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Abstract Three new summation formulas for ¢4 bilateral basic hypergeometric se-
ries attached to root systems are presented. Remarkably, two of these formulae, la-
belled by the Aj,_1 and Ay, root systems, can be reduced to multiple ¢¢s sums
generalising the well-known van Diejen sum. This latter sum serves as the weight-
function normalisation for the BC,, g-Racah polynomials of van Diejen and Stokman.
Two g¢7-level extensions of the multiple g5 sums, as well as their elliptic analogues,
are conjectured. This opens up the prospect of constructing novel A-type extensions
of the Koornwinder—Macdonald theory.
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1 Introduction

Bailey’s ¢ summation formula [5]
o

o 1-ad® (b,c.d, ) a’q \*
v 1—a (aq/b.aq/c,aq/d,aq/e)x \bede

__(aq/bc,aq/bd,aq/be,aq/cd,aq/ce,aq/de,aq,q/a,q)x
(aq/b,aq/c.aq/d.aq/e,q/b.q/c.q/d.q/e.a’q/bcde)os’

(1.1)
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where

a2q

<
bede

lgl <1 and ‘

is one of the most impressive identities in the theory of bilateral basic hypergeometric
series. (Readers unfamiliar with g-series notation are referred to the next section.)
Throughout his long and distinguished career George Andrews has been a master
in extracting combinatorial information from identities such as (1.1). In a paper on
6¥e summations dedicated to George it seems appropriate to highlight one of his
applications of (1.1) pertaining to two of his favourite subjects, partition theory and
the mathematical discoveries of Ramanujan.

Let p(n) be the number of integer partitions of n. Then one of Ramanujan’s cele-
brated congruences states that

p(bn+4)=0 (mod 5).

For example, p(4) =5, p(9) =30, p(14) = 135 and so on. Ramanujan proved his
congruence by establishing the beautiful identity

@ ¢°)3

o)
> pGn+4)q" =5
n=0

As noted by Andrews in his SIAM review Applications of basic hypergeometric
functions [2], identity (1.2) readily follows from (1.1) (for some of the details, see
also [6]). Indeed, after replacing

(avbacv d1 e, Q) = (q47 q7 Q’ q3’ q3’ qs)

in Bailey’s ¢/ sum and carrying out some standard manipulations, one obtains

—(n\ " (@%)
n§<§><1—qn>2_q @)oo (1.32)
= (%" pmg", (1.3b)

n=0

where (%), for p an odd prime, is the Legendre symbol [17]. For m a positive integer,
let the Hecke operator U,, act on formal power series in g as

o0 o0
Un Zanqn = Zanmqn-
n=0 n=0
Since (%) =0 when 7 is a multiple of p,
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”Z( )(1—q>2 p;( )
= 2 ()= 2 ()t

Acting with Us on (1.3b) thus gives

n

o . o0 n
@)% Y _ pGn+4)g"=5%" (g) P

n=0 n=1

By (1.3a) this proves (1.2).

Another important consequence of the ¢ sum pointed out by Andrews in his
SIAM review is the Jacobi triple product identity. Specifically, taking the limit
b,c,d, e — oo in (1.1) and replacing a by z yields'

o0

> 0*9 = (.q/z. )0 0. (14)

k=—00

In the landmark paper [20], Macdonald generalised the triple product identity to all
(reduced irreducible) affine root systems. For example, for the affine root system of
type A,_1, he proved that?

Z ﬁZ?kiqn()g)+iAi 1_[ (1 - qki_kai/zj)

reZl i=1 I<i<j<n
|A|=0

=@ [] Gilzj-qzi/7) (15)

1<i<j<n

for z1,...,z, #0.

In view of the above limit reducing (1.1) to (1.4), it is a natural question to ask
for a generalisation of (1.5) and other Macdonald identities to multiple ¢ Bailey
sums. To a large extent this question was settled by Gustafson [10-12], who proved
four ¢y sums corresponding to the affine root systems of type A,_;, C,, B, and
Gj. By taking various limits, these four identities yield all of the infinite families of
Macdonald identities, corresponding to A,,_1, B, B C,, CY, D, and BC,,, as well

n?’

as the Macdonald identity for G,. For example, if for zZE€ ((C*)" and L € Z",

AR = [] @-zp and AGg")= [] (ug" —zi4™).  (1.6)

I<i<j<n I<i<j=zn

1Incidentally, Bailey himself obtained the triple product identity by specialising b = al’?, ¢ = —4l/?,

then taking the d, e — oo limit, and finally replacing (a, g¢) (zq_l/z, ql/z).

quuation (1.5) is a particular form of the A, _1 Macdonald identity first stated in [22].
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then Gustafson’s A, _1 ¢ sum [10] reads

3 Azqh) ﬁ (zj/bi)r;  (qAZ.qB/Z)oc T Qaibj,qzi/2j)c0 17

S A LD qaizsy (@,9AB) L7 (qaiz), qbi/z)e]
|A1=0

where A=ay---a,, B=b1---by, Z=2z1-"2p,
lgl<1 and |gAB|<1.

Letting a;, b; — 0 for 1 <i <n, one recovers the Macdonald identity (1.5).

Multiple ¢¥¢ summations are not only important in relation to the Macdonald
identities but also have a close connection to g-beta-integrals on root systems, which
in turn play a role in the theory of multivariable orthogonal polynomials. The integral
counterpart of (1.7), for example, is Gustafson’s A,_1 integral [14]

(ABz;) dzi  dzp—
/71 l_[ (ZI/Z]7ZJ/Z1)001_[ n+] ]noo - ..

I<i<j<n (@ lZJ)OOI_[izl(bi/Zj)OO <1 Zn—1

3 n'(zni)"—l 1‘[”“<AB/al)oo [T/ (Ab)oo
(@5 (B)oo T2 (A/ai)oo T T =i (@ibj)oo

Here T is the positively oriented unit circle, z1---z, =1, A=ay---ay4+1, B =
by ---by, where ay,...,an+1,b1,...,b, € Csuchthat |a;|,...,|b,| < 1.

There are a number of known multiple beta integrals for which no corresponding
6Ve summation has ever been found. Filling this gap in the literature has been the
initial motivation for this paper, and in Sects. 4 and 5 three new multiple ¢1¢ sums
are stated. The consequences of these results go far beyond the completion of the
classification of ¢1/¢ summations. Indeed, as it turns out, two of our new summations
corresponding to As,—1 and Ay, have rather unexpected consequences for multivari-
able orthogonal polynomials. In particular, both these ¢3¢ summations can be re-
duced to new multiple g¢5 sums. Conjecturally, these ¢¢5 sums can be interpreted as
weight-function normalisations for some yet-to-be found generalisations of the BC,
g-Racah polynomials. Moreover, by conjecturing elliptic extensions of the ¢¢5 sums
we are led to speculate on the existence of Ay,_1 and Ay, elliptic generalisation of
the entire BC,,-Koornwinder—Macdonald theory.

2 Notation

In this section we collect some standard notation from the theory of basic hypergeo-
metric series and partitions.

Throughout this paper we view the base ¢ either as a formal variable or as a fixed
complex number such that |g| < 1. Then the g-shifted factorials (@)~ and (a), (for
n € 7)) are defined as

[e¢]

(@)oo = (@: @)oo := [ (1 — ag")

k=0
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and
. _ (@)oo
@n=(a;9)n= (@q")oo .
Note that
n—1
(@n=[](1-aq")
k=0
for n a nonnegative integer, and
_ n "
(@)= YD )
(q/a)n

forall n € Z. Hence 1/(¢™), = 0 unless n > —m. We also adopt the usual condensed
notations

k
@1, ....a)m = (ar.....ax: @Om = [@)m
i=1

and

()= (=",

(FwF) = (zw,zw ' 27w, 27w ) |

where m € 7, U {oco}.

Because we are dealing with series on root systems, we need some notation per-
taining to integer sequences, and for A = (X1, A2, ...) a finite sequence of integers,
we set

M=,

i>1

n() =Y (i—Dx

i>1
and
_ . o 1—i
(a))n - (av qvt))\ R H(at ))‘i.
i>1
In a few instances we also use

m

@my = (@i g, Dmy = [ [(ar' ™) .

i=1

We already defined the Vandermonde product A(z) in (1.6). Subsequently we also
need the analogous product for the (classical) root system of type C,,, and for z € C",
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we define
n

At(g) = l_[(l —z7) H (zi —z;)(1 —zizj).

i=1 I<i<j<n

Finally we need some notation concerning partitions. All our partitions will have
at most n parts, and we define

A={reZ': == =1, >0}

and
An={re A: A <N}.

As usual we identify a partition with its diagram or Ferrers graph [3, 21]. Given
A, b € A, we say that p is contained in A, denoted u C A, if u; < A; forall 1 <i <n.
In other words, u is contained in X if the graph of u is a subset of the graph of A. If
u € A we also use the more customary |A — pu| instead of |A| — |u|. We write u < A
if 4 € A and the graphs of A and u differ by at most one square in each column. (In
the terminology of [21], u < A if the skew shape A — u is a horizontal strip.) Note
that ;o < X if and only if we have the interlacing property

MU =A== Uyl = Ay >y = 0.

3 Some known ¢¥¢ summations

Our derivations of new multiple ¢3¢ summations rely on a technique employed by
van Diejen in his proof of Theorem 3.3 below [33]. This method essentially coincides
with the one used by Gustafson for proving generalised beta integrals [13], and by
Anderson for proving the Selberg integral [1, 4]. At its core is a clever sequential use
of existing multiple ¢1/¢ summations, and for our purposes the following three known
summations are crucial.

Recall that throughout this paper it is assumed that |g| < 1.

Theorem 3.1 (Gustafson’s type [ C, ¢ sum [11]) Foray,...,az,+2,21,---,2n €
C*,

Z( )MIA (zq )zﬁzﬁ (zj/ai)x;

reZn A+( ) (qasz)k

(@) (@ e
= e [T @aape]]=pomt—a— T[] (a2, G.D

2n+2
1<i<j<2n+2 j= 11_[ (qalz )OO I<i<j<n

where A =aj ---axy4+2 and |qA| < 1.

We remark that in the limit a; — O for 1 <i < 2n + 2 this yields the Macdonald
identity of type C,,, in the limit @; — 0 for 1 <i <2n + 1 and az,4> — —1 it yields
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the Macdonald identity of type BC,, and in the limit a; — O for 1 <i < 2n and
g1 — —1, azpyn — —g~ /7 it yields the Macdonald identity of type C,/. Similar
comments apply to the other ¢y/¢ summations listed below.

Theorem 3.2 (Gustafson’s type [ B, 66 sum [11]) Foray,...,ax,z1,...,z, € C*
ando =0,1,

At (zq") (zj/ai)
> e HH e

nezh (qalzj)kj
[A|=0 (mod 2)

n—1 2
_ (Q) (C] g7 )oo 1—[ qa, ’q 1—[ (qaia;)oo

( A)oo i=1 l§i<j§2n

@*27% 4P
LT T (geE) (3.2)
j=I1 H[ l(qalz )oo I<i<j<n
where A =ay ---ap, and |A| < 1.

This result in not entirely independent of the C,, /¢ sum; setting az,+1 = q’l/ 2
and a2,12 = —g~'/? in the latter, we obtain the former summed over o.

Theorem 3.3 (van Diejen’s type Il C, ¢¥¢ sum [33]) For ay,...,a4,t,21,...,

Zn e C*’
2\"®) At (zg*) 2 (zj/ai)x;
2-2n 4 /\<f_> q j
AGZZ:” (ar ) q At (z2) HH (qaizj)s,

» l—[ (12i2j) 241, (tziz; D —Aj
(qtilzizj))\.i+)\,j (qt~! ZiZj )A,-ij

I<i<j<n

_ﬁ (g.qt J»CIZ )ool—[1<k<1<4(qt Jakar) o 1—[ (C]Zi dE)oo
(

_1j:

—1 gr2—i-nA ; g t 2o 3)
j= 1 qt ,qf )ool_[l:1(qazzj )OO 1Si<j§n q o8]

where A =aj - - - ag and max{|qt>~ " A|, |g> " A|} < 1.

Other multiple ¢1¢ summations that appear not to be amenable to the methods
employed in this paper may be found in [18, 27, 28].

In the above we have made reference not only to the root system attached to each
6We sum, but also to its type. In type I hypergeometric sums (or type I multiple
beta integrals) the number of free parameters (such as the a; and b)) is of the form
2n + m where m is a constant and n (or n — 1) the rank of the root system. The
sums (1.5), (3.1), (3.2) are all of type I. In type II sums or integrals the number
of free parameters is assumed to be independent of the rank of the underlying root
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326 V.P. Spiridonov, S.O. Warnaar

system. The sum (3.3) is an example of a type II hypergeometric sum. From the
point of view of orthogonal polynomial theory, type II sums and integrals are by
far the most important. Koornwinder’s multivariable Askey—Wilson polynomials, for
example, depend on 5 free variables, and the corresponding orthogonality measure is
determined by a type II g-beta integral, see e.g., [19, 24, 25, 34] for more details.

4 Type II B} ¥ sum

As a warm up to the much more important results of the next section, we prove a type
IT variant of Gustafson’s B,/ sum.

Theorem 4.1 For ay,az,t,21,...,2, € C* and o =0, 1,
Z (—t 2= gnA)M( ) n@ )A+(zq’\) 1—[1—[ (zj/ai)s,
q A+(Z) qalZ])A

n

re
|A|=0 (mod 2)

1 (tzizjr+s, 2z prwry
§ (

—1,.-. _ 71
qt Zsz))»iJr)»j (qt ZiZ j ))ti*)\j

1<i<j<n

_H<(q gt qt' A, —t" " Noo(g? 2>001£[<qz221a3;q2>00>

(@1, —127 1 A)oe b qaithe
(qz727)
X 1_[ 700, .1
(qt='z7z)
l<i<j<n 4 00

where A = ajas such that max{|t>=2"A|, |¢' " Al} < 1

The above identity bears the same relation to (3.3) as (3.2) to (3.1). That is, if we
set aop41 = q_l/2 and axp42 = —q_l/2 in (3.3), we obtain (4.1) summed over o.

Before proving the theorem we list a number of easy consequences. First of all we
note that both the B,/ and D,, (n > 2) Macdonald identities [20] follow from (4.1);
the B,/ case is obtained if we let 1/ay, 1/az, t — oo and take o = 0, and the D,, case
is obtained if we let t — oo and take aj = —ap =1 and 0 = 0.

A collection of rather curious variations of (some of) the Macdonald identities
arises if we take Theorems 3.3 and 4.1 and consider the t — ¢ limit. Depending on
the choice of the g; this yields the following five infinite families, which we, perhaps
somewhat misleading, label B,,, BX C,, CZ and BC,, based on the corresponding
Macdonald identities (obtained by replacing the t — ¢ limit by a t — oo limit in the
proofs).

Forz =(z1,...,2n), let

E(zq") = l_[ (1-ziz; “lghiTh ) (1 —Z,.qulfﬂj)z,

I<i<j<n
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Corollary 4.2 (B, identity) For zy,...,z, € C¥,

n
Z E(zq’\) l—[zl_xiq(g)+(2i—zn+1),\[ (1 _ Ziq’\")
\x\s3€god 2) =l

—on—1, l_[ 2(n— z) : _I)Zi—z(zi’zi_lq’q)oo(ziqu;qz)oo

Proof In (4.1) leta; — 0, t — ¢ and choose a, = —1, 0 =0. Il

Corollary 4.3 (B, identity) Forzi,...,z, € C*,

n
Z E(qu) HZ?Kiq2()L2’)+2(i7n))»,- (1 _ z,-zqn")
\A|53€(anod 2) i=l1

=2nll_[(nl) _2)11(2-61614)

Proof In (4.1) let ay,ap — 0, t — ¢ and choose o = 0. O

Corollary 4.4 (C, identity) Forzy,...,z, € C*,

Z 2(zq") ﬁsziq4()‘2")+(2i—2n+l))n,’(l _ z?q”")

reZP i=1

n
=n 1" (@ a™), (2720 9)
i=1

Proof In(3.3)letay,...,as — Oandt — gq. Il

Corollary 4.5 (C identity) Forzi,...,z, € C*,
n
o 2% 2(M)+(2i—2n+1/2); ;
> B [T DH 2% (1= 2497)
LEZ! i=1

n
ZnYHZ?("_i)(q_l/z:q_1/2)2,~_2(zl,z- g\, 1/2;611/2)
i=1

00"

Proof In (3.3) letay,a — 0,t — ¢ and choose a3 = —1, a4 = —q_l/z. O

Corollary 4.6 (BC,, identity) For zy,...,z, € C*,

n
Z E(zq’\) HZ?Aiq3()"2i)+(2i—2n+l))»,-(1 _ z,-qk")

AEZM i=1

n
=n[ 1" a7 e (@50 9) (057 47)
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Proof In(3.3)letay,...,a3 - 0,t —> g and setas = —1. O

For later comparison, we give one further special case of Theorem 4.1. For A € A,
let A; (a) = Ay (a; g, t) be defined as

o 11[ | — ar22ig?h | — pi=ighi=hi | — qp2=i=ighi+hi
a) = —— 5 — —
g 1— a2 1— i 1—ar>—J
i=1 1<i<j<n
i il
x I @ iy T i, (42)
I<i<j<n (aqt' =1 =T )51 (@I =150,

Then the a; = a~ 2", a4y = a'/?b and Zi = al/2t-i (1 <i <n) specialisation of

(4.1) boils down to

Y s (at'™",1/b), (=t =) 210
~ (qt"~1, abg);.
|A|=0 (mod 2)
_ 1 ﬁ (aql‘lii, _tlfi)oo (aquleZi; qz)oo 43)
) (abgt'=t, —bt' =)oy (aqt>2: ¢ 0 ’

i=1

Proof of Theorem 4.1 Making the substitutions

uy;qhi, forl <i <n,
a; —
u(yig")~!, forn+1<i<2n,

in (3.2) yields

+ .

Z (_MZn)IMA-F(Zf]A) ﬁ (Ziyj [ ((q)"z,‘)iyj/u)#j

i A@ L1 (quziy (qu@hiz) =y
[A|=c (mod 2) b

n—1.,2. .2 2\n N
_ @5 @770 (qu)5 l—[(quzyiiz;qz)oo l—[ (quzyiiy;t)oo
i=1

(=4 I<i<j<n

n n 1
<[1@*% %) [] @52 [ ———
- Oolgi<j§n o ooi,j:l (quy;"2j)oo

(Y L) e
q qut) 1 (qutyEg?),

1—[ ()’iyj/uz)u,-+u,- (yi/yjuz)/j.,'fpbj
(quzinj)/AiJer (quzyi/yj)ﬂi*llj

1<i<j<n
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If we multiply this by

bi)
bibau |u\A (vg") yj/biy,
(ab A(y) 1_{]1—[1 @biyj)u;’

where y = (y1, ..., Yn), and note that

ﬁ (quy7:a*)u; _ ﬁ (q
2

2v2. 42
i (quryiig®, o @

1/2“_1)’1'» —ql/zu_lyi)ui

V2uyi, —q'uyi)

then the left can be summed over u by (3.1), and the right can be summed over
© by (3.3). The resulting identity corresponds to the claim with (aj,az,t) —
(uby, ubs, 1/u?).

The above application of (3.1), (3.2) and (3.3) is only valid provided that

tl>1,  Jg'™"Al <1, |¢'T"Al <1, and [*7Al <1,

but the first two conditions may be dropped by analytic continuation. g

5 Type Il A3,—1 and A3, ¢¥¢ Summations

Our next two results, which are the series counterparts of g-beta integrals of
Gustafson [15], are new ¢/ summations for the root systems Aj,_1 and Aj,. Both
are much deeper than Theorem 4.1 and a lot more intricate to prove. As alluded to
in the introduction, they have some rather surprising consequences, to be discussed
in the next section. Because of some intricate convergence issues, which we failed
to completely settle, the Ap,—1 and Ay, sums are stated as Claims instead of fully
fledged Theorems.

Claim 5.1 (Type I Ay, ¢ sum) Foray,az, by, by, z1, ..., 20, € C*,

Z AA(Z(CZI:) 1—[ (ZiZ{/f)ki+k 1—“—[ (zj/bi)x;

t ; a :
rezn 1<iwjzan @IEE N2y 1 (@420,
IA1=0

= (q)gg_l (qt"Z, qt")Z, qayaxt" ' Z, qblbzt"_l/Z)oo

nl "R, (qa b2
2i 2i—1 2i—1 jk=1144;0k e

X | | t,qaraxt™ ", qb1bat | | .

,'_1(q qgaiaz qo102 )ooi_l (qa1a2b1b2t2’+2"_4)oo

2 2n

x 1_[ H (; 1—[ ((]Zi./Z:/,CIZj/.Zj.)OO ’
j=

i (qaizj, gbi/zj)eo I<i<j<on (9tzizj,qt/ZiZj)oo

where Z = z1 -+ - 20, and |qa1a2b1b2t4"_4| < 1.
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330 V.P. Spiridonov, S.O. Warnaar

Claim 5.2 (Type II Ay, ¢¥6 sum) For ay,az, by, b, 71, ..., 200+1 € C*,

2 2n+l1 (Z}/b )A

A(qu) (ZlZ//t)A +Aj
Z A(z) H H 1_[ (qaizj),

t
s ezl I<i<j<2n+l1 (q 2iZj)rith
[]=0

2
= (@2 [ [(qait" 2. qbit"/ Z)
i=1
11[ (thi»qala2t2i_1,qb1b2t2i_l)ooHikzl(qajbkt%_z)oo
X n
(qarazbbyt?+21=2)

2 2n+1

x 1_! 1‘[ 1 I (92i/2.92;/2) 0
1= j:

| (9aizj. qbi /7))o (q12i2j,91/2iZj)o0

1<i<j<2n+1
where Z =z -+ - 2on41 and |qayazbibyt 2| < 1.

Proof We first combine the two claims into one statement, for which we give a formal

proof.
Foray,az, b1, by, 21,...,2, € C*,
Z A(ZC]A) 1—[ (lej/t))n +)nj 1—[1—[ (Z//b )A/
vz AR i, @iz ) (aiz,
[A|=0

= (@)% (qA"Z,qBt" | Z,q At Z,q Bt " Z)

n—m—1 m H2 ( b 2i—2
2i 2i—1 2i—1 jk=1(qajbrt™ ™)
X | | qt', qaiast ,qb1byt | | -
( )oo L (qa1a2b1b2121+2”72m74)oo

5 l—[ . 1 (zi/2j. 92 /7)o

, (5.1
(qaizj,qbi/zj)oo (9122, q1/2iZj) oo

I<i<j<n
where m = (n/2], Z =21 -+ zn, lgarazb1b2t*~*| < 1 and

(1,ay1ap,1,b1by), forn even,
(a1, a2, by, by), for n odd.

(A, A, B, B)=

To prove this we set n = 2m + k where k =0, 1 in (1.7), and simultaneously replace

. -1 .
a; — twig", Qjym > 1(wig") forl <i<m,

bi> s\ yig", b s (vig") T forl<i<m
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and

axiym > a;, byim > b forl <i <k.

After some elementary manipulations this yields

AGg") o [ 1 GyFein 1 @i/bis,
,\EXZ; A(z) H[E(qlwiiZ,/)ij(qaiZj)x,
AI=0

m

1—“—[ (q¥ziypu; (@ Hwj/tzi)y,

ij/szl)uj (qki+ltziwj)Vj

i=1j= 1
_ (qt™AZ,qB/s Z)w
(q,q(t/$)*AB)o

| Moo gt Dmre)

l l(qy, /52j, qtwz)oo i1 @bi/zj, qaizj)eo

m m k
<[ 1 []—[(qtyfwf/S)ool_[ ay;aj/s, qrw;b } [] @aibjeo
j=1

i,j=1

B \" & Viswiyi/t,qTVisy;/twi)
% ([2mAZ)|M|< ) (lq . ly]/ q , 1yj/ z)u./
@ iy swis gV Ewi Y /$);

o (Sy, wj/t)v, l_[l_[ (S}’j/al)uj (w;/tb; )u/

(qtyi wj/s)ujl 1j= l(qazyj/s)u_/ (qtble)v_/'

where A =aj ---ar and B = by - - - by. We multiply the above equation by

gB \"Mat(ygh) & (i /sbj)
<Sn+k—2z> A+(y) l_[ l—[ P

i=1j=k+1 qsylb )M’

x (qtn+k_2AZ |V|A (wq"” )l—[ l—[ (twla])v,

AT (w) Zii1 qwta]/t)v,

where y = (¥1,..., Ym), W = (W1, ..., Wy), A = Qg1 ---az and B = bgy1--- b2,
and sum both sides over u, v € Z™.

Now we change the order of summations >, ,czm and Y-, czn 3= in the triple
sum on the left-hand side. Then the sums over © and v on the left can be evaluated
with the help of (3.1) with m +— n. Evaluating in the same way the resulting sum over
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332 V.P. Spiridonov, S.O. Warnaar

w on the right-hand side using (3.1), we arrive at the formula

ZAA(Z(Z;) l_[ (SzZiZj)A,-H I—IH(Z]/b )i

2, .
et I<i<j<n (q17°2i2j)ni+a; 5 el (qaizj)x;

_ (qt™AZ,qB/s*Z,qB[s" 27, qi" 2 AZ) oo (g1 /5D,
(q,q(r/s>2mAB,qrzmAé/sHk—%oo(q)gg
2.+ 4+, 2
1—[ (gr-w; w; /5700

+ £
)oo I<i<j<m (qwi wj Joo

x ﬁ [lf[ (qraiwy/s?) ﬁ (qaiwf/f)mlf[(thj*bf)m}

J=1

Xl_[

n

1 “ 1
X 1_[ T — 1_[[H(QZi/Zj)wlj[—(C]bi/Zj,qaiZj)oo:|

2
I<i<j<n /5722, 41°2i2 oo j=1Li=1

T — o TT e [T abn

kt+l<i<j<2 (qaia;/t%)oo l<i<j<k i=1j=1
nw) s+

Am+2k—4 v AT (wg"”)

X t/s ajarb1b _

> (g9 1a2b1b2) <qt4) A ()

vezm

(szwiwj/tz)v,'-l-vj (Szwi/tzwj)vi—\)j
< 1

1<i<j<m (qtzwiwj/s2)1)f+vj (qlzwi/szwj)vi_vj

m

2 e k 200 . 2 .
Xl—[|:1—[ (w]/'tbz')vj'l—[ (s u‘)]/‘azt)v]- 1—[ (tu.}j/.al)vi :|

izt Lizt (qtbzwj)vj il (qlazw]/sz)n)j ikl (qazw]/t)vi

Summing over v on the right using (3.3) with n — m, formula (5.1) follows upon the
substitution (s2, t2) > (1/1,1).

For the convergence of the initial triple sum on the left (and, so, convergence of
the series in (5.1)) and of the double sum on the right, the following conditions on
the parameters are required:

|q(t/s)2mAB| <1, |qt”+k_ZAZ‘ <1, |qs2_"_k]§/Z| <1,
|qt2ms2_"_kA§| <1, |q2_"(s/t)2"a1a2b1b2| <1,

lq(t/s)"*arabibs| < 1.

By analytic continuation these may be relaxed to yield (after the rescaling (s2, 1) —
(1/t,1)) the condition |g1**~*aja>b1by| < 1 imposed on (5.1). O
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Unfortunately the above is only a formal proof of (5.1). Although all of the series
used converge, we need to take caution since they do not converge absolutely, so
that the interchange of the summations 3, ,cym With 3, c7n |5 = is not justified. It
thus remains to be proved rigorously that both series converge to the same function.
Indeed, on the left we are looking at evaluating a triple sum of the form

DY s

W, VEZ™ \eZl
|A|=0

but, as pointed out to us by the anonymous referee, neither

Z Z f)\/w nor Z Z f)L;w

LEZ" pnezm reZ vellt
|A]|=0 [A|=0

converge (for more details, see the appendix in [29]). We do believe it should be
possible to give meaning even to these divergent series along the lines described
in [16]. That is, one should replace the formal series by an appropriate analytical
function which generates formally the corresponding series. It is well known that
the summation formulas allow an analytical continuation of functions to the region
of parameters where the series representations diverge. If one finds an appropriate
analytic continuation of our formal manipulations with the series, then this could
lead to a rigorous justification of formula (5.1).

6 New type II ¢s summations

We begin this section by reviewing some results from [24, 26, 33, 35-37]. Making
the specialisations

(a1,az,a3,a3) = (t"""/a'?,a'? /b, a'? Jc,a'Pq")

and

1721

zi=a forl<i<n

in (3.3) yields van Diejen’s type I C,, ¢¢5 summation [33]

1— —N N+1,1— A
Y dpta) G bed T fagT T * pnci
(qt"~',aq/b,aq/c,agN+1), be

reAN

_ (aq,aq/bc)(nm

- , 6.1)
(aq/b,aq/c)nm

where A (a) is defined in (4.2). This sum, the N — oo limit of which should be
compared with (4.3), can be interpreted as the weight-function normalisation for the
BC, g-Racah polynomials of van Diejen and Stokman [36] as follows. Let HBCx
denote the space of BC,,-symmetric Laurent polynomials (that is, the space of Laurent

@ Springer



334 V.P. Spiridonov, S.O. Warnaar

polynomials symmetric under W = 6,, x (Z,)", where G,, acts by permuting the
variables and Z, acts by inversion in the sense of x > 1/x). HBC" is spanned by
{m) : A € A} with m; a monomial symmetric function on BCj,:

i@ =3,
o
where the sum is over all distinct signed permutations o of A. Now define the re-
. qR
stricted space H ), as
H?VR = Span{m; : L € Ay},

and for 7, 1y, . . ., 3 such that fof;1" ! = q_N for a fixed i € {1, 2, 3}, let the g-Racah
weight function be given by

2-2 n—1
AqR()»)=Ax(t§t2"_2)<—qt n) MMH ot t” s

tot1t213 o (atot"™ V),
Note that A9R(}) is exactly the summand of (6.1) if we identify a = t§t2”_2 and
{b,e,qV} = (o1t o2t o131}

With the above notation we can define a bilinear form

(% =Y ARG f(r0(1)g(ro(n)

reAN
for f,g € H?VR and

(= (gM e g gt
a spectral vector. The BC,, g-Racah (or discrete BC,, Askey—Wilson) polynomials p;
are the unique monic polynomials in H(,]VR such that

R
(P/\,Pu)?v =0, A#u, A, peAy.
van Diejen’s identity (6.1) may now be put in the equivalent form

n 2t2n i— 1

LR @15 qt' "/, qr' 7 ns, qr' 7 /nn3)o
N (o ’/tl,qtot”*"/tz,qtot"*i/m,qt2*"*"/tot1tzz3)oo'

In [37] this sum was conjectured to generalise to the elliptic level.> To state this now
ex-conjecture, we adopt all the notation for g-shifted factorials introduced in Sect. 2
but with (a), representing the elliptic shifted factorial [9, 31]:

n—1

(@n = (a; g, pla =] [ 0(aq"), (6.2)

k=0

3For a recent review of elliptic hypergeometric functions, see [31].
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where

0(x)=0(x; p):=(x,p/x; p)leo for|p| < 1.

Also defining the elliptic analogue of (4.2) as
Axla) = Axla; q.1t; p)

0(&1‘2 2i 2k,) e(tj—iqki—)\j)e(atZ—i—jqki+Aj)

_l—[ 0(ar2=2) 0(ti—) 0(ar>——)

1<i<j<n
< 1

I<i<j<n

(at3_t_/))ui+)nj (tJ_H_l))\if)\j

(agt'==7) 40, (qti=1 =Dy,

(6.3)

the elliptic generalisation of van Diejen’s sum is [37]

S (at'™".b,c.d,e,qN); g2
(qr"~'.aq/b,aq/c,aq/d,aq/e,agN*1),

reAN

_ (aq,aq/bc,aq/bd,aq/cd)nn
(aq/b,aq/c,aq/d,aq/bcd)nm)’

(6.4)

provided that bedet™™ ! = a?q™N*!. For n = 1 this is Frenkel-Turaev’s elliptic exten-
sion of the Jackson sum [8], which was shown in [32] to serve as a normalisation
condition of the weight function for a family of elliptic biorthogonal rational func-
tions with discrete arguments (for their continuous analogues, see [30]).

For p =0 (and general n), identity (6.4) was first proved in [35] using residue
calculus on Gustafson’s type II C,, g-Selberg integral. In its full generality (6.4) was
proved by Rosengren in [26]. Subsequently Rains [24] and Coskun and Gustafson
[7] not only generalised (6.4) to allow for more general partitions than (N'*), but also
connected it to the theory of BC,, abelian functions generalising the Koornwinder
polynomials (which include the above-discussed g-Racah polynomials) and Mac-
donald interpolation polynomials to the elliptic level.

After these preliminaries we turn to Claim 5.1. If we make the simultaneous sub-
stitutions

i t7H (1t ja)' 2

forl <i<n-—1,
Z0i_1 F> t2"_2(a/t)1/2 for1 <i <n,

bi > q" /D',
by (a/1)'/?/b,
ar > 272 a2,
ar — a(t/a)'?/e,

20 > (a/D)'?/a,
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336 V.P. Spiridonov, S.O. Warnaar

followed by % — 1/¢, the summand contains the term

- -1, _
1—[ (D g2 11 I (q N))»l '
i=1 (q))nz,'_l-i-)»z,' i=1 (q))\2n—l

Hence it vanishes unless
N>2A>—-A>A3>-->—Ay_2>Ay-1>0.

If we now relabel Ly; > —pu; for 1 <i <n—1followed by Xy;_1 = A; for1 <i <n,
we obtain the following new ¢¢s summation. For m <n and A, u € A such that
Mmt1 == up =0, let

Aﬁl'f(a,&) —A”m(a aq,r)

l—[ 1 —timighi=hi (le37i7j))\,»+xj
1—ti=1 (aqt?>= =), 44,

I<i<j<n

X

1—[ 1 —ti=ighi=rj (atz_’_j)u[+ﬂj

] 1—i—j
I<i<j<m I—1 (agt )/LH-/A_,'

n l_atz i— ]q)w'f'll/ (tj l+l)k,

XHH T @

ﬁ L—at' Zight =il @ fay;, oy
X ~ - A
1 —arl=i (aqt'=t/a),; —jp—pu|

an_atl fghi—=1l g ar'~ )u +A—pl
1 —ar'=i/a @qt=) i +r—nl

Corollary 6.1 (Type II Ay, ¢¢5 sum) For N a nonnegative integer,

Y a2 a7 @™o, @' acja)
"@a/b.aq™ 0, @i Toag o), Gab.ag" Dy

N+1N A
X<aq ) "0~ =Dl
bc

z(aq/bc)(Nn) (aq)(yn-1y  (aq)n
(aq/c)nmy (aq/b)yn-1y (aq/b)N’

where the sum is over A, it € Ay such that p, =0 and pu < A

Remarkably, the above identity contains van Diejen’s g¢5 sum as a special case,
establishing

type [I C,, 65 sum < type Il Ay,—1 65 sum.
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Specifically, if we fix @ = at' ™", then Azi” (a, @) contains the factor

1
(Drp—1r—pl

which implies that it vanishes unless u; = A; for 1 <i <n — 1. Assuming that u is
fixed in this manner (so that |A — | = A,), it takes a routine calculation to show that

£\ 21 —(= DA
) A(a).

Aﬁi_l(a, atl_") = (—
q
It is now easily seen that Corollary 6.1 reduces to (6.1).

In view of the above result and our previous discussion of elliptic hypergeometric
series, it takes little imagination to make the following conjecture (which has been
extensively checked for small values of n and N). Let (a), again represent the elliptic
shifted factorial (6.2), and form <n and A, u € A such that y,, =---=u, =0, let

Afji(a,a) =AY (a,a;q,1; p)

I Ot/ ghi=Hiy (at®™ ), 4,
0I)  (aqi® ),

I<i<j<n

H O/ @’ )y,
0= (agqt!™"") gy,

I<i<j<m

y l_[ l_[ O(ar® =i ghitiiy (@7,

2=i—j j—i
i=1 j:l G(Gt ) (qt ))\,'—[Lj

ﬁe(arl-fq““—“') (@t®>=1 /@), —p—p|

i 0(ar'—1) (aqt'=Ja)p,—pp—p

m

1] O(at' I gt ==y (@' =)
0(at'~" /a) @qt =)+ a—pl

i=1
Use this to define the new type II elliptic hypergeometric series
V(a,a;by,....brp15¢1,...,0)

=V(a,a;b1,....,bry15¢1,...,¢r5 4,15 p)

nn—1, b1y vy brg) (atl_”,c‘],...,cr)u
= ZAM/- (a,a) n—1
(ag/by,...,aq/b,11)u (qt" ', aq/cy, ..., aq/c);
A 17 A A
(at'™",acy/a,...,acy/a)j—p tn—l)|)\|qn(l)+n(u)—(n—l)|m

(aq/by,...,aq/bri1)p—p|
where one of the b; is of the form q‘N , the balancing condition

bi---b c...ctn_lzar r=1
1 r+1€1 r q
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holds, and where the sum is over A, u € Ay such that w, =0 and p < A.

Conjecture 6.2 (Type II Ay, elliptic g¢p7 sum) Assuming the balancing condition
bedet" ' = a?qNt!,
we have

V(a,a; b,e,q”V; d,e)

_(aq/bd,aq/cd)nNn (aq,aq/bc) -1y (aq,aq/bc)y

= . 6.5
(@q/d aq/bed) v, @q/b.aqle) e, @afb.agion’ )

For n =1 this again corresponds to the elliptic Frenkel and Turaev sum [8], and
for general n and (a, a) = (a, at!=") it reduces to (6.4).

Conjecture 6.3 Conjecture 6.2 follows from the elliptic type Il Aa,_1 beta integral
of [30] by an appropriate residue calculus.

The preceding manipulations can be repeated in the Aj, case. That is, if in
Claim 5.2 we specialise

it @) 2, 1<i<n,
i e 172 a/)?, 1 <i<n,
ci> g™ a/n)'?,
¢y > t1—2n(t/a)l/2’
dy e ta/t)'? /b,
dy > t(a/n'?/c,
21 > (/D) a,

and finally make the substitution 72 — 1/¢, we obtain by a similar reasoning as before
the following companion of Corollary 6.1.

Corollary 6.4 (Type Il Ay, ¢¢5 sum) For N a nonnegative integer,

ZAnn (a &) (atl_n7 q_N))L (bvc)/l,
M (qenL agN Y, (aq /b, ag /o)y,

A A N4+2\ A
@bfaac/a)i—y  (ag" P\ o) o—an
(agt™/a,agN+t1) bct 9

_ (aq/bct,aq)(nny (Aq)n
(aq/b,aq/c)nm (aq/t")N’

where the sum is over A, )t € Ay such that i < A.
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Once again (6.1) arises through an appropriate specialisation, so that now
type 1 C;, 65 sum < type Il Ay, ¢¢p5 sum.
To be more precise, AK;’L (a/t, a) contains the factor (1)), _|»—y|. Since
M= A== =)+ + (Un—1 = An) + Un

and u; > Aj4p (recall that pu < 1), AﬁZ(a/t, a) vanishes unless p; = A;4 for 1 <

i <n—1and u, =0. But for such p,

AR (gt",ar'™"),

£\ 2100 —(=DI2|
A (a).
) (qr"=1, at=m), Ha)

Ay (a/t,a) = (5

It thus follows that Corollary 6.4 reduces to (6.1) after the substitution (a, a, b, ¢)
(a/t,a,b/t,c/t).

Conjecturally Corollary 6.4 again admits an elliptic generalisation. To state this,
we define

V(aa&;bla--~,br;C1,--~’Cr+1)
=V(a,a;bi,....,besc1,...,Crq15 4,15 D)
1—n
. at' ", by,...,b Cl,...,C
::ZAKZ(‘L“) ( : 1 r)A ( 1 r+l)u
(qtn_ 7aq/bla---,aq/br)ﬂ (aq/C],...,(,Z(,I/Cr_;’_l))L
(aci/a,...,acy+1/a)—p| (q2tn—1)\qu()»)-&-n(u)—n\ul’

(aqt"~V/a,aq /b, ...,aq/b)p—p
where one of the b; is of the form q‘N , the balancing condition is
bl ...brcl ...cr+1[n :arqril,

and where the sum is over A, € Ay such that © < A.

Conjecture 6.5 (Type I elliptic Ay, g¢p7 sum) Assuming the balancing condition
bedet" = aqu'H,
we have

_ (aq,aq/bc,aq/bd, aq/cdt) v (aq,aq/br")n
(aq/b,aq/c,aq/d,aq/bcdt)(nny (aq/t",aq/b)n"

V(a,&;b,q_N;c,d,e)

If we substitute (a,a, c,d,e) — (a/t,a,c/t,d/t,e/t), this again simplifies to the
elliptic C,, sum (6.4).

Conjecture 6.6 Conjecture 6.5 follows from the elliptic type Il Ay, beta integral of
[30] by an appropriate residue calculus.
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The sum (6.4) serves as a normalisation of the weight function for Rains’ BC,
abelian biorthogonal functions [24, 25] for specifically fixed discrete values of the ar-
guments. It is natural to expect that our two V-function sums conjectured above have
similar interpretation for more general biorthogonal functions attached to the root
systems Aj,_1 and Aj,. We hope to present a more detailed study of the orthogonal
polynomials associated with the sums (6.1) and (6.4), and of the abelian biorthogonal
functions based on the type II A, elliptic beta integrals of [30] in future publications.

7 Further applications of A, _1 ¢¥¢ summations

In this last section we make some final remarks regarding A,_1 ¢¥e summations.
Such summations contain a sum over A € Z" subject to the restriction |A| = 0. It is
trivial to lift this restriction to |A| = M for M € Z simply be replacing Aj = A1 — M
and 7| — zlqM . For example, in the case of (1.7) one obtains [10]

)

)3 Azq") ﬁ (zj/bi)s; (Z/B)m QAZ.qB/Z)s 1 (qaibj.qzi/7j)oo
v A@ L @Az @ADM (q.qAB)e 77 (9aizj qbi/2))oo
IAl=M

where A =a1---a,, B=by---b,, Z=21---2, and |gAB| < 1. This implies the
following useful lemma [23].

Lemma 7.1 Provided that both sides converge,

Azgh) + (2 /b,
Y s (Zq)l—[ 2j/bi)a,
ij

ot AR 52, (qaizj)ay

_@AZ.qB/Z)c 17 (qaibj.q2i/2))x Z oy Z B
@.9AB)oc "7, (qaizj. qbi/2j)e0 qAZ)m

For example, taking fi = ¢, the sum on the right can be performed using Ra-
manujan’s 11 sum, resulting in a multivariable 11| sum, see [10, 23].
In much the same way, Claims 5.1 and 5.2 imply the following lemma.

Lemma 7.2 With the same notation as (5.1),

Zf A(ZCI ) 1_[ (ZlZJ/t)k-ﬁ—)w 1—[1—[ (Z]/b ))L,

v
wem AR, Wiz s (942
— (q)ggl(thmZ’thm/Z’thn—m—IZ’qétn—m—l/z)oo
m-l m TR (qa bt )
2i 2i—1 2i—1 jk=194;5%k o

X qt”,qaiaxt™ ", qgb1bat :

l_[ ( )ooll:! (qala2b1b2t21+2n—2m—4)oo

i=1

n—
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HH

ad (Zt=™ /B, """t Z /B)y
<Y fu : ,
(qAI™Z, g At"—"m=1Z)y

1—[ (9zi/2j,92j/7i) o0

(qazzj,qb /2j)eo | (9122, q1/2iZj) oo

I<i<j<n

M=—00

provided that both sides converge.

For a number of different choices of f, the right-hand sides of the above two
formulas become explicitly summable. We omit the details and instead refer the in-
terested reader to [23] where applications of Lemma 7.1 are discussed.
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