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2008 SCORING GUIDELINES

Question 3
hx) | W(x) | (x| W) | W@
11 30 42 99 18
80 128 % % %
317 723 13:33 3;123 %

Let h be afunction having derivatives of all ordersfor x > 0. Selected values of h anditsfirst four
derivatives are indicated in the table above. The function h and these four derivatives are increasing on
theinterval 1< x < 3.

(a) Writethe first-degree Taylor polynomial for h about x = 2 and useit to approximate h(1.9). Isthis
approximation greater than or less than h(1.9) ? Explain your reasoning.
(b) Write the third-degree Taylor polynomial for h about x = 2 and useit to approximate h(1.9).

(c) Usethe Lagrange error bound to show that the third-degree Taylor polynomial for h about x = 2
approximates h(1.9) with error lessthan 3x 1074,

(8 B(x)=80+128(x—2), so h(19) = B(1.9) = 67.2 2: B(x)
4:41:R(1.9)
B (1.9) < h(1.9) since h" isincreasing on the interval 1: B(1.9) < h(1.9) with reason
1<x<3.
(b) Py(x) = 80 +128(x - 2) + %(x— 2)% + %(x— 27| . { 2: Py(x)
" 1:R»(L9)

h(1.9) = Py(1.9) = 67.988

(c) Thefourth derivative of h isincreasing on theinterval 5- { 1: form of Lagrange error estimate
1< x<3 so max 1: reasoning

(4) (4| — 584
1.9s><szh (X)‘ 9 -

584[1.9-2*
9 4l
= 2.7037 x10™*

<3x1074

Therefore, |h(1.9) — R;(1.9)| <
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Do not write beyond this border.

x h(x) h’(x) h"(x) h”'(x) h(4)(x)
1 11 30 42 99 18
488 448 584
2 80 128 3 3 <5
753 1383 3483 1125
3 317 2 4 16 16
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Continue problem 3 on page 9.
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Work for problem 3(b)

32 06) « 0D o)y WD (gL W)ay

s | )
\ Y¥§
s g0 4 1wk (x-3) + s Cx«-af " _‘f_ﬁ_él 5
- (x -2
ol 6
WO = 6 assy
WD 7.5 EY
-L(_
Work for problem 3(c) \Q‘(ﬁ)(\ L ”)Ylb—h‘ 30 - .0007
Lo Bue s (R B “‘”\ [ 2ot
(v
W 4
! (19337 2 3y 0
c\)g‘-\
AR IO\ IV TR
4

00037« L000%

END OF PART A OF SECTION Il
IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK YOUR WORK ON
PART A ONLY. DO NOT GO ON TO PART B UNTIL YOU ARE TOLD TO DO SO.
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Work for problem 3(b)
.1.()' - ((0)(”-0)0 . {‘” (x‘_“)' ‘C(J)(x 'q)') ({”(Y-A‘y
3 e t t o ———
(o 1 '.l ‘; D, 3 .‘,

( yey (x-3 ) , 448 (x—a)?
¢ = 80 ¥ 12f x =) + Ut¥ x-& 4_.._;..%

*JOPIOQ ST} PUOA]q NLIM J0U O]

L
; ™
2 ‘ 3
aud ( x-2) ) 324 (x-¥
FL IR -2 ( i
-‘()‘ 90 + ‘3\8 (" \ r —5—\___, =
L(|,q]‘z G9.48¢
+h
Work for problem 3(c) LMJ '*M) e ercol | Q& n
. . +’ -+ b "
e]ra ree T-yf'-' ses-ey " e (,f‘ ) tosm
¢ o ) Y
Yy Yeam b < (x- a) - s¥H (x—;\ . 13 (y 2)
q,A ‘ﬂ‘q'. Py ]
V“J b - a0y x19 =1
‘yeS 4he ‘an’* ¢ e/ rers bowmd
[
o e Inied J(J:u Tay(o, ,ol,,.,.‘,'nl
N {7 x,lb-q o~ Haops & erso”
| v

Ay e 3 K(O-,

END OF PART A OF SECTION i
IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK YOUR WORK ON
PART A ONLY. DO NOT GO ON TO PART B UNTIL YOU ARE TOLD TO DO SO.
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Work for problem 3(b)
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END OF PART A OF SECTION I
IF YOU FINISH BEFORE TIME IS CALLED, YOU MAY CHECK YOUR WORK ON
PART A ONLY. DO NOT GO ON TO PART B UNTIL YOU ARE TOLD TO DO SO.
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Question 3
Overview

This problem presented students with a table of values for a function h and its derivatives up to the fourth order
at x =1, x =2, and x = 3. The question stated that h has derivatives of all orders, and that the first four

derivatives are increasing on 1 < x < 3. Part (a) asked for the first-degree Taylor polynomial about x = 2 and
the approximation for h(1.9) given by this polynomial. Students needed to use the given information to determine

that the graph of h is concave up between x =1.9 and x = 2 to conclude that this approximation is less than the
value of h(1.9). Part (b) asked for the third-degree Taylor polynomial about x = 2 and the approximation for

h(1.9) given by this polynomial. In part (c) students were expected to observe that the given conditions imply

that ‘h(“)(x)‘ is bounded above by h¥)(2) on 1.9 < x < 2 and apply this to the Lagrange error bound to show

that the estimate in part (b) has error less than 3 x 1074

Sample: 3A
Score: 9

The student earned all 9 points.

Sample: 3B
Score: 6

The student earned 6 points: 3 points in part (a), 2 points in part (b), and 1 point in part (c). In part (a) the student
gives a correct linear polynomial and a correct evaluation of B, (1.9). The student earned the first 3 points. The
student states that the approximation is an underapproximation but only mentions that h”(2) > 0. An argument at

a point was not sufficient to earn the last point. In part (b) the student’s polynomial is correct and earned both
points. The student incorrectly evaluates P;(1.9) so did not earn the last point. In part (c) the student has the

proper form for the Lagrange error term and earned the first point. The student never bounds the fourth derivative
so did not earn the last point.

Sample: 3C
Score: 4

The student earned 4 points: 2 points in part (a), 2 points in part (b), and no points in part (c). In part (2) the
student gives a linear polynomial that is correctly centered but equates the polynomial to h(x) and earned only 1
point. The student correctly evaluates P, (1.9) and earned 1 point. The student states that the “approximation is less

than the actual value” but provides an argument that is not sufficient to earn the last point. In part (b) the student’s
polynomial is correct and earned both points. The student incorrectly evaluates P;(1.9) so did not earn the last

point. The student was not penalized a second time for equating h(x) to a polynomial. In part (c) the student does
not have the proper form for the Lagrange error term so did not earn either point.
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