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AP® CALCULUS BC
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Question 1

A particle moves in the zy-plane so that its position at any time ¢, for —w < ¢ < 7, is given by

z(t) = sin(3t) and y(t) = 2¢.

—
&
~

Sketch the path of the particle in the xzy-plane provided. Indicate the direction of motion

along the path.

(b) Find the range of z(t) and the range of y(t).

(¢) Find the smallest positive value of ¢ for which the z-coordinate of the particle is a local
maximum. What is the speed of the particle at this time?

(d) Is the distance traveled by the particle from ¢ = —7 to t = 7 greater than 57 7 Justify

your answer.

e

1 : graph
three cycles of sine

Z ) x between —1 and 1

_?12,_3{ y between — 27 and 27
; 1 : direction

J

[

(b) —1<a(t)<1 1 : closed interval for z(t)
N u 2
—2m < y(t) < 27 1 : closed interval for y(t)
(¢) 2'(t) = 3cos3t =0
3= T 1:2'(t) = 3cos3t =0
2 26 3 1 1:solves for t
Speed = /9 cos?(3t) + 4
pee - cos(3) + 1 : speed at student’s time
At t = g,

Speed = 9 cos? (g) +4 =2

(d) Distance — fw 9 cos? (31) + 4 dt ) 1 : integral for distance

1 : conclusion with justification
= 17973 > 57
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Question 2

The number of gallons, P(t), of a pollutant in a lake changes at the rate P'(t) =1 — 3¢~ 0>

gallons per day, where t is measured in days. There are 50 gallons of the pollutant in the lake at

time ¢t = 0. The lake is considered to be safe when it contains 40 gallons or less of pollutant.

(a) Is the amount of pollutant increasing at time ¢t = 9 7 Why or why not?

(b) For what value of ¢ will the number of gallons of pollutant be at its minimum? Justify your
answer.

(c) Is the lake safe when the number of gallons of pollutant is at its minimum? Justify your
answer.

(d) An investigator uses the tangent line approximation to P(t) at ¢ = 0 as a model for the
amount of pollutant in the lake. At what time ¢ does this model predict that the lake

becomes safe?

. . 1 : answer with reason
(a) P'(9)=1-3e"% = -0.646 <0

so the amount is not increasing at this time.

(b) P'(t)=1—-3e" =0 1:sets P'(t) =0
t=(5In3)* =30.174 3 {1 1 : solves for ¢
P'(t) is negative for 0 < t < (5In3)* and positive 1 : justification
for t > (51n3)*. Therefore there is a minimum at
t= (5ln3)%.
30174 —0.2v7 1 : integrand
(c) P(30.174) = 50 + fo (1 -3¢0 dt  integ
1 : limits
= 35.104 < 40, so the lake is safe. 3
1 : conclusion with reason
based on integral of P’(t)
(d) P'(0) =1-3 = —2. The lake will become safe 5 1 ¢ slope of tangent line
when the amount decreases by 10. A linear model 1 answer

predicts this will happen when ¢ = 5.
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Question 3
Let R be the region in the first quadrant bounded by the y-axis and y y=dr— 41
the graphs of y = 4z —2* +1 and y = %x
_3
(a) Find the area of R. YT g

(b) Find the volume of the solid generated when R is revolved

about the z-axis.

(c) Write an expression involving one or more integrals that gives o \

the perimeter of R. Do not evaluate.

Region R
dr — 23 +1 = %:1: when z = 1.94045 = A

A .
(a) Area:j; (4x—x3+1—%x dz

= 4.514 or 4.515

(b) Volume

- WL)A[(MI — ot 1) —(%ac)z]dx

= 18.291m or 57.463

(c) Perimeter = 1 4 /(1.940)> + (1.455)?

A
~ 0.2\2
+f0 J1+ (4= 322) da

1 : limits
3 1 1: integrand

1 : answer

1 : limits and constant
3 1 1: integrand

1 : answer

1:uses y' =4 — 32 in integrand
3 1 1: arc length integral

1 : answer
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Question 4

The graph of a differentiable function fon the closed
interval [—3,15] is shown in the figure above. The graph of

fhas a horizontal tangent line at x = 6. Let |
€T 0
= —3<z<15.
glx) =5+ j; f(t)dt for =3 <z <15 ,3/_1 R

Find g(6), ¢'(6), and ¢"(6). |

(a) Graph of f
(b) On what intervals is g decreasing? Justify your answer.

(

(

¢) On what intervals is the graph of g concave down? Justify your answer.

15
d) Find a trapezoidal approximation of f , f(t)dt using six subintervals of length At = 3.

6
(a) g(6) =5+ f(, ftydt =5 1: ¢(6)
311:4'6
7(6) = £(6) = 3 710
1:47(6
(6) = £'6) = 0 o
(b) g¢is decreasing on [—3,0] and [12,15] since 1:[-3,0]
g'(z) = f(xr) <0 for z <0 and = > 12. 31 1:[12,15]
1 : justification
(c) The graph of gis concave down on (6,15) since 1 : interval

g’ = f is decreasing on this interval. 1+ justification

(—14+20+1+3+1+0)—1) 1 : trapezoidal method

12

—
o,
S—
[l oo
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(a)
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Question 5

3—=z

dx y
Let y = f(z) be the particular solution to the given differential equation for 1 < z <5
such that the line y = —2 is tangent to the graph of f Find the a-coordinate of the point of
tangency, and determine whether fhas a local maximum, local minimum, or neither at this
point. Justify your answer.
Let y = g(x) be the particular solution to the given differential equation for —2 < z < 8,
with the initial condition ¢(6) = —4. Find y = g¢(z).

@ =0 when z =3

d{f / 1:2=23

d —y —y'(3 — 1

—g = w ==, 3 1 1:local minimum
dz (3,—2) Y (3,—2) 2

1 : justification
so fhas a local minimum at this point.

or
Because fis continuous for 1 < z < 5, there

is an interval containing x = 3 on which

- dy . :
y < 0. On this interval, Yo negative to

dz

the left of x = 3 and % is positive to the
x

right of z = 3. Therefore f has a local

minimum at z = 3.

ydy = (3 — z)dx 1 : separates variables
lyi _ 3 le LC 1 : antiderivative of dy term
2 2 1 : antiderivative of dz term
6

1 : constant of integration
8=18—-18+C; C=8

1 : uses initial condition ¢(6) = —4
v = 61 — 2% + 16 1 : solves for y

y = —6r — 2% 116 Note: max 3/6 [1-1-1-0-0-0] if no constant
of integration

Note: 0/6 if no separation of variables
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Question 6
> "
The Maclaurin series for ln( ) is Z— with interval of convergence —1 < z < 1.
-z n=1 n
. . : 1 . .
(a) Find the Maclaurin series for ln(1 T3 and determine the interval of convergence.
T

. 1y
b) Find the value of .
(b) Find the value of -

n=1

— (=1)" — 1
(c) Give a value of p such that E % converges, but E — diverges. Give reasons why
n n

n=1 n=1

your value of p is correct.

o0
E pory converges. Give reasons why your

n=1

1
d) Gi lue of h that > — di but
( ) 1ve a value ol p suc a nZ::l P verges, bu

value of p is correct.

(a) ln( ! )— In _
1+3z) 1—(—3z) { 1 : series
00 n 00 n 1 : interval of convergence
(—3z) 3
— 1)
nzzjl ———or ;( ) —a
We must have —1 < —3z < 1, so interval
of convergence is _1 <z < l
3 3
© —1)" 1 1 1: answer
b S Loy (-)
R n[l—(—l)] "2
1 a
(c) Some p such that 0 < p < 3 because L : correct p
o 1\ (_1)n
Z( 1p) converges by AST, but the 3 1 1:reason why Z 5 converges
n

n=1 1
o 1 : reason why Z— diverges
1 2
p-series ZT diverges for 2p <1. ~ n’
n2p

n=1

(d) Some p such that % < p <1 because the 1 : correct p

00 1
1 . :
p-series E — diverges for p <1 and the 37 1:reason why Z n? diverges
n

n=1

1
1 : reason why ZTp converges
n

o0
p-series ZW converges for 2p > 1.
n=1
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