AP® CALCULUS BC
2014 SCORING GUIDELINES

Question 6

00 n
The Taylor series for a function f about x =1 is given by Z:(—l)”+1 2—(x —1)" and converges to f(x) for
n
n=1

|x —1| < R, where R is the radius of convergence of the Taylor series.
(a) Find the value of R.

(b) Find the first three nonzero terms and the general term of the Taylor series for f”, the derivative of £, about
x=1.

(c) The Taylor series for f’ about x = 1, found in part (b), is a geometric series. Find the function f' to which

the series converges for |x — 1| < R. Use this function to determine f for |x — 1| < R.

(a) Let a, be the nth term of the Taylor series. 1 : sets up ratio
- ' " 3: 4 1:computes limit of ratio
n n+ n
Any1 _ (D77 2" (=) n 1 : determines radius of convergence
an n+ 1 (_1)n+1 2n (x _ l)n

_ 2n(x-1)

o+l
lim ‘—_2”(’“ — 1)‘ = 2[x—1]
n—00 n+1

1

2lx-1|<1 = |x—1|<2

The radius of convergence is R = %

(b) The first three nonzero terms are _ [ 2 : first three nonzero terms
2—4(x—1)+8(x—1)2. " | 1: general term

The general term is (_1)n+1 2" (x - 1)”71 for n > 1.

(c) The common ratio is —2(x —1). 1: f(x)
) 2 1 3: < 1:antiderivative
2
f(x)=f2x_1 dx=In|2x 1|+ C
f(1)=0

Infl]+C=0=C=0

f(x) =In|2x - 1| for |x —1 <%
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6. The Taylor series for a function f about x =1 is given by Z(—l)

n=l

|x = 1| < R, where R is the radius of convergence of the Taylor series.

(a) Find the value of R.
L v x
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n—> 2
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(= EEDR

(1) 2" (x=1) e

—

n+l 2"

= (x—1)" and converges to f(x) for

((-I)Ml 9_-\4 \ (r_‘)...u>

<)

~rD 0 [ +
=5 2k-V)[ <\
\

So (’x - )‘ < 3

Tha | R = l7_ !
Unauthorized copying or reuse of Continue problem 6 on page 21.
any part of this page is illegal. -20-

©2014 The College Board.

Visit the College Board on the Web: www.collegeboard.org.

~19DI0A SIU1 DUOADQ 211IM 10U OcT



Do not write beyond this border.

6 6 6 6 6 6 6 6 6 6 CF

NO CALCULATOR ALLOWED

(b) Find the first three nonzero terms and the general term of the Taylor series for f ’, the derivative of f,
about x = 1.

_?.fx) = iw_" ,F,V fx—l, < R
o ; ) - wdl m "=l
__.> 4?'('('): i (~I)'M|g_". r\(x-l) ” 2:-' (‘|) o BRI (x-m

Tl b B Bt 2 = a(x=1)+ 8(x-D "

(¢c) The Taylor series for f’ about x = 1, found in part (b), is a geometric series. Find the function f* to which
the series converges for |x — 1| < R. Use this function to determine f for [x 1| < R.

‘Hr)‘ \’o’-'i(-/)'z" G = 2 Z (-20x-)"

| _ 2
= 2 * ‘+ 2(,__‘) 2x '-\
ki o
TLAM ?—‘— j%
. f t_ Jx = Jnllx—l’+(_
- 2x~|
m wal ?_“ AL =
’?(l)f 0 et > G = (1-)° =90
n=0
Ln ’1(!)-1] ¥ L=
)30 Jf(x)_-l }zx-) %o» {x-l)< ’
Unauthorized copying or reuse of - GO ON TO THE NEXT PAGE
any part of this page is lllegal. -21-
©2014 The College Board.

Visit the College Board on the Web: www.collegeboard.org.

“19p10q SIY) PUOAAQ ALIM 10U O]



Do not write beyond this border.

66 6 6 66 668 6 6 .2

NO CALCULATOR ALLOWED

o0, n
6. The Taylor series for a function f about x =1 is given by 2(—1)"” 2T(x -1)" and converges to f(x) for

n=]

|x = 1| < R, where R is the radius of convergence of the Taylor series.

(2) Find the value of R.
JAm 22 (3" ) : (n) )
a> P (}»\) (X?‘*(%

£ zﬁix't\) i
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(b) Find the first three nonzero terms and the general term of the Taylor series for f”, the derivative of f,

about x =1, (- \3 "9
a ~ R
€z AU~ 2 (VT
A

3 3 ),/)‘
2 ) ,\“

(c) )The Taylor series for f” about x = 1, found in part (b), is a geometric series. Find the function f* to which
the series converges for |x — 1| < R. Use this function to defermine f for |x — 1| < R.

( J)ﬂ = ) 2 =) ”
Q LX ~\> J:/@”& e Ry "’:)j/
[ = _——— I PP B L
\ 7 (2~ S NF
) e D
NS I e T . /
— / : y
Y —
e = T S
-/({:’) i
Unauthorized copying or reuse of GO ON TO THE NEXT PAGE.
any part of this page is illegal. -21-
©2014 The College Board.

Visit the College Board on the Web: www.collegeboard.org.

b®s

*19pI0q ST} puokaq 2)11m 10U O(]



Do not write beyond this border.

6 i*?: 6

wl G il 6 it 6 it _}%,
NO CALCULATOR ALLOWED

6. The Taylor series for a function f about x =1 is given by 2( —1)rt e 2’ ( —1)" and converges to f(x) for
n=1
|x = 1| < R, where R is the radius of convergence of the Taylor series.

(a) Find the value of R.

n+2 [a vk
JELI S ET
n+ |\
|
n—*a = an
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(b) Find the first three nonzero terms and the general term of the Taylor series for f”, the derivative of f,
about x = 1.
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(¢) The Taylor series for f about x = 1, found in part (b), is a geometric series. Find the function f” to which
the series converges for |x — 1| < R. Use this function to determine f for [x —1| < R.
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Question 6
Overview

In this problem students were given a Taylor series for a function f about x = 1. In part (a) students were asked
to find the radius of convergence of this Taylor series. It was expected that students would use the ratio test to

determine that the radius of convergence is % In part (b) students needed to differentiate the series term-by-term

to find the first three nonzero terms and the general term of the Taylor series for f’. In part (c) students were told
that the Taylor series for f” is a geometric series. Students needed to know that finding the sum of that series
requires dividing the first term of the series by the difference of 1 and the common ratio. This results in

f(x)= L Students were also asked to find f. This required integrating f”(x) to find
2x -1

f(x) =1n|]2x — 1| + C. In order to evaluate the constant of integration, students needed to use the initial condition

that f(1) = 0 which yields f(x) = In|2x ~1| for [x 1| < 7.

Sample: 6A
Score: 9

The student earned all 9 points. In part (c) the student does not need to qualify the closed form expression for
Sf(x) with “for |[x —1| < R.”

Sample: 6B
Score: 6

The student earned 6 points: 3 points in part (a), 3 points in part (b), and no points in part (c). In parts (a) and (b),
the student’s work is correct. In part (b) the student writes the first three nonzero terms and the general term of the
Taylor series of the original function f and then differentiates to find the required first three terms and the general
term of the Taylor series of the derivative of f. Because the question asks students to find the first three nonzero
terms and the general term of the Taylor series for f”, the student is not penalized for omitting plus signs and an

ellipsis in the boxed answer in part (b). In part (c) the student misidentifies the constant ratio in the geometric
series. Because the first point was not earned, the student is not eligible for the third point. The student does not
antidifferentiate correctly, so the second point was not earned.

Sample: 6C
Score: 3

The student earned 3 points: 1 point in part (a), 2 points in part (b), and no points in part (c). In part (a) the student
earned 1 point with an appropriate ratio. The student’s announced limit and conclusion are incorrect. In part (b)
the student earned 2 points for giving the correct first three nonzero terms. The student’s general term is incorrect.
In part (c) the student does not provide an expression for f”’, so the student is not eligible for any points.
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