AP® CALCULUS AB
2007 SCORING GUIDELINES

Question 5
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The volume of a spherical hot air balloon expands as the air inside the balloon is heated. The radius of the
balloon, in feet, is modeled by atwice-differentiable function r of time t, where t is measured in minutes.
For 0 <t <12, thegraph of r isconcave down. The table above gives selected values of the rate of change,

r’(t), of the radius of the balloon over thetimeinterval 0 <t < 12. Theradius of the balloon is 30 feet when

t = 5. (Note: The volume of asphereof radius r isgivenby V = %m3.)

(a) Estimate the radius of the balloon when t = 5.4 using the tangent line approximation at t = 5. Isyour
estimate greater than or less than the true value? Give areason for your answer.

(b) Find the rate of change of the volume of the balloon with respect to time when t = 5. Indicate units of
measure.

(c) Usearight Riemann sum with the five subintervals indicated by the datain the table to approximate
12 12
Io r’(t) dt. Using correct units, explain the meaning of Jo r’(t) dt interms of the radius of the

balloon.

12
(d) Isyour approximation in part (c) greater than or less than _[ o r’(t) dt ? Give areason for your answer.

(@ r(5.4)=r(5)+r’'(5)At =30+ 2(0.4) = 30.8 ft 5- { 1: estimate
Since the graph of r is concave down on the interval " | 1: conclusion with reason
5 <t < 5.4, thisestimate is greater than r(5.4).

AV _ 5(4) 2dr . v
® & =3(3)7" G 31{2' dt
‘:i_\t’ = 472(30)?2 = 72007 t3/min L enswer
t=5

12 N
(©) Jo r'(t) dt = 2(4.0) + 3(2.0) + 2(1.2) + 4(0.6) + 1(0.5) 5- { 1 : approximation
_ 193 ft " | 1: explanation

12
Jo r’(t) dt isthe changein theradius, in feet, from

t=0tot =12 minutes.

(d) Since r isconcavedown, r’ isdecreasingon 0 <t <12.| 1: conclusion with reason
Therefore, this approximation, 19.3 ft, isless than

12
j S

Units of ft3/min in part (b) and ft in part (c) 1: unitsin (b) and (c)
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Work for problem 5(a) J
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Do not write beyond this border.

Work for ‘problem 'S(b)‘
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Continue problem 5 on page 13.
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Do not write beyond this border.

| Work for problem 5(c)
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Work for problem 5(d)
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GO ON TO THE NEXT PAGE.
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Continue problem 5 on page 13.
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Work for problem 5(c) |
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Work for problem 5(d)
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GO ON TO THE NEXT PAGE.
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[Work for problem 5(a) J )
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| Work for problem 5(b) |
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Continue problem 5 on page 13.
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Work for problem 5(c)
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Work for problem 5(d)
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AP® CALCULUS AB
2007 SCORING COMMENTARY

Question b
Overview

The problem presented students with a table of values for the rate of change of the radius of an expanding
spherical balloon over a time interval of 12 minutes. Students were told that the radius was modeled by a twice-
differentiable function whose graph was concave down. Part (a) asked students to use a tangent line
approximation to estimate the radius of the balloon at a specific time and to determine if the estimate was greater
than or less than the true value. This tested their ability to use the information about the concavity of the graph of
the radius to make the appropriate conclusion about the behavior of the tangent line. In part (b) students had to
handle the related rate of change of the volume, given information about the rate of change of the radius. In

part (c) students had to recognize the definite integral as the total change, in feet, of the radius of the balloon from
time ¢ = 0 minutes to time ¢ = 12 minutes and approximate the value of this integral using a right Riemann sum
and the data in the table. Part (d) asked students to decide if this approximation was greater than or less than the
true value of the definite integral. Again, they were required to use the information about the concavity of the
graph of the radius to make the appropriate conclusion about the behavior of the graph of the derivative. Units of
measure were important in parts (b) and (c).

Sample: bA
Score: 9

The student earned all 9 points.

Sample: 5B
Score: 6

The student earned 6 points: 3 points in part (b), 1 point in part (c), 1 point in part (d), and the units point. In part (a)
the student finds the tangent line approximation correctly but does not compute the estimate nor state a conclusion or

reason. Thus no points were earned. In part (b) the student correctly finds Cg—lt/ using the chain rule and is therefore

eligible for the answer point. This answer is also correct. In part (¢) the student finds the correct approximation using
a right Riemann sum but fails to provide a correct explanation—this integral represents the change in radius, not the
radius, after 12 minutes. In part (d) the student correctly identifies the reason that the approximation is less than the
actual value: 7'(¢) is decreasing. The student earned the units point.

Sample: bC
Score: 4

The student earned 4 points: 3 points in part (b) and the units point. In part (a) the student calculates the estimate for
r(5.4) incorrectly and states that »'(¢) is positive rather than decreasing. In part (b) the student earned all 3 points
for correct use of the chain rule and the correct calculation of the result. In part (c¢) the student makes an error in
calculating the right Riemann sum and does not refer to the change in radius. In part (d) the student states that the
approximation is greater than the definite integral rather than less. The student earned the units point.
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