, Wi/ W, = W,. We now apply Theorem 21, with f = (1/x, 0). In the
statement of that result, we have i = j = 0, fo = (1, 0), and g, = o 'y = (1, 0).
Observe that there are no k with i < k and k£ < 0. Then

-1

8k
= = (0, 0).
g k§0x+k <’ )

A basis C for Ann(g-,) = Ann({1, 0)) is (0, 1). Thus, the desired basis is

[t 3G)-o oo

Therefore, letting D, = (0 1) and h, = (0), we may return to Theorem 12 and
calculate a solution basis for V(1, (1/x), Q(x)):

Do=D_,Co=(0), ho=D_igo+ h_, =()+ (0)= ().

This is only a one-dimensional solution space, so we have shown that H, is not a
rational function of n. Since 1 € H(Q), we know by Theorem 1 that Q(x, H.)
is a Y-extension of Q(x). This fact will be used when H, occurs in the summand
of . O

n

The reader may follow a similar path to show that Y7.;1/:° is not a rational
function of n [11, Exer. 1].
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Example 17. We now find a simple expression for ¥7~11/(i* + 2i); we solve
1
AN S g

Because x* + 2x = x(x + 2) = x-0°x, the calculation here is essentially the same as
in the previous example, until we begin to apply Theorem 21 with f = (1/(x? + 2x),
0). Then we find that

2, 0 -1 _
<x +2x’ > < x+2’0>’ o i=0, y=2,
1
fo = <—5, >, fi =0, f0=<§,0>-

Then compute the g, h sequence,

1
gl = 0—1f2 = <_§'9 0> ’

h (—=1/2,0) 1
def h;: —_—t e = T = {(—=
ef hy T ~+1 ° h; <2,>,

1
80=0'1(f1+h1)=<——,0>,
1

defhy .. U200y <_l, >

X X 2

g1 =a"'(fo + ho) = (0, 0).

é_g_x_ 1/2 —1/2 > <—x—1/2, ,

x2 4+ x

Finally,

C a basis for Ann({0, 0))=C = <(l) ?)

Thus the desired basis is
—x—1/2

2
D =CI= 1 0, h,=Cg= x%+ x
01 0

Returning to Theorem 12, we calculate a solution basis for ¥ (1, 1/(x* + 2x), Q(x)):

-x—-1/2
—=
D0=D—1Co=((l)), hy=D_1go + h, = X+ x
0
Thus,
i 1L n+l+12 [ 3/2) 3n®+ 5n 0
S8%42 AP+ @n+)) 2 ) 4n+24n+ 12

As a consequence of Theorem 21, the only case remaining is when | a|| # 0, that
is, 6*/|den(a). Without loss of generahty, we may choose £ so that it itself divides
den(a). We continue to assume that a is pure, so that ¢ k/|den(a) = k = 0, as well
as the converse.
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The elimination of factors of the form ¢*/as potential denominators of g is done
in two steps. The first of these steps eliminates the possibility that & is negative. For
this, we need a new grade.

Definition 32. Let ¢|den(a). Then for f € W,
If]l & max {i| 3k < O with ¢*¢*|den(f)}.
N.B. This grade depends upon £ but the notation suppresses this.
LemMa 14. Let a be pure, /|den(a). Then |jog — a-g|| = || gl

The remarks made after Lemma 13 may be adapted to this lemma as well, namely,
that if /| den(a) and ||f)} = 0, then ¢*¢ cannot be a factor of the denominator of g, for
any k< 0.

Example 18. We previously encountered in Example 12 (step (3.3.3.3.3)) this
space:

V(1/(x2 + 1), (26x — 52/3, =38x — 2/3, 4x + 6), Q(x)-1).

Using Lemmas 13 and 14, Q(x)-1 may be narrowed to the following space:

W= {t>0.2k_>_0;5(x4’:-—T)7 S € Qlx], degﬁks l} 0

Example 19. We saw in Example 13 (step (1.1.3)) the following space:
V(1/(x + 1), {0), Q(x)-1).

Again, Lemmas 13 and 14 reduce Q(x)-; to a smaller space,

- Cik

W= -
{,>0,Zkao o"(x + 1)

In order to perform the desired reduction, it is necessary to introduce a preliminary
result concerning partial fractions.

C,kEK}. [}

PRrOPOSITION 11. Let a € F(t) be pure, /|den(a), k < 0. For any h € F[t],
deg h < deg #, there exists a umque g € F|t}, deg g < deg £, with

g h «

ok/’"+ =W’ where

Such a g is introduced using “def:” (see, e.g., Theorems 22 below).

a- "”E Wm—].

Convention. Under the grade of Definition 32, for n > 0,

Wm/Wm—l a { 2 ﬁ _fk e F[l], degfk < deg/}

k<0 Gk/ "

For this reduction we can use Theorem 13. By Lemma 14 we see that for g €
Wm/ W —1

log —a-gl<meg=0.
The other requirement for Theorem 13 is contained 1n the following result.

THEOREM 22. Let a € F(t) be pure, /|den(a). Let f € W,,, and write ~

-1
Z‘#ﬁ+"‘=f~ where “...” € Wp-1
k-to/
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Without loss of generality, i may be chosen so that f, # 0. Construct the sequences h,
g as follows:

8- 40,
h. & ogr-1— fr

defgk: a.;k%+...=____.

This is done in the order i, i + 1, ..., so gr—, is defined before hy, and hy, before g.
Proposition 11 allows the construction. Then set

gay &

el ok/-m'

We have

If—(og—a-gl<m
Example 20. Consider the difference equation,
1 1
og — it A m

It is quickly seen that any solution g is in {¥ cx/6"x}, so we examine here only the
case in which # = x; observe that || f|| = 2. Apply Theorem 22, noting that i = —1
and /-, = | and performing the following construction:

g-2=0, hoy=00—f,=—1,

. 1 g1 _ =1
Wer -t TGP
N Y A
x(x=1F x\(x—-1¢ x-1
=g_1='_l,
-1
S a-r
1 | 1 1 1
f—(og~a~g)=( + == ——+ -3

x—Dx x* x-1 x x

We again apply Theorem 22, this time to f — (6g — a-g), whose grade is 1. We still
have i = —1 and f_, = 1, so again g, = 0 and h-, = —1. Multiplying both sides of
the previous definition of g, by x — | provides the proper definition of g, in this
case, s0 g-; = —1 again. Thus g for this case is —1/(x — 1), and we can write the
original equation as follows:

+ 1 + 1 + 1 + 1 + ) _1 + 1
°\¢ x=-1" x—-1) x g x=-1) x-1) x* x
In other words, a solution to oh — a-h = 1/x* — 1/x allows the recovery of g, and the
impossibility of a solution means that g does not exist. [J

For the remainder of this subsection we consider a more limited set of vector
spaces than before, namely,

(2%

k=0 0%

deg fu < deg/’} C W C F®).

For any such W we introduce yet another grade.
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Definition 33.  For the rest of this subsection, -

! & the power to which Zoccurs in den(a).
Then for any f€ W,
Il £l & max {i + k-I|a*¢* divides den(f), i > 0} U {0}.
LEMMA 15. Forge€ W, |log — a-gll < | gl + I, with equality if | g|| > O.

By Theorem 11 we can bound the grade of solutions, namely,

|(|)fll—1 if |f]>4

og—ag=f=|gl= { otherwise.

Example 21. We continue Example 18. In this case /= x* + 1, s0 [ = L
The denominators of f are all 1, and for any polynomial f, ¢"¢* does not divide
den(f), so ||f] = 0. Thus the W of Example 18 may further be narrowed to W,
that is, {0}. [

Example22. We continue Example 19. Here /= x + 1, so / = 1. The denominator
of 0 is 1, and the remarks of the previous example apply to this case. []

Example 23. In Example 14, step (1.1), we claimed that the solution space
V(/(x + 1), (1/(x + 1)),Q(x)-1) was {(0, 0)}. We can now prove this. By Lemmas
13 and 14 we need consider only those g in the space,

Cir
W= —2 __lexekt.
{,}kza of(x + 1y | }

Choose /= x + 1 to define the current grade. Then /= 1, and J|1/(x + 1)]| = 1. Since
| £l = I, we conclude that || g|| =< 0, by the above remark. The only such g € Wis 0,
proving the claim. O

Having bounded the grade of the solution, we turn to the reduction process. As
usual, we first introduce the quotient space.

Convention. For m > 0,

k=0

Lm/li—1
W) Wiy & { Y S/t fu € Flt), deg fi < deg/}.
THEOREM 23. Let a, I be as above. Let f € F(t)541, with m > 0, and write

fk . i)
2 YT Ay + ... = f, Wlth “. e F(t)m«;-[-].
k=0 O /
Perform the following construction:

gk _A_ o_lfk+1, k => O,
8
k§0 ok/m—kJ’

defqv:  q-f£+r=num(a-f'-67"'ty + fo) (division with remainder),
C 2 a basis for Ann(r).

li>

Then
C(I~g) isabasisfor V(a,f, Wau/Wn-).
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Example 24. Continuing Example 20, we are interested in V(1/x, (1/x* + 1/x),
W), where

W={z%

0k=0 O X

Cik E K}.

Here, = x, | = 1, and we observe that |[1/x* + 1/x]| =2 > 1= I Thus | g|| <
2 — I'= 1, and we would like a basis for V(a, f, W1/ W,), where f = (1/x2 + 1/x).
Applying Theorem 23 with m = 1,

1 0

1
—_——te—— e s = — 4
x2 x+1 x?

Following the construction of that result,

= fo= (1) and f; = (0).

= | -

==—1f=, =&=O,
go=0 =0, g .

1
def g, r: q-x+r=num(;-x-o‘10+1)=1=q=0,r=1,

C = a basis for Ann({1)) = 0q,.
Thus the basis for the solution space is
C((l) A 0) = 001 A 00_

Since the quotient space is {(0, 0)}, the desired solution space will also be trivial; in
other words, g — g/x = 1/x + 1/x? has no solution in Q(x). O

Reviewing this subsection, we need consider only a finite number of possible ¢
such that o*/is a factor of the denominator of g. By the use of several reduction
techniques, we can lower the degree to which any o® might occur, until 6*¢ can no
longer be in the denominator of g. At the same time, the process “simplifies” f; so
that eventually the power of ¢ in den(f) is no greater than the power of ¢in den(a),
including the case where this power is zero.

4. Conclusion

4.1 A FUNDAMENTAL THEOREM. In Section 2 we saw how to verify whether a
tower of affine extensions is a [[Y-field over some field of constants, and in Section
3 we saw how to solve arbitrary first-order-linear difference equations in any [[¥-
field. The question which this section answers is: How does one choose a particular
[12-field in which to look for a solution to an equation?

In the various examples in this paper, we have always attempted to solve a
difference equation in the smallest field in which it can be posed. As a case in point,
consider }i!. In Example 14, we tried to find an expression for this in Q(n, n!) and
failed. We will shortly see why looking in larger fields is essentially futile.

Definition 34. A basis for the [[)-tower F = Fo C .-+ C F, = E is a sequence
L, ..., ta, where F, = F,_i(t,)). As usual, we define a;, 8. € Fi-; by ot, = a.t, + ..
Associated with a tower’s basis and @ € Fis

S A {110 B, € Fand o, = a}.
(Recall that F, is a [[-extension of F,—; if B, = 0; otherwise it is a Y-extension.)

Using S, there are “obvious” solutions to 6g — a-g = f for certain pairs a, S
f=ov—a-v+ Y B wherevEF
eSS

=y + ) -l is a solution.
s
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The interesting point is that if f 5 0, all solutions in a [[Y-tower to og ~ a-g = f are
essentially of the above form. The only technicality is that one must adjust the choice
of basis relative to Fand a € F.

Definition 35. Given a tower and 1ts basis as in Definition 34, and a € F, we say
that the basis is normalized wrt (with respect to)a = fori=1,...,n,

B, % 0 and 9‘5 EH(F. )= a =a.

We say that the basis is reduced wrt Fe fori=1,...,n,
B.#0andhE F, . withf,+oh—a,-hE F=8,€F.
We now see how to normalize and reduce a basis.

PrOPOSITION 12. Let a tower of height n be normalized through height n — 1, and
suppose anfa = ow/w for w € F,._.. Then letting t, = t,./w produces a normalized basis
By oeny bty Ln

PrROPOSITION 13. Consider a tower of height n which is reduced through height
n—1.1If B. # 0 and 3h € F, -1 with oh — an-h + B, € F, let t, = t, + h. Then
ty, ..., th, In is reduced wrt F.

The following result is the difference field analog to Liouville’s theorem on
eiementary integrals [16].

THEOREM 24. Let ty, ..., t, be a basis for the [[Y-tower F=F, C ... C F, = E.
Given a € F, suppose that this basis is normalized wrt a and reduced wrt F. Given also
a nonzero f € F, suppose that og — a-g = f has a solution in E. Then

IveF, €K wih f=ov—a-v+ ) cf.
=]

In the summation case, a = 1. Loosely speaking, if f is summable in E, then part
of it is summable in F, and the rest consists of pieces whose formal sums have been
adjoined to F in the construction of E. This makes the construction of extension
fields in which f is summable somewhat uninteresting and justifies the tendency to
look for sums of f € F only in F.

4.2 FURTHER RESEARCH. There are a number of directions in which this work
can be pursued. One place to look for generalization is in the class of equations
which can be solved. The techniques of this paper rely very heavily upon linearity,
suggesting that the generalization to nth order (or simultaneous) linear difference
equations may not be too difficult. It is not so clear how to get interesting results on
even small classes of nonlinear equations; the general case is very likely recursively
unsolvable.

Another part of the theory which could stand generalization is the class of
extensions considered. One might want to imbed difference fields in more general
difference rings, so that (—1)" can be handled in a general way (note that
1/(1 + (=1)") is unreasonable, since it is 1/0 half the time). Even staying within
fields, there are perhaps other interesting cases to be examined; picking up an
example from Subsection 1.1, one can model ¢* by of = . How difficult is this to
analyze?

Even staying within [[Y-fields and first-order-linear equations, there is analysis of
algorithms to be done. For example, there are techniques for summing rational
functions or answering questions about H(Q(x)) which do not require complete
factorization of polynomials [7, 10]. Can similar techniques be profitably applied in
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[12-fields? There are very likely other approaches which would improve the effi-
‘ciency of the algorithms of this paper.

Finally, at a more mathematical level, one is always drawn back to the similarities
of the differential versus difference cases. Particularly in light of Theorem 24, one
might hope for a theory which would unify the results of this paper and the
corresponding results for at least the transcendental case of differential field theory.
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