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Question 6 
 
Intent of Question 
 
The primary goals of this question are to evaluate a student’s ability to apply the concepts of significance testing 
to a new situation, in particular to: (1) state hypotheses for a parameter of interest given a research question; (2) 
recognize that a large sample test should not be used in this setting; (3) identify the possible values of a new test 
statistic and calculate the probability distribution for this new test statistic, assuming the null hypothesis is true; 
(4) use the probability distribution of the test statistic under the null hypothesis to identify possible significance 
levels; (5) conduct a significance test for a small set of data from an initial study; and (6) make a recommendation 
to improve on the initial study. 
 
Solution 
 
Part (a): 
 

0 : 0H p = .5 .5 versus  : 0aH p π
 
Part (b): 
 

The conditions for the large sample one-proportion z-test are not satisfied. .   (1 ) 8 0.5 4 5np n p= - = = <�

 
Part (c): 
 

X will follow a binomial distribution with  and  The possible values of X and their 
corresponding probabilities are given in the table below. 

8n = 0.5.p =

 
X Probability 
0 0.00391 
1 0.03125 
2 0.10937 
3 0.21875 
4 0.27344 
5 0.21875 
6 0.10937 
7 0.03125 
8 0.00391 

 
Part (d): 

 
No, there is no possible test with a p-value of exactly 0.05. 
 
The probability that none of the individuals or all of the individuals ( prefer Citrus Fresh 
is , which is less than 0.05. 

( 0X = ) )8X =
2 0.003906 0.0078=�

 
The probability that one or fewer of the individuals ( )1X £  or seven or more of the individuals  
prefer Citrus Fresh is 2 , which is greater than 0.05. 

( )7X ≥
(0.003906 0.031250) 0.070312+ =�
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Question 6 (continued) 
 
Part (e): 
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) )
For the preference data provided,  From the table of binomial probabilities computed in part (c), the 
probability that two or fewer of the individuals (  or six or more of the individuals  prefer 
Citrus Fresh when  is . Because the p-value of 
0.289062 is greater than any reasonable significance level, say 0.070312, we would not reject the null 
hypothesis that  That is, we do not have statistically significant evidence for a consumer preference 
between Citrus Fresh and Tropical Taste. 

2.X =
2X £ ( 6X ≥

0.5p = 2 (0.003906 0.031250 0.109375) 0.289062+ + =�

0.5.p =

 
Part (f): 
 

Increase the number of consumers involved in the preference test. More consumers will give you more data, 
and you will be better able to detect a difference between the population proportion of consumers who prefer 
Citrus Fresh and 0.5. The sample proportion in the initial study was only 0.25 (2/8), but we were not able to 

reject the null hypothesis that 1 .
2

p =  By increasing the number of consumers, a difference of that magnitude 

would allow the null hypothesis to be rejected. For example, with  and  the large sample  

z-statistic would be 

80n = 20X =

( )( )
0.25 0.5 4.47

0.5 0.5
80

z -= = - and the p-value would be approximately zero. 

 
OR 
 

The large sample test statistic is
( )( )
ˆ ˆ0.5 0.5

0.50.5 0.5
p p

z n

n

- -Ê ˆ= = Ë ¯ , which would get larger as n is increased, 

for the same . Thus, by using more consumers it would eventually be possible to reject  if there really is 
a difference and identify the preferred juice. 

p̂ 0H

 
Scoring 
 
Parts (a) and (b) are combined and scored as essentially correct (E), partially correct (P), or incorrect (I). Parts (c) 
and (d) are combined and scored as essentially correct (E), partially correct (P), or incorrect (I). Part (e) contains 
two parts, correct mechanics and conclusion, and is scored essentially correct (E), partially correct (P), or 
incorrect (I). Part (f) is scored as essentially correct (E), partially correct (P), or incorrect (I).   
 
Parts (a) and (b) are essentially correct (E) if both parts are correct. 

 
Parts (a) and (b) are partially correct (P) if one of the two parts is correct. 
 
Notes for parts (a) and (b):   

  If a one-sided alternative is used in part (a), then the maximum score for the AB component is partially 
correct (P). 
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Question 6 (continued) 
 

  Other reasonable statements about the conditions for inference not being met are acceptable. Some 
examples are: 
o Since  the number of successes and the number of failures will both be less than 10. 8,n =
o The sample size is too small to use the large-sample inference procedure. 

  A response in part (b) about a test for comparing proportions from two independent samples (one for 
Tropical Taste and one for Citrus Fresh) should be scored as incorrect (I). 

 
Parts (c) and (d) are essentially correct (E) if both parts are correct. 

 
Parts (c) and (d) are partially correct (P) if one of the two parts is correct. 
 
Notes for parts (c) and (d):   

  Part (c) is correct if binomial probabilities are correctly calculated for each of the nine possible outcomes 
using  and  8n = 0.5.p =

  Part (d) is correct if the response includes all three of the following: 
o The student states that a 0.05 level test is not possible. 
o The justification includes a correct description of the test with significance level 0.00782. 
o The justification includes a correct description of the test with significance level 0.07032. 
 

Part (e) is essentially correct (E) if both parts are correct. 
 
Part (e) is partially correct (P) if one part is correct. 

 
Notes for part (e): 

  The mechanics are essentially correct if the student uses the information from the response to part (c) to 
compute the appropriate p-value.  
o If a large sample z-test, or a t-test, is presented, the mechanics are scored as incorrect. 
o Using only 0.10937, the probability that X is 2 from the table in part (c), is incorrect. 

  To be essentially correct, a correct conclusion must be stated in the context of the problem with linkage 
between a p-value and a level of significance . a
o If the student refers to the rejection region identified in part (d), they do not need to restate the 

significance level from part (e). 
o If the student conducts an  level test by comparing the correct p-value to 0.05, even though 

they just said in part (d) that a 0.05 level test is not possible, the response should be scored as 
essentially correct.    

0.05a =

 
Part (f) is essentially correct (E) if the provides a reasonable recommendation in the context of comparing 
preferences for the two juices with an appropriate statistical justification. For example, the student describes the 
impact of a larger sample size on the hypothesis testing procedure used in the initial study by saying that 
increasing the sample size will reduce the chance of making a Type II error, increasing the sample size will 
increase the power of the test used to detect a difference in juice preferences in part (d), or increasing the sample 
size will reduce the standard error for the estimated proportion of people who prefer Citrus Fresh. 

 
Part (f) is partially correct (P) if the student provides a reasonable recommendation in the context of comparing 
preferences for the two juices but does not provides sufficient statistical justification that refers to the initial  
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Question 6 (continued) 
 
study, e.g., a larger sample is needed to meet the conditions for using a z-test, larger samples are more 
representative of the population, or increasing the sample size makes the sample or population more normal 

OR 
Gives a weak recommendation and provides a good statistical justification, for example, providing the subjects 
with a cracker between juices to reduce possible carryover effects. 
 
Incorrect (I) if the student fails to provide a reasonable recommendation in the context of comparing preferences 
for the two juices. 
 
Each essentially correct response is worth 1 point; each partially correct response is worth ½ point. 
 

4 Complete Response 
  
3 Substantial Response  

 
2 Developing Response 

 
1 Minimal Response 

 
If a response is between two scores (for example, 2½ points), use a holistic approach to determine whether 
to score up or down depending on the strength of the response and communication. 
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Question 6 
 
Sample: 6A 
Score: 4 
 
This essay recognizes that a sample of eight subjects is too small to use a z-test and accurately applies the small 
sample binomial test suggested in the question. The appropriate null and alternative hypotheses are identified in 
part (a). Part (b) is correct, but it would be strengthened by including a statement that for  and , 
both and  are too small to use a one-sample z-test. Binomial probabilities with  and  
are accurately computed for the nine possible outcomes in part (c), and part (d) recognizes that a significance 
level of 0.05 cannot be achieved. This essay uses the table of probabilities computed in part (c) to obtain the 
correct p-value and provides an appropriate conclusion in the context of the juice-tasting study. Increasing the 
number of consumers randomly selected for the study is the improvement discussed in part (d); and the resulting 
increase in the power of the test to reject the null hypothesis of equal preference, when it is false, provides the 
requested statistical justification. The additional note that a larger sample size would justify the use of a z-test is 
also a valid point, but it is not as important as the increase in the power of the test (or the decrease in the standard 
error of the estimated proportion) provided by the increased sample size. 

0.5p = 8n =
np (1 )n p- 0.5p = 8n =

 
Sample: 6B 
Score: 3 
 
In parts (a) and (b) this essay correctly identifies the null and alternative hypotheses and shows that the sample size is 
too small to use a z-test. Binomial probabilities are correctly computed in part (c), but in part (d) it is not clear if the 
student is thinking about the sums of tail probabilities that correspond to possible type I error levels of 0.0079 and 
0.0703. Realizing that the sample size is too small to apply a z-test from the previous parts of the problem, this essay 
refers to the table of binomial probabilities in part (c) but fails to present the appropriate p-value. The essay only 
displays the probability that exactly two consumers would prefer Citrus Fresh instead of the sum of the appropriate 
tail probabilities. An appropriate conclusion is reached, however, in the context of the problem. Part (d) provides 
statistical justification for increasing the sample size by addressing the issue of reducing the standard error of the 
estimated proportion and decreasing confidence interval width. It also addresses the issue raised in part (b) of 
obtaining a large enough sample size to use a large sample z-test. Since for the null hypothesis, a sample 
size of  is needed to satisfy the common rule that both np and  are larger than 10.   

0.5p =
20n = (1 )n p-

 
Sample: 6C 
Score: 2 
 
This essay correctly identifies the appropriate null and alternative hypotheses in part (a) but inappropriately 
suggests a two-sample z-test in part (b). Binomial probabilities are correctly computed in part (c), but an incorrect 
answer with no explanation is given in part (d). Although no work is shown, the value of an inappropriate two-
sample z-test is presented in part (e) along with the p-value for that test. The conclusion is incorrect for the given 
data, but it is consistent with the p-value for the inappropriate two-sample z-test, and it is stated in the context of the 
juice-tasting study. Although it could be communicated better, the response to part (f) addresses the concept that 
increasing the sample size will decrease the standard deviation of the estimated proportion and lead to more precise 
inference about the proportion of the population that prefers Citrus Fresh.   
 
 

 




