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Question 4 
 

  
   
(a) 

H H(7 5) − ( ) 11 − 6 5H ′(6) ≈ = =  
7 5− 2 2

 
H ′(6)  is the rate at which the height of the tree is changing, in meters  
per year, at time t = 6  years. 
 

 
 

2 { 1 : estimate
 : 

 1 : interpretation with units

(b) 
H H(5 3) − ( ) 6 2−= = 2  

5 3− 2
 
Because H is differentiable on 3 ≤ ≤t 5,  H is continuous on 3 ≤ ≤t 5.  
 
By the Mean Value Theorem, there exists a value c, 3 < c < 5,  such that 
H c′( ) = 2.  
 

 

 

 H H(5 3) − ( ) 1 :  5 3−2 :  1 : conclusion using 
 Mean Value Theorem

(c) The average height of the tree over the time interval 2 ≤ ≤t 10  is given 

by 1 10
H (t ) dt.10 − 2 ∫2

 
1 1∫

10
H t ) dt (1.5 + +2 2 6 6 + 11 11 + 15( ≈ ⋅ ⋅1 2+ + ⋅ 2 + ⋅38 82 2 2 2 2 )

 
1 263= (6 55 7. ) =8 32

 
The average height of the tree over the time interval 2 ≤ ≤t 10  is  
263  32 meters. 

 

 

2 { 1 : trapezoidal sum
 :  

 1 : approximation

(d) G x( ) = 50 ⇒ =x 1 
 

( )( ) ( )( ) ( )
( ) ( )

d d dx 1 + x x100 − 100 ⋅1 dx 100 dxG x = G x ⋅ = ⋅ = ⋅dt dx dt 1 1+ +x x2 2dt dt

d 100 3(G x( )) = ⋅ =0.03   
dt ( )2x=1 1 1+ 4

 

 

 
According to the model, the rate of change of the height of the tree with 

respect to time when the tree is 50 meters tall is 3  4 meter per year. 

 

 d 2 : (G x( ))3 :  dt  
 1 : answer

 
Note: max 1 3  [1-0] if  

no chain rule 
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I 2 3 5 7· 10 (years) 

H(t) (meters) 1.5 2 6 11 15 
4, The height of a tree at time tis given by a twice-differentiable function H, where H(t) is measured in meters  d tis measured in years. Selected values of H(t) are given in the table above. (a) Use the data in the table to estimate H'(6). Using correct units, interpret the meaning of H'(6) in thecontext of the prnblcm. .II \-H.0, $_ 1-\ (,-1 _ K ( , l); fu_:.b 1 
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NO CALCULATOR ALLOWED 4A_ 
(c) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approxi1;1ate the

average height of the tree over the time interval 2 $ t $ 10.

\o\c,,\ 1,.v."('-'t: .J,_ ( 1 ( t. >*<..) -,. -z. C-Z-: b) -+ --z.. ( b·H, l +

·s c,··  ls-') ) 

  \----._:___ 

_ _:_ 

.. 

· ·  . . ·· lOOx 
(d) The height of the tree, in meters, can also be modeled by the function G,, given by G(x) = -- , where-

. , , ' . _ . _ 1 + X 

x is the diameter of the base of the tree, in meters. When the tree is ?0 meters tall, the diameter of the 

base of the tree is increasing at a rate of 0.03 meter per year. According. to this model, what is the rate of 

change of the height of the tree with respect to time, in meters per year, at the time when.the tree is 

50 meters tall? l oox 
(?,LX)-:.. 

d?C

i'c   "r- loo ¥; tr-t-x) - l  c) l O 0-;x 

SO=--  \+x 

(l-t?C') '-

. --z... 
=-'-> 95[ l    ) -:.-   >c 

 '--> \-;. 'X -X-=-\ V""-

J;c:_-=- b,O 
'X::;.. \   

\.00 >' C L O's (-z... )": V :1,  LOO 

y 
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NO CALCULATOR ALLOWED 

ll8 
t 2 3 5 7 10 (years) 

H(t) 
l.5 2 6 11 1.5 (meters) 

4. The height of a tree at time tis given by a twice-differentiable function H, where H(t) .is measured in metersand tis measured in years. Selected values of H(t) are given in the table above.
(a) Use the data in the table to estimate H'(6). Using con-ect units, interpret the meaning of H'(6) in the

. . context of the problem.
u' { s) =· H t:ii -.\-\ l5)   \ \ - G ;; \   vsJ  <Af'\ r, 

-=,-.-5 2.,  · 
H } l 6 ) 1 s -\-'h z Y-t\.te -t\t\   t -ttA-e- Mt \$   0,w\   1 v, IY\.Q-tif 

!; lv 
lj-e (A,, (.kt t = r; tj-ea-rs . 

(b) Explain why there must be at least one time t, for 2 < t < 10, such that H'(t) = 2.
ti is -twht - d. ½f-fvt"vt'lri v\',:,u.,

) 
whiGh vw:ir..t,\j H i.s cuso c,ni';.\-1 1'\'-W'-lS.

1''r \'t-{ r,rt, 1""-L   Vf O v-..CNf--Q\.(\..\-us --+3V\ (A+- -H '(t-\ '"1- sir-.. c,_
(J 

tH 10, - H I.. "c,•J :;;: -z. 
ro -"l-
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NO CALCULATOR ALLOWED 

(c) Use a tr pezoidal sum with the four subintervals indicated by the data in the table to approximate the
average height of the tree over the time interval 2 S t   10.

\ G +U
L 

(d) The height of the tree, in meters, can also be modeled by the function G, given by G(x) = lOOx 
, where

l+x 

x is the diameter of the base of the tree, in meters. When the tree is 50 meters tall, the diameter of the

base of the tree is increasing at a rate of 0.03 meter per year. According to this model, what is the rate of

change of the he!.g J of the tree  J!h re p_e.9_u9.Jime, in meters per year, at the time when the tree is

50 meters tall? 
$l);.:; \00 

:: (, +  ) t oo t\-{ foox')l  ;) \ +\<'

( \ 1  ) ,. 50 0 -t- 'l(') -:;;;.\ oO'x.'

S-0 -t- OY :::.\ t,C>)(

l,  \)(1oe> (O.o?.")')-(tocL\)\lo,o--s\ c;o ;:.SO,t 
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f 2 3 5 7 10 (years) 
H(t) l.5 2 6 11 ' 15(meters) 

4. The height of a tree at time tis given by a tw!ce-differenliable function ii, where fl(t) is measured in meters
and t is measured in years. Selected values of H(t) are given in the table above.

(a) Use the data in the table to estimate H'(6). Using correct units, interpre  the meaning of H'(6) in the
context of the problem.

___ ... __._, ____ ..... __ 

7-S

\{'\ 

l\ - -  

7- 

(b) Explain why there must be at least one time t, for 2 < t < IO, such that H'(t) = 2.

\\-_V'\.. <'"-vS\:,  - on<:_ ti 14- · t  n\\" 7-'- i '- \ 0 -\k \ 

b \ <.., \). \   ,_s c 1"'v o \JS     · 6- 1\f' ereAh Cl.   
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J,c,_ 

,----------------""- -
(c) Use a trapezoidal sum with the fow· subintervals indicated by the data in the table to approximate the

average height of the tree over the time interval 2 s; t s; 10.

3. S
+ i + 17 t ) -

---
1-

3'-\ l'b -, \  -=- ..,.,., -l' -- 4- .. -- ... -

l '2.. 
·2
_ '7 .. 

® 
------------------------------------------

(d) Tbe height of the tree, in meters, can also be modeled by the function G, given by G(x) = lOOx
, where 

. l+x 

x is the diameter of the base of the tree, in meters. When the tree is 50 meters tall, the diameter of the 

base of the tree is increasing at a raLe of 0.03 mete  per year. According to this model, what is the rate of 

change of the height of the tree witli respect to time, in meters per year, at the time when the tree is 

50 meters tall? 
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Question 4 

Overview 

The context of this problem is a tree, the height of which at time t is given by a twice-differentiable function H, 
where H  t  is measured in meters and t is measured in years. Selected values of H t   are provided in a table. In 

part (a) students were asked to use the tabular data to estimate H 6  and then to interpret the meaning of H 6 ,  
using correct units, in the context of the problem. The correct response should estimate the derivative value using a 
difference quotient, drawing from data in the table that most tightly bounds t  6.  In part (b) students were asked to 
explain why there must be at least one time t, for 2 1 t  0,  such that H t   2.  A correct response should 

demonstrate that the Mean Value Theorem applies to H on the interval 3, 5,  over which the average rate of 

change of H (using data from the table) is 6 2  2.
2

 In part (c) students were asked to use a trapezoidal sum with 

the four subintervals indicated by the data in the table to approximate the average height of the tree over the time 
interval 2  t 10.  A correct response should demonstrate that the average height of the tree for 2  t 10  is 
given by dividing the definite integral of H across the interval by the width of the interval. The value of the integral 


10

H t  d
2

t  is to be approximated using a trapezoidal sum and data in the table. In part (d) students were given 

another model for the tree’s height, in meters, 100xG x   ,  
1  x

where x is the diameter of the base of the tree, in 

meters. It is further given that when the tree is 50 meters tall, it is growing so that the diameter at the base of the tree 
is increasing at the rate of 0.03 meter per year. Using this model, students were asked to find the rate of change of 
the height of the tree with respect to time, in meters per year, at the time when the tree is 50 meters tall. A correct 

response should apply the chain rule to obtain that dG dG dx .
dt dx dt

 The derivative expression dG
dx

 can be obtained 

from the given expression for G x   using derivative rules (e.g., the quotient rule) and the value of dx
dt

 at the instant 

in question provided in the problem statement. 

For part (a) see LO 2.1B/EK 2.1B1, LO 2.3A/EK 2.3A1, LO 2.3A/EK 2.3A2. For part (b) see LO 2.4A/EK 2.4A1. 
For part (c) see LO 3.2B/EK 3.2B2, LO 3.4B/EK 3.4B1. For part (d) see LO 2.1C/EK 2.1C3, LO 2.1C/EK 2.1C4, 
LO 2.3C/EK 2.3C2. This problem incorporates the following Mathematical Practices for AP Calculus (MPACs): 
reasoning with definitions and theorems, connecting concepts, implementing algebraic/computational processes, 
connecting multiple representations, building notational fluency, and communicating. 

Sample: 4A 
Score: 9 

The response earned all 9 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and 3 points in 

part (d). In part (a) the response would have earned the first point for 
11  6

 7 5
with no simplification. In this case, 

correct simplification to 5
2

 earned the point. Although not required for the first point, the answer includes the 

correct units of “meters/years” which is considered for the second point. The response earned the second point for 
the interpretation that includes the three necessary elements: an interpretation of H   as a rate in the context of the 
tree, correct units of meters per year, and an interpretation of the input “6” as the moment in time of t  6  years. 

In part (b) the response earned the first point for the difference quotient 
H (5)  H (3)

5 3   that appears in line 4. The 

first point does not require the substitution of function values and simplification that follows; this work is 
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Question 4 (continued) 

considered in the context of the second point. The response earned the second point for the explanation using the 
Mean Value Theorem (MVT) and the difference quotient on the interval 3, 5.  The response explicitly states in 

line 1 that H  t  is continuous which is necessary to earn the point. The units displayed are correct but not 
required to earn either the first or second points. In part (c) the response earned the first point for the trapezoidal 
sum labeled “Total height” with no simplification. The response earned the second point with the boxed answer 
with no simplification. Note that both points were earned in part (c) without simplification of numerical answers. 
The units given with the average height are correct but not required to earn the second point. In part (d) the 

response earned the first 2 points with the correct derivative in line 2:

dx dx100  1  x 100x
dt dt 

 
.  

 1  x 2
The use of 

dGG x   rather than  notation does not impact the points earned. The response would have earned the third 
dt

point for 
100  0.03(2) 0.03 100

4
 with no simplification. In this case, correct simplification to 3  

4
earned the 

third point. The response includes correct units that are not required to earn the third point. 

Sample: 4B 
Score: 6 

The response earned 6 points: 2 points in part (a), no points in part (b), 1 point in part (c), and 3 points in part (d). 

In part (a) the response would have earned the first point for 11  6
2

 with no simplification. In this case, correct 

simplification to 5
2

 earned the point. Although not required for the first point, the answer includes the correct

units of meters/year which is considered for the second point. The response earned the second point for the 
interpretation that includes the three necessary elements: an interpretation of H   as a rate in the context of the 
tree, correct units of meters per year, and an interpretation of the input “6” as the moment in time of t  6  years. 
In part (b) the response did not earn the first point because the difference quotient does not use the interval 3, 5  
that results in a secant slope of 2. The response did not earn the second point because, although the Mean Value 
Theorem (MVT) is cited along with the continuity of H, there is no explanation connecting the Mean Value 
Theorem to the values of H  t  in the table. In part (c) the response earned the first point for the trapezoidal sum 
in line 1 with no simplification. The arithmetic and simplification that follow are considered for the second point. 

The second point was not earned because the sum is not multiplied by 1  
8

to find the average height of the tree on 

the interval  2, 10 . In part (d) the response earned the first 2 points with the correct derivative in line 1 on the 

 dx dx 1  x x100  100
dG dt dtleft: 

  
dt  1  x 2

.  The response would have earned the third point for 

(1  1)(100(0.03)) (100(1))(0.03)

(1  1)2
 in line 2 on the left with no simplification. In this case, correct simplification 

to 3
4

 earned the third point. The response includes correct units that are not required to earn the third point. 
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Question 4 (continued) 

Sample: 4C 
Score: 3 

The response earned 3 points: 1 point in part (a), no points in part (b), 1 point in part (c), and 1 point in part (d). In 

part (a) the response would have earned the first point for 11  6  
7  5

with no simplification. In this case, correct 

simplification to 5  
2

earned the point. The response did not earn the second point because the interpretation of 

H  6  does not include an interpretation of the input “6” as the moment in time of t  6  years. In part (b) the 
response did not earn the first point because no difference quotient is given. The response is not eligible for the 
second point because the explanation given does not reference the interval 3, 5  that results in the secant slope of 
2. Although the hypotheses of the Mean Value Theorem are stated, the conclusion is not. In part (c) the response 
earned the first point for the trapezoidal sum in line 1 with no simplification. The arithmetic and simplification 
that follow are considered for the second point. The response did not earn the second point. There is an arithmetic 

error in line 3, and the sum is not multiplied by 1
8

 to find the average height of the tree on the interval 2, 10.  In 

part (d) the response earned 1 of the first 2 points for the correct derivative of G with respect to x in line 2 on the 
right. Because the derivative does not include the chain rule, the response is not eligible for additional points in 
part (d). 
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