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AP® Calculus AB/BC 2023 Scoring Guidelines

Part B (BC): Graphing calculator not allowed
Question 5 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.
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The graphs of the functions f and g are shown in the figure for 0 < x < 3. It is known that g(x) = 31+2x
for x > 0. The twice-differentiable function f, which is not explicitly given, satisfies f(3) = 2 and
3
J-o f(x) dx =10.
Model Solution Scoring
(a) Find the area of the shaded region enclosed by the graphs of f and g.
3 3 3 Integrand 1 point
Area = [[(f(x) = g(x)) dx = [ f(x) dv = [ 'g(x) dx s P
3 Antiderivative of 1 point
=10—f 12_ v =10 - 12[I3 + o] P
03+x 0 g(x)
=10-12(In6 -1n3) =10 -12(In 2) Answer 1 point

Scoring notes:
e The first point is earned for any of the integrands f(x) — g(x), g(x)— f(x), |f(x)—g(x)|, or
|g(x) — f(x)| in any definite integral. If the limits are incorrect, the response does not earn the

third point.
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AP® Calculus AB/BC 2023 Scoring Guidelines

e The first point is earned with an implied integrand for f and explicit integrand for g, such as
10-["g(x)d
o 8(x) dx.
e The second point is earned for finding af% =a-In|3+ x| or a-In(3 + x).
X

e A response is eligible for the third point only if it has earned the first 2 points. The third point is
earned only for the correct answer. The answer does not need to be simplified; however, if
simplification is attempted, it must be correct.

e A response is not eligible for the third point with incorrect limits of integration for u -substitution, for

3 3
example, fo 31+2x dx = . % du =12[In(x + 3)]3.

3
e A response with incorrect communication, such as “ Area = J.o (g(x) = f(x))dx =10-12(In2),”

3
does not earn the third point. However, a response of Io (g(x) - f(x)) dx =12(In 2) — 10, so the
area is 10 —12(In 2)” earns all 3 points.

Total for part (a) 3 points

(b)

o0
Evaluate the improper integral J . ( g(x))2 dx, or show that the integral diverges.

b Limit notation 1 point
o 144 P
I (g(x))*dx = lim j ——dx
0 b—0 0 (3 + x)
144 | Antiderivative 1 point
= lim | ———
b—o| (3 +x) 0
~ lim (_ 144 +ﬂ) _ 48 Answer 1 point
b\ 3+b 3

Scoring notes:
e To earn the first point a response must correctly use limit notation throughout the problem and not

144 T’ 144

31y - + 48.

include arithmetic with infinity, for example, [ or
0 3+ 00

(3-?-)6)

an indefinite or improper integral, with or without correct limit notation. If a # 144, the response

e The second point can be earned by finding an antiderivative of the form — for a > 0, from

does not earn the third point.

e The third point is earned only for an answer of 48 (or equivalent).

e A response is not eligible for the third point with incorrect limits of integration for u -substitution, for

b

. 144 . 144 7°

example, lim | —— du = lim | — .
h—>00 o u? b—o| 34+ x ]

Total for part (b) 3 points
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3
© Let & be the function defined by /(x) = x- f'(x). Find the value of jo h(x) dx.

Using integration by parts, u and dv 1 point
u=x dv=f'(x)dx
du =dx v=f(x)

Ih(x) dx = Jx “fl(x)dx =x- f(x)—- If(x) dx Ih(x) dx 1 point
= x- /()= [ f(x) dx
J ) dx =[x () e = e £y = [ () Answer I point
=(3-£(3)-0-f(0)-10=3-2-0-10 = —4
Scoring notes:

e The first and second points are earned with an implied u and dv in the presence of
3
x- f(x) —jf(x) dx or x-f(x)|0 - 10.
e Limits of integration may be present, omitted, or partially present in the work for the first and second

points.

e The tabular method may be used to show integration by parts. In this case, the first point is earned by
having columns (labeled or unlabeled) that begin with x and f”(x). The second point is earned for

x- f(x)= [ f(x)

e The third point is earned only for the correct answer and can only be earned if the first 2 points were
earned.

Total for part (c) 3 points

Total for question 5 9 points
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Answer QUESTION 5 part (a) on this page.

Response for question 5(a)

1

3 3
j Frodn ~ f L 4
D 0

14X

1
j fl) - 9(‘) dx

0

b

0 =(R1y3ea)]]
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Use a pencll or a pen with black or dark biue ink. Do NOT write your name. Do NOT write outside the box.
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Sample 5A
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® 5§ 5 |8 5 |8 nocaccuratoraLowen 5] 5 18 5 B

Answer QUESTION § parts (b) and (c) on this page.
Response for question 5(b)
’ -—
b) [‘” _'i_)i g = vl )T
0 Bt 5
: a ~2 : -\
i [t = e (- 6o
Ll I S A-He0 0
: a . |
= |44, lim -__L_) = MY. lim (__ _ ('___\
A0 3+ ° PRy, tn Y40
= [44- 2 - '
> = [
Response for question 5(c)
5: W) dx = 831'9([!) dz A =X Av =+'(x) dx
’ duz dx vz f0)
)
)
= I'*F(") - S‘F(H) o %
’ 0
= %32 = 1|0 =[-v|i
Page 13
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Sample 5B

Answer QUESTION 5 part (a) on this page.

Response for question 5(a)
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O -2tz 43

/

E acen = 10 ¥12( |, m

Page 12

nfnﬂJZh}

Use a pencil or a pen with black or dark blue ink. Do NOT write your name. Do NOT write outside the box.

0004086 HEE EEEEEEEE
(T Y ° e o o o0

Qs17aM2 .



2of2 Sample 5B
° Bl s - . No caLcuLaTorALLowep B 5 |81 5 |5

Answer QUESTION 5 parts (b) and (c) on this page.

Response for question 5(b)
b v= 3£x
lim 5 Tie= i s
bror ( 1.'—}(' b= A G*_‘.)';"Lf (;L): CL?(
4
\i b
b:\"’ go U v dv
1M _ b
O 4 -3” ) im _’p“’u-lj’
b oo

Response for question 5(c)

J;Sru PCx) dx W
¥

X C(“) 'f?é’(xl A%
J
{x’ Mlx) - p(x)}] 2%(3) + £(0)

"l+'1 - ]8]

Use a pencil or a pen with black or dark blue ink. Do NOT write your name. Do NOT write outside the box.
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Answer QUESTION 5 part (a) on this page.

Response for question 5(a)
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mouearmsm(h}w(e)mmhm

A x- £'0x)

f 3

S‘ &) o o
/

£ Ix
S

C 0 ujo Py 44
x ¥(%) ;

4l
[3(?(3‘5

Page 13

ffe\:] .

1
Response for question 5(b) h
(UU-\\ dx [ P yttsns -
iy 8 S(‘%b}h s '-(l'hlo"ﬂﬂﬂhsz oo
\! k= ) J d““'tfﬂtrl'
L.L‘”‘.. §\'§:‘ * .
s i ey o
A = — ¥ - “F‘%df*
'é;-,:; . ELFE- T oasytrbn = JM:?M. |
h |
'&m‘-._“'.'.'i.___ dw
booe | ¢¥ tbx ¢4
®
; d
t.f;' \'-ts-tgb -;;-';;:.‘ L T. _
O P P LRl E*l“"*“*"*)] - ful s 40)
S -
+
Response for question 5(c)

Use a pencil or a pen with black or dark biue ink. Do NOT write your name. Do NOT write outside the box.
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Question 5
Note: Student samples are quoted verbatim and may contain spelling and grammatical errors.
Overview

In this problem students were given a figure showing a shaded region bounded by the graphs of functions f and g

12
3+ x

for 0 < x < 3. Students were told that g(x) = for x > 0 and that f is differentiable with f(3) = 2 and

J.()Bf(x) dx =10.

In part (a) Students were asked to find the area of the shaded region. This requires setting up and evaluating

3 3 3
.[0 (f(x) — g(x)) dx. To evaluate, a student will need to separate into two integrals, jo f(x)dx - Jo g(x) dx, and
find an antiderivative for the function g. A correct response will provide an answer of

10— 12(In[3 + x[)|> =10 = 12(In 6 - In 3).

0
In part (b) students were asked to evaluate the improper integral Io ( g(x))2 dx or to show that the integral diverges.

A correct response will employ correct limit notation to rewrite the improper integral with a variable upper limit,

find the correct antiderivative (J& dx = __144 ), and continue the correct limit notation to find a value

(3 + x)? (3+x)
of 48.

3
In part (c) students were asked to find the value of J.o h(x) dx given that i(x) = x- f'(x). A correct response will

3 3
recognize the need to use integration by parts to find Io h(x)dx = x- f(x)|(3) - _[0 f(x)dx=6-0-10 =—4.

Sample: 5A
Score: 9

The response earned 9 points: 3 points in part (a), 3 points in part (b), and 3 points in part (c).

In part (a) the response earned the first point with the correct definite integral at the start of line 1. The response
earned the second point with the correct antiderivative of g(x) in line 2. The response earned the third point with

the correct boxed answer in line 3. Numerical simplification is not required.

In part (b) the response earned the first point with the correct use of limit notation in the expression on the left in
line 2 and the consistent and correct use of the limiting process to the end of the response. The response earned the
second point with the correct antiderivative on the right in line 2. The response would have earned the third point

with the correct answer of 144 % in line 4. In this case, the response correctly simplifies to the answer of 48 in

line 4 and earned the third point.

© 2023 College Board.
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Question 5 (continued)

In part (c) the response earned the first point with the correct identification of # and dv in line 1 to the right. The
response earned the second point with the correct application of integration by parts in line 2. The response would
have earned the third point with the answer of 3-2 — 10 in line 3. In this case, the response correctly simplifies to

the answer of —4 in line 3 and earned the third point.

Sample: 5B
Score: 5

The response earned 5 points: 3 points in part (a), 2 points in part (b), and no points in part (c).

In part (a) the response earned the first point with the difference of definite integrals in line 1. The response earned
the second point with the correct antiderivative of g(x) in line 2. The response would have earned the third point

with the expression in line 3. In this case, the response correctly simplifies and earned the third point with the boxed
answer in line 4.

In part (b) the response earned the first point with the correct use of limit notation in the expression on the left in
line 1 and the consistent, correct use of the limiting process to the end of the response. The response earned the
second point with the correct antiderivative of the u -substitution integrand in line 3. The response is not eligible for
the third point because the response uses incorrect bounds of integration on the u -substitution integral in line 2.

In part (c) the response did not earn the first point because no expressions for # and dv have been clearly identified.
The response did not earn the second point because the potential application of integration by parts on line 2 is
incorrect. The response did not earn the third point because the answer is not correct.

Sample: 5C
Score: 2

The response earned 2 points: 2 points in part (a), no points in part (b), and no points in part (c).

In part (a) the response earned the first point with the correct definite integral in line 1. The response earned the
second point with the correct antiderivative of g(x) at the end of line 2. The response evaluates the integral of
g(x) correctly; however, the simplification at the end of line 4 is not correct. The response did not earn the third
point because the answer is not correct.

In part (b) the response did not earn the first point. The response correctly uses limit notation in line 2; however, the
response omits the limit in line 7 on the right and, thus, has not correctly used the limiting process for the entire
response. The response did not earn the second point because the antiderivative in line 7 is not correct. The response
did not earn the third point because the answer is not correct.

In part (¢) the response did not earn the first, second, and third points because the response does not use integration
by parts and the answer is not correct.
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