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Question 6 

 

The function f is defined by ( ) 3
1 .

1
f x

x
=

+
 The Maclaurin series for f is given by 

( )3 6 9 31 1 ,n nx x x x− + − + + − +L L  

which converges to ( )f x  for 1 1.x− < <  

(a) Find the first three nonzero terms and the general term for the Maclaurin series for ( ).f x′  

(b) Use your results from part (a) to find the sum of the infinite series ( )2 5 8 3 1
3 6 9 31 .

2 2 2 2
n

n
n
−− + − + + − +L L  

(c) Find the first four nonzero terms and the general term for the Maclaurin series representing ( )
0

.
x
f t dt∫  

(d) Use the first three nonzero terms of the infinite series found in part (c) to approximate ( )
1 2

0
.f t dt∫  What are 

the properties of the terms of the series representing ( )
1 2

0
f t dt∫  that guarantee that this approximation is 

within 1
10,000  of the exact value of the integral? 

(a) ( ) ( )2 5 8 3 13 6 9 3 1 n nf x x x x n x −′ = − + − + + − +L L  
 

2 : { 1 : first three terms
 1 : general term

 

(b) The given series is the Maclaurin series for ( )f x′  with 1 .2x =  

( ) ( ) ( )23 21 3f x x x
−

′ = − +  

Thus, the sum of the series is ( ) ( )
( )2

131 164 .2 2711 8

f ′ = − = −
+

 

 

2 : 
( )

( )
 1 : 

1 1 : 2

f x

f

′⎧⎪
⎨ ′⎪⎩

 

(c)  ( ) 3 14 7 10

3
0

11
4 7 10 3 11

n nx xx x xdt x nt

+−
= − + − + + +

++
⌠⎮
⌡

L L  

 

2 : { 1 : first four terms
 1 : general term

 

(d) 
( ) ( )4 7

1 2

3
0

1 1
1 1 2 2 .2 4 71

dt
t

≈ − +
+

⌠⎮
⌡

 

 The series in part (c) with 1
2x =  has terms that alternate, decrease in 

absolute value, and have limit 0. Hence the error is bounded by the 
absolute value of the next term. 

 
( ) ( ) ( )4 7 10

1 2

3
0

1 1 1
1 1 12 2 2 0.00012 4 7 10 102401

dt
t

⎛ ⎞
⎜ ⎟

− − + < = <⎜ ⎟
+ ⎜ ⎟⎜ ⎟

⎝ ⎠

⌠⎮
⌡

 

 
 

3 : 

 1 : approximation
 1 : properties of terms
 1 : absolute value of 
      fourth term 0.0001 

⎧
⎪⎪
⎨
⎪
⎪ <⎩
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Question 6 
 
Overview 
 

This problem presented students with the Maclaurin series for ( ) 3
1 .

1
f x

x
=

+
 In part (a) students were asked to 

find the first three nonzero terms and the general term for the Maclaurin series for ( ).f x¢  In part (b) they then 
needed to use their results to find the sum of the infinite series that is obtained by evaluating the Maclaurin series 

for ( )f x¢  at 1 .
2

x =  Part (c) asked for the first four nonzero terms and the general term for the Maclaurin series 

for ( )
1 2

0
,f t dtÚ  and then part (d) asked students to use the first three nonzero terms to approximate this definite 

integral. The second question in part (d) asked students to list the properties of the terms of the series 

representing this definite integral that guaranteed that their approximation is within 1
10,000

 of the exact value of 

the integral. This question tested whether students knew that the terms must not only alternate and converge to 0, 
but must also decrease in absolute value to use the error bound for alternating series. 
 
Sample: 6A 
Score: 8 
 
The student earned 8 points: 2 points in each of parts (a), (b), (c), and (d). The student correctly reports the first three 
nonzero terms and the general term in the Maclaurin series for ( )f x¢  in part (a). In part (b) the derivative ( )f x¢  and 

the special value ( )1
2

f ¢  are both computed correctly. In part (c) the student correctly reports the first four nonzero 

terms and the general term of the Maclaurin series for ( )
0

.
x

f t dtÚ  In part (d) the student finds the appropriate 

approximation. The student should have used an approximation symbol, but the inappropriate use of the equal 
sign did not lose the first point. The sum does not need to be simplified. The only property of the terms that the 
student gives is that the series is alternating, and this is not enough to conclude that the approximation is within 

the given accuracy. The student earned the third point for establishing an error bound that is less than 1 .
10,000

 

 
Sample: 6B 
Score: 6 
 
This student earned 6 points: 1 point in part (a), 2 points in part (b), 1 point in part (c), and 2 points in part (d). In 
part (a) the first three nonzero terms of the Maclaurin series for ( )f x¢  are correct, but the general term is not 

provided. The computation of ( )f x¢  and evaluation of ( )1
2

f ¢  are correct, which earned all points in part (b). The 

first four nonzero terms in the Maclaurin series for ( )
0

x
f t dtÚ  are correct in part (c), but the general term is not 

provided. For part (d) the first three nonzero terms of the Maclaurin series for ( )
1 2

0
f t dtÚ  are correctly summed,  
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Question 6 (continued) 
 

and the absolute value of the fourth nonzero term is shown to be smaller than 1 .
10,000

 However, there is no 

mention of the properties of the terms of the series that support the use of this error bound. 
 
Sample: 6C 
Score: 3 
 
This student earned 3 points: 2 points in part (a) and 1 point in part (c). The work in part (a) is correct. In part (b) 

the student recognizes that the series is the value of the derivative at 1
2

x =  but attempts to approximate this 

using the first three terms of the series rather than compute the derivative directly and evaluate it at 1 .
2

x =  In 

part (c) the student makes an antidifferentiation error in the fourth term and did not earn the first point. The 
general term is correct, however, and earned the second point. In part (d) the student never finds the 
approximation using the first three terms. The student cites two properties of the terms but fails to include the 
property that the terms converge to zero and thus did not earn the second point. The reported error bound is 

actually greater than 1 ,
10,000

 so the student did not earn the last point. 
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